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In connection with my work on the coronas as a means for the study of 
nucleation, I came across a principle of interferometry which seemed of suf- 
ficient importance to justify special investigation. This has been under- 
taken in the following chapters, and what appears to be a new procedure 
in interferometry of great promise and varied application has been devel- 
oped. In case of the coronas there is a marked interference phenomenon 
superposed on the diffractions. The present method is therefore to consist 
in a simplification or systematization of this effect, by bringing two com- 
plete component diffraction spectra, from the same source of light, to inter- 
fere. This may be done in many ways, either directly, or with a halved 
transmission or reflecting grating, or by using modifications of the devices 
of Jamin, Michelson, and others for separating the components. 

In the direct method, chapters II and III, a mirror immediately behind 
the grating returns the reflected-diffracted and diffracted-reflected rays, to 
be superimposed for interference, producing a series of phenomenawhich are 
eminently useful, in addition to their great beauty. In fact the interfer- 
ometer so constructed needs but ordinary plate glass and replica gratings. 
It gives equidistant fringes, rigorously straight, and their distance apart 
and inclination are thus measurable by ocular micrometry. The fringes are 
duplex in character and an adjustment may be made whereby ten small 
fringes occupy the same space in the field as one large fringe, so that sudden 
expansions within the limits of the large fringe (as for instance in mag- 
netostriction) are determinable. This has not been feasible heretofore. 
Length and small angles (seconds of arc) are thus subject to micrometric 
measurement. Finally the interferences are very easily produced and are 
strong with white light, while the spectrum line may be kept in the field as 
a stationary landmark. The limiting sensitiveness is half the wave-length 
of light. 

The theory of these phenomena has been worked out in its practical bear- 
ings, advantageous instrumental equipment has been discussed, and a 
number of incidental applications to test the apparatus have been made. 
In much of this work, including that of the first chapter on a modification 
of Rowland’s spectrometer, I had the assistance of my son, Mr. Maxwell 
Barus, before he entered into the law. 


The range of measurement of an instrument like the above is neces- 
sarily limited to about 1 cm. and the component rays are not separated. 
To increase the range indefinitely and to separate the component rays, the 


grating may replace the symmetrically oblique transparent mirror of 
iil 
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Michelson’s adjustment, for instance. In this way transmitted-reflected- 
diffracted and reflected-transmitted-diffracted spectra, or two correspond- 
ing diffracted spectra returned by the opaque mirrors M and N, may be 
brought to interfere. In both cases the experiments as detailed in chapters 
IV and V have been strikingly successful. ‘The interference pattern, how- 
ever, is now of the ring type, extending throughout the whole spectrum 
from red to violet with the fixed spectrum lines simultaneously in view. 
These rings closely resemble confocal ellipses, and their centers have thesame 
position in all orders of spectra; but the major axes of the ellipses are liable 
to be vertical in the first and horizontal in all the higher orders of spectra. 

Again there is an opportunity for coarse and fine adjustment, inasmuch 
as the rings have the usual sensitive radial motion, as the virtual air-space 
increases or decreases, while the centers simultaneously drift as a whole, 
across the fixed lines of the spectrum, from the red to the violet end. 

Drift and radial motion may be regulated in any ratio. The general 
investigation shows that three groups, each comprising a variety of inter- 
ferences, are possible and I have worked out the practical side of the theory © 
of the phenomenon. Transparent silvered surfaces are superfluous, as the 
ellipses are sufficiently strong to need no accessory treatment. Consider- 
able width of spectrum slit is also admissible. Finally, the ellipses may be 
made of any size and the sensitiveness of their lateral motion may be regu- 
lated to any degree by aid of a compensator. In this adjustment the drift 
may be made even more delicate than the radial motion, thus constituting 
a new feature in interferometry. 

The interesting result follows from the work that the displacement of 
the centeérs of ellipses does not correspond to the zero of path difference, but 
to an adjustment in which u—ddu/dd (where yp is the index of refraction 
and \ the wave-length) is critical. 

It is obvious that the transparent plate grating may be replaced by a 
reflecting grating. Thus the grating may be replaced by a plate of glass, 
as in Michelson’s case, and the function of the two opaque mirrors may be 
performed by two identical plane reflecting gratings, each symmetrically 
set at the diffraction angle of the spectrum to the incident ray. In this 
case the undeviated reflection is thrown out, whereas the spectra overlap 
in the telescope. Finally the grating may itself be cut in half by a plane 
parallel to the rulings, whereupon the two overlapping spectra will interfere 
elliptically, if by a micrometer one-half is slightly moved, parallel to itself, 
out of the original common vertical plane of the grating. 

Throughout the editorial work and in the drawings I have profited by the 
aptitude and tireless efficiency of my former student, Miss Ada I. Burton. 
But for her self-sacrificing assistance it would have been difficult to bring 
the present work to completion. 

Cart Barus. 

Brown UNIVERSITY, PRovipENCE, RHODE ISLAND. 
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CHAPTER I. 


ON AN ADJUSTMENT FOR THE PLANE GRATING SIMILAR TO ROWLAND’S 
METHOD FOR THE CONCAVE GRATING. By C. Barus and M. Barus. 


1. Apparatus.—The remarkable refinement which has been attained 
(notably by Mr. Ives and others) in the construction of celluloid replicas 
of the plane grating makes it desirable to construct a simple apparatus 
whereby the spectrum may be shown and the measurement of wave-length 
made, in a way that does justice to the astonishing performance of the grat- 
ing. We have therefore thought it not superfluous to devise the following 
inexpensive contrivance, in which the wave-length is strictly proportional 
to the shift of the carriage at the eyepiece; which for the case of a good 
2-meter scale divided into centimeters admits of a measurement of wave- 
length to a few Angstrém units and with a millimeter scale should go much 
further. ; 

Observations are throughout made on both sides of the incident rays and 
from the mean result most of the usual errors should be eliminated by 
symmetry. It is also shown that the symmetrical method may be adapted 
to the concave grating. 

In fig. 1 A and B are two double slides, like a lathe bed, 155 cm. long 
and 11 cm. apart, which happened to be available for optical purposes, in 
the laboratory. They were therefore used, although single slides at right 
angles to each other, similar to Rowland’s, would have been preferable. 
The carriages C and D, 30 cm. long, kept at a fixed distance apart by the 
rod ab, are in practice a length of 14-inch gas pipe, swiveled at a and b, 169.4 
decimeters apart, and capable of sliding right and left and to and fro, 
normally to each other. 

The swiveling joint, which functioned excellently, is made very simply 
of 14-inch gas-pipe tees and nipples, as shown in fig. 2. The lower nipple 
N is screwed tight into the T, but all but tight into the carriage D, so that 
the rod ab turns in the screw N, kept oiled. Similarly the nipple N” is either 
screwed tight into the T (in one method, revolvable grating), or all but 
tight (in another method, stationary grating), so that the table #, which 
carries the grating g, may be fixed while the nipple N” swivels in the T. 

Any ordinary laboratory clamp K and a similar one on the upright C 
(screwed into the carriage D) secures a small rod k for this purpose. Again 
a hole may be drilled through the standards at K and C and provided with 
set screws to fix a horizontal rod k or check. The rod, k, should be long 
enough to similarly fix the standard on the slide S, carrying the slit, and be 


prolonged further toward the rear to carry the flame or Geissler tube appa- 
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ratus. The table tt is revoluble on a brass rod fitting within the gas pipe, 
which has been slotted across so that the conical nut M may hold it firmly. 
The axis passes through the middle of the grating, which is fastened cen- 
trally to the table #t with the usual tripod adjustment. 


Fic. 1.—Plan of the apparatus. 


2. Single focussing lens in front of grating.—I shall describe three 
methods in succession, beginning with the first. Here a large lens L, of 
about 56 cm. focal distance and about ro cm. in diameter, is placed just in 
front of the grating, properly screened and throwing an image of the slit 
S upon the cross-hairs of the eyepiece E, the line of sight of which is always 
parallel to the rod ab, the end b swiveled in the carriage C, as stated. (See 
fig. 2.) Anordinary lens of 5 to ro cm. focal distance, with an appropriate 
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diaphragm, is adequate and in many ways preferable to stronger eyepieces. 
The slit, S, carried on its own slide and capable of being clamped to C when 
necessary, as stated, is additionally provided with a long rod hh lying under- 
neath the carriage, so that the slit S may be put accurately in focus by the 
observer at C. F is a carriage for the mirror or the flame or other source of | 
light whose spectrum is to be examined; or the source may be adjustable 
on the rear of the rod by which D and S are locked together. 

Finally, the slide AB is provided with a scale ss and the position of the 
carriage C read off by aid of the vernier v. A good wooden scale, graduated 
in centimeters, happened to be available, the vernier reading to within one 
millimeter. For more accurate work a brass scale in millimeters with | an 
appropriate vernier has since been provided. 

Eyepiece £, slit S, flame F, etc., may be raised and lowered by the split 
tube device shown as at M and M’ in fig. 2. 


Fic. 2.—Elevation of standards of grating (g) and eyepiece (£). 


3. Adjustments.—The first general test which places slit, grating and its 
spectra, and the two positions of the eyepiece in one plane, is preferably 
made with a narrow beam of sunlight, though lamplight suffices in the dark. 
Thereafter let the slit be focussed with the eyepiece on the right, marking 
the position of the slit; next focus the slit for the eyepiece on the left; then 
place the slit midway between these positions and now focus by slowly 


4 THE PRODUCTION OF ELLIPTIC INTERFERENCES 


rotating the grating. The slit will then be found in focus for both positions 
and the grating which acts as a concave lens counteracting L will be sym- 
metrical with respect to both positions. Let the grating be thus adjusted 
when fixed normally to the slide B or parallelto A. Then for the first order 
of the spectra the wave-length \=d sin 0, where d is the grating space and @ 
the angle of diffraction. The angle of incidence 7 is zero. 

Again let the grating adjusted for symmetry be free to rotate with the 
rod ab. Then 6 is zero and \=d sin 7. 

In both cases, however, if 2x be the distance apart of the carriage C, 
measured on the scale ss, for the effective length of rod ab=r between axis 
and axis, 

\=dx/r or (d/2r)2x 


so that in either case \ and x are proportional quantities. 


i ig 
q” 


" 99 A 


Fic. 3.—A, B, C, Diagrams relative to conjugate foci. 


The whole spectrum is not, however, clearly in focus at one time, though 
the focussing by aid of the rod hh is not difficult. For extreme positions a 
pulley adjustment, operating on the ends of ht, is a convenience, the cords 
running around the slide AA. In fact if the slit is in focus when the eye- 
piece is at the center (@=0, 7=0), at a distance a from the grating, then for 
the fixed grating, fig. 4, 

a’=a- 


r—x 


~ 


where a’ is the distance between grating and slit for the diffraction corre- 
sponding to x. Hence the focal distance of the grating regarded as a con- 
cave lens is f’=ar*/x. For the fixed grating and a given color, it frequently 
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happens that the undeviated ray and the diffracted rays of the same color 
are simultaneously in focus, though this does not follow from the equation. 
Again for the rotating grating, fig. 3A, if a” is the distance between slit 


: r—x \ 2 yt 
and grating a” = a3 ~, So,that its focal distance is f” =a 4 2 


5 
also that a’Xa”=a. For a=8o0 cm. and sodium light, the adjustment 
showed roughly f’ =650cm., f” = 570 cm., the behavior being that of a weak 
concave lens. The same a=8o cm. and sodium light showed furthermore 
a’= 91 and a” =70.3. 
Finally there is a correction needed for the lateral shift of rays, due to 
the fact that the grating film is inclosed between two moderately thick 


It follows » 


Fic. 4.—Diagram of adjustment for concave grating. R,p), and 0’ 
are measured from G, o and p,” from G’. 


plates of glass (total thickness t=.99 cm.) of the index of refraction n. This 
shift thus amounts to 


tx I I b 
om op = 
ENV iwi Vara er] @ 


But since this shift is on the rear side of the lens L, its effect on the eyepiece 
beyond will be (if f is the principal focal distance and b the conjugate focal 
distance between lens and eyepiece, remembering that the shift must be 


resolved parallel to the scale ss) 


tx I I b 
Cries Sa 2 2/2 pelt 
I\Vi1—e [PV w= /r / 


where the correction e is to be added to 2x, and is positive for the rotating 
grating and negative for the stationary grating. 
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Hence in the mean values of 2x for stationary and rotating grating the 
effect of ¢ is eliminated. For a given lens at a fixed distance from the eye- 


piece (b/f—1) is constant. 


In conclusion we select a 


4. Data for single lens in front of grating. 
few results taken at random from the notes. 


TABLE I. 
a | : Sate Os 
Stationary grating. | Rotating grating. 
<—— — 
: Observed : Corrected | : Observed | : Corrected 
Line. mee Shift. oA oS eee, | Shift. prs 
eae a | | 
Ceti eral 2325.00 1) =n Omieiaia sun = Orcs. aries $32.20 | +. 26 ] s352230 
Ds eee aig (SLES . 90) = n23 of 8B. OPER: co 118.45 | .23 | 118.68 
let aete 98.23 | —.19 | 98.04 Be Scare 97.90 219 ) 98.09 
Hydrogen Hydrogen 
violet..). 87.87 | —.16-] 89.78 violet..| 87.50 -16 | 87.66 
| } vera 


The real test is to be sought in the corresponding values of 2x for the 
stationary and rotating cases, and these are very satisfactory, remembering 
that a centimeter scale on wood with a vernier reading to millimeters only 
was used for measurement. 


5. Single focussing lens behind the grating.—The lens L, which should 
be achromatic, is placed in the standard C. The light which passes through 
the grating is now convergent, whereas it was divergent in §2. Hence the 
focal points at distances a’, a” lie in front of the grating; but in other respects 
the conditions are similar but reversed. Apart from signs, 


2 2 
r—x . : 
a’ =a —.—,, for the stationary grating 
a 


u" 


r . . 
a" =a 5 for the rotating grating 
a 


The correction for shift loses the factor (b/f—1) and becomes 


tx I I 
e=- ——_ —- = 
Y\Vri-e/P VPA? lr 


As intimated, it is negative for the rotating grating and positive for the 
stationary grating. It is eliminated in the mean values. 


6. Data for single lens behind the grating.—An example of the results 
will suffice. Different parts of the spectrum require focussing. 


TABLE 2 


| Grating. Line. 226" Shift. | 2x 


NuaWOMaArye. eevee D, I18.40 + .13 I 
IRGuatine oe es D, 118,65 he I 


IN RELATION TO INTERFEROMETRY. 7 


The values of 2x, remembering that a centimeter scale was used, are 
again surprisingly good. The shift is computed by the above equation. 
It may be eliminated in the mean of the two methods. The lens L’ at C 
may be more easily and firmly fixed than at L. 


7. Collimator method.—The objection to the above single-lens methods 
is the fact that the whole spectrum is not in sharp focus at once. Their 
advantage is the simplicity of the means employed. If lenses at L’ and 
at L are used together, the former as a collimator (achromatic) and with a 
focal distance of about 50 cm., and the latter (focal distance to be large, say 
150 cm.) as the objective of a telescope, all the above difficulties disappear 
and the magnification may be made even excessively large. The whole 
spectrum is brilliantly in focus at once and the corrections for the shift of 
lines due to the plates of the grating vanish. Both methods for stationary 
and rotating gratings give identical results. The adjustments are easy and 
certain, for with sunlight (or lamplight in the dark) the image of the slit 

‘may be reflected back from the plate of the grating on the plane of the slit 
itself, while at the same time the transmitted image may be equally sharply 
adjusted on the focal plane of the eyepiece. Itis therefore merely necessary 
to place the plane of spectra horizontal. Clearly a’ and a” are all infinite. 

In this method the slides S and D are clamped at the focal distance apart, 
so that flame, etc., slit, collimator lens, and grating move together. The 
grating may or may not be revoluble with the lens L on the axis a. 


8. Data for the collimator method.—The following data chosen at ran- 
dom may be discussed. The results were obtained at different times and 
under different conditions. The grating nominally contained about 15,050 
lines per inch. The efficient rod-length ab was R=169.4 cm. Hence if 
1/C =15,050 X.3937 X 338.8, the wave-length \ —C = 2x cm. 


TABLE 3.—Stationery rotating grating. 


Lines. | 250 | 20 
| f 118.30 
DS peice yc ee racas 118.19 
eraS e277) 
Dy ices ees r 1 118.05 f 118.16 | 


Rowland’s value of Dz is 58.92 X10~* cm.; the mean of the two values of 
2x just stated will give 58.87X10*cm. The difference may be due either 
to the assumed grating-space, or to the value of RK inserted, neither of which 
was reliable absolutely to much within o.1 per cent. 

Curiously enough, an apparent shift effect remains in the values of 2% for 
stationary and rotating grating, as if the collimation were imperfect. The 
reason for this is not clear, though it must in any case be eliminated in the 
mean result. Possibly the friction involved in the simultaneous motion 
of three slides is not negligible and may leave the system under slight strain 
equivalent to a small lateral shift of the slit. 
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9. Discussion.—The chief discrepancy is the difference of values for 2x 
in the single-lens system (for D2, 118.7 and 118.5 cm.,respectively) as com- 
pared with a double-lens system (for Ds, 118.2 cm.) amounting to 0.2 to 0.4 
per cent. For any given method this difference is consistently maintained. 
It does not therefore seem to be mere chance. 

We have for this reason computed all the data involved for a fixed grat- 
ing 5 cm. in width, in the two extreme positions, fig. 3, C, the ray being 
normally incident at the left-hand and the right-hand edges, respectively, 
for the method of §6. The meaning of the symbols is clear from fig. 3, C, S 
being the virtual source, g the grating, e the diffraction conjugate focus of 
S for normal incidence, so that b =r is the fixed length of rod carrying grat- 
ing and eyepiece. It is almost sufficient to assume that all diffracted rays 
b’ to b” are directed toward e,in which case equation (1) would hold; but 
this will not bring out the divergence in question. They were therefore not 
used. Hence the following equations (2) to (5) successively apply where 
d is the grating space. 


cot 6’ = (b/g+sin 0)/cos 6; cot 6” =(b/g—sin 6)/cos @ (1) 
a=b/cos? 6; a’ =a"=V +a (2) 
sin z’=sin 1” =g/a’ (3) 
—sin2’+sin (646) =A/d; sin 0=A/d; sint”+sin (@+6")=A/d_ (4) 
cos? 1’/a’ =cos? (0+6’)b’; cos? 1”/a” =cos? (9+6")/b” (s) 


Since 6, g,A, d, b are given, 6’ and 6” are found in equation (4), apart from 
signs. If 5,/and 6,” be the distance apart of the projections of the extremi- 
ties of b’ and b, b and b”, respectively, on the line x, 


6’ =g+ (6—0’) sin 6— 0’ sin 2” 0,” =g+(b"—b) sind—b" sin” (6) 


If 52’ and 6,” be the distance apart of the intersections of the prolongation 
of b’ and b, b and b”, respectively, with the line x 


0,’ =sin (0+0’)(b cos 0/cos (6+0’) —b’) 
0,” =sin (@—6”)(b” — b cos @/cos (@—8”)) j 7) 


° 


Given b= 169.4 cm., 6=20° 22’, about for sodium, g=5 cm., the following 


values are obtained: 


peat 2h ~ : eae 
0’ = 1°36 a=192.7 cm, Q” = 1°34’ a =a" =192.8 cm. 
SP ES 6, 0 , 2 fh 
4! ==g" = 1°20 b’ = 166.0 cm. r=b=169.4 cm. b” =172.4 cm. 
whence 

\ 7 NW 

0,’ =1.92 cm. 0,” =1.74 Cm, 


These limits are surprisingly wide. If, however, they should be quite wiped 
out on focussing, for any group of rays and symmetrical observations on 
the two sides of the apparatus, this would be no source of discrepancy. 
The effect of focussing the two parts of the grating may, in the first instance, 
be considered as a prolongation of b’ till it cuts x, together with the corre- 


IN RELATION TO INTERFEROMETRY. 9 


sponding points for the intersection of b” with x. Thus the values 6,’ and 

62” are here in question and they are 

0,/=1.97 cm. 0,'—0,/ =.05 cm. 

whence ay 
92" = 1.65 cm, 0,” =0,=.09 cm. 


are the conjugate foci for the extreme rays of the grating, respectively, 
beyond the conjugate focus of the middle or normal rays b, on x. Hence 
the mean of the extreme rays lies at .o7 cm. beyond (greater 0) the normal 
ray, and the ) found in the first instance is too large as compared with the 
true value for the normal ray. 

The datum .07 cm. may be taken as the excess of 2%, corresponding to the 
excess of angle for a grating one-half as wide and observed on both sides 
(2x), as was actually the case. Finally, since not the whole of the grating 
is not in focus at once a correction less than .o7 cm. for 2x must clearly be 
in question. This is quite below the difference of several millimeters 
brought out in §§4 and 6. 

To make this point additionally sure and avoid the assumption of the 
last paragraph, we will compute the conjugate focus of the central ray (dif- 
ferent angles @) on the 0’ focal plane parallel to the grating and to x and on 
the b” focal plane parallel to x. The computation is simpler if the central 
ray is thus focussed than if the extreme rays are focussed on the x plane. 
The distance apart will be 

0,,=g—b’ cos (64+ 6’) (tan (6+06') —tan @) 
0, =g—b” cos (@—8”) (tan O—tan (6—8”)) 
Inserting the results for 9 6,’ 6,” b’ 0b” g 
0,/ = .06 0," = — .04 
Both the b foci thus correspond to large angles. Their mean, however, 
may be considered as vanishing on the intermediate x plane. 

Thus it is clear that the effect of focussing is without influence on the 
diffraction angle and much within the limits of observation. It is therefore 
probable that the residual discrepancy in the three methods is referable to 
a lateral motion of the slit itself, due to insufficient symmetry of the slides 
AA and BB in the above adjustment. This agrees, moreover, with the 
residual shift observed in the case of parallel rays in §8. The remedy 
should present no difficulty. 


10. Reflecting plate grating.—The adjustment of the plane grating if 
cut on specular metal is nearly identical to the above, except that the col- 
limator is fixed as a whole in front of the grating, either to the slide carrying 
the standard of the grating, B, or else quite in front of the cross slide AA, 
fig.1 above, so as to give clearance for the to-and-fro motion of the rail, R. 
This admits of measurement of « on both sides of the slit, so that 2%, the 
distance apart of the two symmetrical positions for a given spectrum line, 
is again observed. 
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11. Rowland’s concave grating.—For the case of the concave grating, 
the accurate adjustment for symmetrical measurement on both sides of the 
slit is not feasible, because the slit and eyepiece would have to pass through 
each other. It is possible, however, to find conjugate foci at different dis- 
tances from the grating in the normal position, which approximately answer 
the purposes of measurement. Rowland’s equation 


(cos 1/p—1/R) cos i+(cos 6/p’—1/p’) cos @=0 
where p and p’ are the conjugate focal distances for angles of incidence and 
deviation 7 and 6, may for =o be written 


I I ay I i 
p/cos?i ~R/cosi py R 


where p, is the normal distance of the eyepiece, so that 


I I 2 


Po Oo RK 

If in fig. 4 (page 5) the slit Sis put at p’>R from the grating G (normal 
position), the image is at E at the end of p, from G, where pp.<R<p’. Ii 
po be used as a rail instead of R and put at an angle of incidence #, for the 
eyepiece at E’ or E”, p,cosi >p. But this excess need not be so large as 
to interfere with adequately sharp focussing. 

Table 4 gives an example, in which the difference of p, and p,’ in the nor- 
mal position is even over 1 foot, an excessive amount, as the distance neces- 
sary for clearance need not be more than a few inches. The grating has 
14,436 lines to the inch and a radius about R= 191 cm. 

TaBLE 4.—Conjugate foci of the concave grating. R=1g91 cm., 14,436 lines to 


inch, 5683 lines tocm. D=.000,176. o,=166 cm., p=198 cm., p—p,=32 cm. 
1/0)—-1/R=.000,788, 0=0, sin t=A/D. 


| Fraun- 
4° 0 | Py COST Diff. ((o0/cos7)?) hofer a 
| lines. 
com | cm, — 
o° 166.0 | 166.0 0 27500 B 22° so’ 
5 ROSH, Si) aLOS LS xe) 27500 C 21° ca’ 
ie) MOS) @iu | LO3..8 = 27400 D 19° 34! 
fatty 159.6 | 160.3 — 7 27300 E r7° 26’ 
(20 DSA fol x56)10 —1.3 27100 F 16° 02’ 
25 148.5 150.4 —1.9 26800 G T4° 10! 
30 T40.9 | 143.7 —2.8 26500 oe 
35 132.2) | I3Z0 50 aa 26000 
40 } ae 3 a We peat —4.8 25500 | 


The greater part of the visible spectrum is thus contained between i= 1 a 
andi=20°. It follows that the excess of p, cos i—p lies between 7 and 13 
mm. Hence the eyepiece may be placed at a mean position corresponding 
to 10 mm. and give very good definition of the whole spectrum without 
refocussing, as I found by actual trial. Within 1 cm. the focus is sharp 
enough for most practical purposes. If the distances p, and p,’ are selected 
so that eyepiece and slit just clear each other the definition is quite sharp. 
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The diffraction equation is not modified and if 2x corresponds to the 
positions +7 and —7 for the same spectrum line, 
2A= (D/R) 2x 
It is therefore not necessary to touch the eyepiece and this is contributory | 
to accuracy. + 
If Rowland’s equation is differentiated relatively to p and p’,—dp= 


pe \2 
( ine dp,’ where the factor dp,’/p.” is constant. Hence —dp varies 
fo) 


as (p/cos 7)*, given in the table. If, furthermore, a comparison is made 
between dp, and dp this equation reduces to 


V do,/do =(R—,(1 —cosi))/R cosi 


which becomes unity either for 7=o or for p,»>=R (Rowland’s case). 


12. Summary.—By using two slides symmetrically normal to each other 
and observing on both sides of the point of interference, it is shown that 
many of the errors are eliminated by the symmetrical adjustments in ques- 
tion. The slide carrying the grating may be provided with a focussing lens 
in front or again behind it, if the means are at hand for actuating the slit 
which is not sharply in focus on the plane of the eyepiece carried by a 
second slide throughout the spectrum at a given time. It is thus best to 
use both lenses conjointly, the latter as a collimator and the former as an 
objective of the telescope in connection with the eyepiece. It is shown that 
a centimeter scale parallel to the eyepiece slide with a vernier reading to 
millimeters is sufficient to measure the wave-lengths of light to few Ang- 
strom units, while the wave-lengths are throughout strictly proportional 
to the displacements along the scale. The errors of the three available 
methods and their counterparts are discussed in detail. The method is 
applicable both to the transparent and the reflecting grating. 

It is furthermore shown that, in case of Rowland’s concave grating, obser- 
vation may be made symmetrically on both sides of the slit, by providing for 
reasonable clearance of slit and eyepiece passing across each other, although 
one conjugate focal distance is now not quite the projection of the other. 


CHAPTER II. 


% 


THE INTERFERENCE OF THE REFLECTED-DIFFRACTED AND THE DIF- 
FRACTED-REFLECTED RAYS OF A PLANE TRANSPARENT GRATING, 
AND ON AN INTERFEROMETER. By C. Barus and M. Barus. 


13. Introductory.—If parallel light, falling on the front face of a trans- 
parent plane grating, is observed through a telescope after reflection from 
a rear parallel face (see fig. 5), the spectrum is frequently found to be inter- 
sected by strong, vertical interference bands. Almost any type of grating 
will suffice, including the admirable replicas now available, like those of 
Mr. Ives. In the latter case one would be inclined to refer the phenomenon 
_ to the film and give it no further consideration. On closer inspection, how- 
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t 
meet 
Fic. 5.—Showing the three incident rays interfering in the diffracted ray #,,(0,’ > 72), 


and the three rays interfering similarly in the ray t,, (0, <7). DR is first diffracted 
and then reflected, and the reverse is true for RD. VD is diffracted only. 


ever, it appears that the strongest fringes certainly have a different origin 
and depend essentially on the reflecting face behind the grating. If, for 
instance, this face is blurred by attaching a piece of rough, wet paper, or by 
pasting the face of a prism upon it with water, so as to remove most of the 
reflected light, the fringes all but disappear. If a metal mirror is forced 
against the rear glass face, whereby a half wave-length is lost at the mirror 
but not at the glass face in contact, the fringes are impaired, making a 


rather interesting experiment. With homogeneous light the fringes of 
13 
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the film itself appear to the naked eye, as they are usually very large by 
comparison. ’ 

Granting that the fringes in question depend upon the reflecting surface 
behind the grating, they must move if the distance between them is varied. 
Consequently a phenomenon so easily produced and controlled is of much 
greater interest in relation to micrometric measurements than at first 
appears and we have for this reason given it detailed treatment. It has 
the great advantage of not needing monochromatic light, of being appli- 
cable for any wave-length whatever, and admitting of the measurement of 
horizontal angles. In chapter 5 it will be shown that these interferences 
may also be produced by Michelson’s or by Jamin’s apparatus. 


A 


4 


SN Ao: 


t, 


Fic. 6.—Showing corresponding triplets of diffracted rays for a single incident 
ray, and each of the cases 0,/>7 and @,’<i of fig. 5. 


When the phenomenon as a whole is carefully studied it is found to be 
multiple in character. In each order of spectrum there are different groups 
of fringes of different angular sizes and usually in very different focal planes. 
Some of these are associated with parallel light, others with divergent or 
convergent light, so that a telescope is essential to bring out the successive 
groups in their entirety. At any deviation the diffracted light is neces- 
sarily monochromatic, but the fringes need not and rarely do appear in 
focus with the solar spectrum. If the slit of the spectroscope is purposely 
slightly inclined to the lines of the grating, certain of the fringes may appear 
inclined in one way and others in the opposite way, producing a cross pat- 
tern like a pantograph. The reason for this appears in the equations. 

In any case the final evidence is given when the reflecting face behind 
the grating is movable parallel to it. The interferometer so obtained is 


, 
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subject to the equation (air space e, wave-length d, angle of incidence 7, of 
diffraction 6’), 6¢=/2(cos 6’— cos 7), and is therefore less unique as an 
absolute instrument than Michelson’s classic apparatus or the device of 
Fabry and Perot. Its sensitiveness per fringe, 6e, depends essentially upon 
the angle of incidence and diffraction and it admits of but 1 cm. (about) of 
air-space between grating face and mirror before the fringes become too 
fine to be available. But on the other hand it does not require monochro- 
matic light (a Welsbach burner suffices), it does not require optical plate 
glass, it is sufficient to use but a square cm. of grating film, and it admits of 
very easy manipulation, for painstaking adjustments as to normality, etc., 
are superfluous. In fact it is only necessary to put the sodium lines in the 
spectrum reflected from the grating and from the mirror into coincidence 


AM 


\, Kee 


PANG 


Fic. 7.—Superposition of the cases of figs. 5 and 6 for @’>1. 


both horizontally and vertically with the usual three adjustment screws on 
grating and mirror. Naturally sunlight is here desirable. Thereupon the 
fringes will usually appear and may be sharply adjusted upon a second trial 
at once. 

When the air-space is small, coarse and fine fringes (fluted fringes) are 
simultaneously in focus, one of which may be used as a coarse adjustment 
on the other. Finally, the sensitiveness per fringe to be obtained is easily 
a length of one-half wave-length in the fine fringes and one wave-length in 
the coarse fringes, though the latter may also be increased almost to the 
limit of the former. The fine fringes compatibly with their greater sen- 
sitiveness vanish within about a millimeter. Their occurrence with the 
coarse fringes makes it possible to investigate sudden displacements within 
the latter. 
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14. Observations.—The following observations were made merely to 
corroborate the equations used. The general character of the results will 
become clear on consulting the preceding abbreviated table chosen at ran- 
dom from many similar data. An Ives replica grating with 1 5,000 lines to . 
the inch (film betjveen plates of glass .46 cm. thick) was mounted as usual 
on a spectrometer admitting of an angular measurement within one min- 
ute of arc. Parallel light fell on the grating, fig. s, gg (see p. 13), under 
different angles of incidence, 7, and the spectrum lines were observed by 
reflection (after reflection from gg and the rear face ff) at an angle of 
diffraction 6’ in air, both in the first and second order of spectra, and so 
far as possible on both sides of the directly reflected beam. In view of 
the front plate, the angle ¢ corresponds to an angle of refraction r, within 
the glass and the angle 6’ similarly to an angle of diffraction 0, respect- 
ively. Hence 7> 6: or 6:<r denote the sides of the ordinary ray on which 
observation is made. Asa rule these were as nearly as possible in the 
region of the D line passing toward FE. Finally 66 denotes the angle 
between two consecutive dark fringes, observed and computed as speci- 
fied. Similarly 6e will be reserved for changes of thickness e of the glass 
and 6ée’ for changes of the air space in case of an auxiliary mirror M. 

For t=o° the number of groups of lines was a single set in each order; 
but only the end of the spectrum could be seen. Measurements refer 
(about) to the C line. For 7=45° several groups were too close together, or 
too faint for measurement, and the same is true for 7=22.5°. An estimate 
of divergence is all that could be attempted on the given spectrometer. 
The case 6,>r was usually not available, but for 7=22.5° two sets were 
found in the first order, one being the normal set. The fringes in all cases 
decrease in size from red to violet, but less rapidly than wave-length. 

Whether they are convergent or divergent for a given set of fringes, as 
for instance for the strong set, depends on the position of the grating. Thus 
the divergent rays become convergent when the grating is rotated 180° 
about its normal. It is therefore definitely wedge-shaped. In fact when 
the auxiliary mirror M is used, the fringes may be put anywhere, either in 
front of or behind the principal focal plane, by suitably inclining the mirror. 


15. Equations.—If we suppose the film of the grating gg to be sandwiched 
in between plates of glass each of thickness e, it will be seen that triplicate 
rays pass in the direction 4, (6;'>72) or of tz, (@2<7), which will necessarily 
produce interference either partial or total. With respect to hy, the only 
light received comes either from D, by direct diffraction at gg, or from RD, 
by reflection from the lower face ff, and thereafter by diffraction at gg; or 
from DR,, by diffraction at gg and reflection at ff. Similarly the light along 
t, comes in like manner either from D; or DR» or RD,. With regard to the 
angles of incidence and refraction or of diffraction within the glass or out- 
side of it, we have the equations for the first and second order of spectra 


(D being the grating space). 
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sin =p sin (1) 

sin 6)/=u sin (2) 

sin 6.’=u sin 6. (3) 

sin r—sin 6.=)/Dy, or = 2d/Dp (4) 
sin :—sin r=/Dp, or = 2d/Dyp (5) 
sin i—sin 02’=/D, etc. (4’) 
sin 6;/—sin 1=/D, etc. (5’) 


where pu is the index of refraction of the glass, found to be equal to 1.5265 
for sodium light, by breaking off a small corner of the glass of the grating 
and using Kohlrausch’s total reflectometer. 

Furthermore, for the occurrence of interference along 7; we shall have, 
for the case of the three rays in question, respectively combined in pairs, 
if the wave fronts be taken in the glass plate FF gg 


MN = 2ep COS F (6”) 
md = 2eu(1—sin 4 sin r)/cos 8, (7”) 
My = 2eu(1—cos (A,—7))/cos 61 (8”) 


where is the order of interference and a whole number, e the thickness of 
the lower glass plate, as may be found from a consideration of wave fronts 
and need not be deduced here. It will be seen that, whereas equations 6 
and 7 present cases of partial interference, equation 8, which is virtually the 
difference of 6 and 7, should be a case of total interference, giving strong 
fringes and possibly useful for interferometry. 

Again for tf, the equations will be similar if corresponding wave fronts be 
taken in the glass plate FF gg 


nd= 2€" COS (6’) 
nd = 2eu(1 —sin 0, sin r)/cos 4, (7’) 
nd= 2en(1 —cos (r—4,))/cos 4, (8’) 


the same as in the preceding case when 4; is replaced by 6 and 6:—r by 
r—0,. To this extent there is no essential difference between the cases. 
Therefore 6 may be used indiscriminately for either. 

If, however, the wave fronts be taken in the glass plate fgg the equations 
become 


nA=2e" COST (6) 
nd=2e" cos 0, (7) 
nd= 2e" (cos r—cos 6,) (8) 


with three other corresponding forms for @<r, as before. The latter are 
the true equations and equation 8 is the case of total interference. 

These circumstances are at first quite puzzling, but they are due to the 
fact that in the cases 6’, 7’, 8’, 6”, 7”, 8”, the wave fronts taken correspond 
to the refracted ray only, whereas the diffracted rays subsequently undergo 
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sudden changes of deviation on leaving gg. We have nevertheless carried 
both groups of equations 6’ to 8’ and 6 to 8 in mind, though the latter are 
alone certain of application. 


For an air-space between gg and M the equations would be 


nd = 2e cos i? n= 2e cos 0! nd = 2e (cos 6’ — cos 1), etc. 


16. Differential equations.—The quantity measured on the spectrom- 
eter is essentially angular and preferably dé’/dn, the angular distance 
apart of the fringes, in radians, Later we shall measure de or the linear 
displacement of the parallel faces per fringe. In any measurement, how- 
ever, we meet with embarrassment, inasmuch as n, i, yu, 7, 0, 6’, are all 
variable. The angle z and the thickness e and the grating space D are 
alone given. Among these, the variation of r with » and) must be found by 
experiment. Fortunately, in case of the interferometer all these variables 
are eliminated and e alone changes, subject to a giveniz and 6’. The uw used 
need not be known. (See paragraph 19.) 

For the present purpose, as the variation of u enters only as a correction, 
we have been satisfied with the usual results in physical tables.* If from 
the C to the D line 

(du/)/(da/A) = — .016 


and from the B to the C line, = —.013, we may write 
3 Ea 
Mpa pb OF 


and therefore 


A dd 
1{ — |} =1.015— ) 
c () San (9 


We shall write a=.015, b>=1-4a. 

The case @>r in the present paper is not of much experimental interest, 
and may be omitted here. For the case of r>6 we shall have successively 
and for the total interferences RD, DR, equation 8, 


di Acos) dO es 
du sinr—bsind dn 
dr tanrcos# dé ee, 
~dn “sinr—bsind dn 
du —s aur cos9) dé mes 
dn sinr—bsind dn -) 
do’ ywcosA(sinr—sin@) dd ia) 
dn cos@/(sinr—bsin @) dn 
* See Kohlrausch’s Leitfaden, 11th edition, rg10, p. 712, light crown glass being 


taken. 
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and finally corresponding to equations 6, 7, 8, 


dv’ cos@-—- A(sin r—sin 0) rea 
dn 2ecos’ b—sinrsin 6 

d’__—cos@ A(sin r—sin @) (x6) 
dn 2ecos0’ bcosrcos@+asinrtanr cos 

da’ cos A(sin r—sin 8) 


(17) 


dn 2e cos & b(x1—cos (r—O)) +a sin sin 6(1 —cot # tan r) 
the last term in the denominator being corrective. Here dé’/dn is the 
observed angular deviation of two consecutive fringes, so that 

dn dn _ dn 
Tae ea Pd 
The equation corresponding to the incorrect equation 8’ would have been 


at! cos 6 
dn 2ecos 0’ 


Acos’ O(sinr—sin 8) _ : 
b cos? 6(1 — cos(r — 8)) — (sinr — sin #) (sin r— b sin @) —atan rcos*@sin(r—@) 


17. Normal incidence or diffraction, etc.—For the case of normal inci- 
dence 1=r=o, the equations corresponding to 6, 7, and 8 take a simplified 
form and are respectively 

dé,’ Asin @ cos 6 


"dn 2becos@” e97 
dé,’_—s Asin @ b 

~ dn abe cos ee 
dé,’ cos 6 Asin 0 

= = (18’) 


‘dn 2becos 0’ 1—cos8 
If 6’ =6=o, for normal diffraction, which is particularly useful in Row- 
land’s adjustments as well as on the spectrometer 


dg’ oh sin r 
dn},_, 2¢ b(1-—cosr)—asinr tan r 


for the case of total interference corresponding to equations 8 and 1 or ak 


1=—0 orr=—0 
dé’ x, I 
dn|,__, 2e€ tan@cos#” 


18. Comparison of the equations of total interference with observa- 
tion.—The partial interferences corresponding to equations 6 and 7 are 
usually too fine to be seen unless e is very small. They amount in cases of 
equations 15 and 16 for e=.48 cm. to the following small angles 

(15) (16) 
t= © d@’/dn = .060° d@’/dn = .062° 
22.5 .048/ .050° 
,o5y* .05 8’ 
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usually less than four seconds of arc and are therefore lost. The origin of the 
fine interferences actually seen in the table is thus still open to surmise. 
With small e and the interferometer they are obvious. 

The total interferences as computed in the above table agree with the 
observations to mach within 0.1 minute of arc and these are experimental 
errors; particularly so as it was not possible to use both verniers of the 
spectrometer. The interesting feature of the experiment and calculation 
is this, that 66’ has about the same value for all incidences 7 from 0° to 45° 
and even beyond. The equations do not show this at once, owing to the 
entrance of yandr. But apart from a and b equation 17 is nearly 


do A 4D : 
dn 2e" 1—cos (r—6) (19) 


which is independent of r to the extent in which cos (r—8) is constant. The 
dependence of d6’/dn on wave-length is borne out. (See paragraph 1g.) 
Finally, d6’/dn is independent of u except as it occurs in a and b. 

If the glass plate ffgg is removed and a mirror M used, as in the inter- 
ferometer, the fringes may be enormously enlarged by decreasing e and the 
measurements made with any degree of accuracy; but such measurements 
were originally impracticable and have little further interest in this place 
since the interferometer itself is tested in the next chapter. 


19. Interferometer.—The final test of the above equation is given by the 
last part of the table for different thicknesses of glass, e=.48 and e=.77 cm. 
The results are in perfect accord. 

These data suffice to state the outlook for the interferometer. In this 
case 1 and ¢ are the only variables, so that equation 8 becomes 


de =)/2"(cos 6—cos 1) (20°) 


where ée is the thickness of glass corresponding to the passage of one fringe 
across the cross-hairs of the telescope or a definite spectrum line. 

If instead of glass in the grating above, an air-space intervenes between 
the film of the grating and the auxiliary mirror M, fig. 5, the equation 


reduces to 
j /\ 


6 = (eos 8 Los) 2/72 Gia 

where 7 and 6’ are the angles of incidence and diffraction in air. 
These equations 20 embody a curious circumstance. Inasmuch as # and 
9’ change as 7 increases from 0° to go° from negative to positive values at 
about 1=13° and 7=20°, respectively, the denominator of either equation 
20 will pass through zero (for air at about 7=10°). Hence at this value of 
Z the motion of the mirror M produces no e effect (stationary fringes), 
while on either side of it the fringes travel in opposite directions in the 
telescope when e changes by the same amount. In the negative case the 
sensitiveness for air-spaces passes from 6¢=—.000 489 to de= —®%, per 
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fringe. In the positive case from 6¢e=+% to 5¢e=.000 039, per fringe or 
to a limit of about a half wave-length in case of 15,000 lines to the inch. 
This limiting sensitiveness may be regarded as practically reached even at 
i=40° where 6¢=.000 155 cm. per fringe and an angle of about 7=45° is 
most convenient in practice. 

In addition to the large fringes the fine set appears when ¢ is small or not 
more than a few tenths of a millimeter. The sensitiveness of these is 
naturally much more marked. In the two cases 


de =A/2 cost (20’) 
de =A/2 cos 0’ (20”) 


so that nearly \/2 per fringe is easily attained, but the available thickness 
of air-space within which they are visible is decreased. 

Atz=20° about, and in case of an air-space 6’ is nearly 0°. We suggested 
above that these fine fringes may be used as a fine adjustment in connection 
with the large fringes, on which they are superimposed. In appearance 
these large fluted fringes are exceedingly beautiful. The fine fringes have 
the limiting sensitiveness of the coarse fringes, 7.e., the cases for 7=90° 
or 6’ equal to maximum value. In different focal planes both sets of fine 
fringes may be seen separately for small e (air wedge). 

Equation 20 shows that for smaller grating spaces D, and consequently 
also in the second order of spectra there must be greater sensitiveness, 
caet. par.; but as a rule we have not found these fringes as sharp and useful 
as those in the first order. 

The limiting sensitiveness per fringe, however, follows a very curious 
rule. If in equation 20 we put 7=90°, 


20e=1 AD/(2—A/D) =A/1 r(2—r) in the first order 
if r=)/D, and 


D is the grating space. Both equations have a minimum, de=d/2, ath/D=1 
in the first order andA/D=.s in the second order, beyond which it would be 
disadvantageous to decrease the grating space. These minimum conditions 
are as good as reached even when D corresponds to 15,000 lines to the inch, 
as above, where roughly ro*de=38 cm. in the first order and ro*Se=33 cm. 
in the second order. 

All the conditions discussed above are summarized in fig. 8 and fig. 9 
for the first and second orders of spectrum. 

To view the stationary fringes of the first order was not practicable, 
since they occurred for z= 10°, whereas the telescopes were in contact at 
about 20°. In the second order of spectra they may be approached more 
nearly as they occur when 7 is roughly 20°. If the distance e is made small 
enough, so that the three cases of equations 20, 20’, 20”, are visible, the 
appearance is very peculiar. The fringes of equation 20 are very slow- 
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moving. They are intersected by the small fringes of equation 20’, pro- 
ducing the fluted pattern already discussed. Over all travel the rapidly 
moving fringes of equation 20”, producing a kind of alternation or flickering 
which it is very difficult to analyze or interpret until e is very small,when 
all three sets are broad and easily recognized. Sunlight should be used. 
Nothing like these alternating fringes was seen in the first order, but we 
used a film grating only. 
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Fic. 8.—Charts showing dependence of 0 on r, 0’ oni, cos 0’ and cos 7 on 
i, de on r and de on 7, de on A/D for the first order of spectrum. 


The above equation shows finally that 6e is not exactly proportional to 
wave-length, though the former decreases with the latter, as shown above. 
The three equations 20 indicate finally that for 7>6’ all fringes travel 
in the same direction with increasing e; whereas if 6’> 7, the set correspond- 
ing to equation 20 travel in a direction opposite to that of the sets 20’ and 20”. 
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This is strikingly borne out by making the experiment for 6>7 with a small 
angle 7, both in the first and second order. 

Table 6 contains a few data obtained by carrying the mirror on a Fraun- 
hofer micrometer, reading to .coor cm., toward a stationary grating film. 


° AO ° ° f/\o re rwAO0 ° 
OO 200 nD 
Fic. 9.—Similar data to those of fig. 8, for the second order of spectrum. 
In addition, dé’/dn is shown as given by equations rs, 16, Ly. 


Observations were made in the region of the D lines. The grating was 
originally between plates of glass e=.48 cm. thick. Finally the plate 
between grating and mirror was removed, the whole distance now being an 
air-space. This has no effect on de, but e may then be reduced to zero and 
the fringes enlarged. 


ie 
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These data merely test the equations, as no special pains were taken for 
accurate measurement, which neither the micrometer screw nor the special 
adjustments warranted. Usually the micrometer equivalent of 50 fringes 
was observed on the screw. The maximum distance e between grating and 
mirror was .48 cm. of glass and .25 cm. of air conjointly, or within 1 cm. 
In case of fine fringes mere pressure on table or screw impaired the adjust- 
ment. Moreover these fine fringes run through the shadow of the coarse 
fringes, and their size in consecutive spaces between the latter seems to vary 
periodically as if they alternated between the two equations 15 and 16. 


TABLE 6.—Interferometer measurements. Replica grating. Air-space, often in 
addition to glass space, e=.46 cm. 3 


| Coarse fringes. Fine fringes. 
i om Scie | ees far see | 
| } ae | Observed. | C ted.) : | 
ree LH eax cot | Sexack Lit COE pose se cence 
= 
o A ie ; | cm. | cm. | cm. | cm. cm. cm. 
22° 30 ey .02tG L34h) oo g90° BhCo., Jot 
ahr: | otee Ty 03 eee 130 
OF SO 135. 5 | 03 72 68 
25 fo) 4 Vian | 322 324 | 
SOME 2 aS 2375) .01 3 ‘to. 250 A Tae 240 
| | 
Glass removed between mirror and grating. 
, ‘ 
Bae 2cKee 3° 40! |,053 tO. .054) 337 392 | .006 t0.025 34 . 
| | | | 
45 © |20 49 |.032t0.064| 129 130.000 t0.007, 33—i Be | 


* Approximate; contact endangering adjustment. 


20. Secondary interferences——We come now to consider the minor 
interferences which are either weaker, finer, or more diffuse than the strong 
forms discussed. In the interpretation of these we have not met with suc- 
cess, but some reference to them is essential. We assume that after two 
reflections the fringes can no longer be seen. 

In fig. 6 if there is light reinforcement passing in any direction h or fz; 
then each incident ray J, at an angle 7 with the normal n, will after refrac- 
tion be represented by the six rays D; RD, DR; (0:>17), Dz DRy RD: (<1), 
as shown in the figure, under a notation similar to the preceding case. If 
these rays are brought to a focus by a telescope there must be interferences 
between pairs of which the fringes of D, RD, and D, DR, will usually be 
too fine to be visible, whereas RD, and DR, will be large enough to be seen. 

As the lines are not quite sharp, measurement is difficult and no other 
fringes were therefore computed, and we have not thus far been at pains to 
discover a reason for the large fringes in table 1, either in the first order 
(¢=22.5°, 66’=4.7’) or in the second order (¢= 45°, 60°= 3.3"). 
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21. Summary of secondary interferences.—The possible partial inter- 
ferences are naturally numerous. If we superimpose the case of fig. 5 
on fig. 6 and draw all the rays of the first reflection for @>r only (to avoid 
complications), 7. e., for a single direction, it will be seen that nine rays are 
included, of which a, b, c, a’, b’, c’, a”, b”, c”, come from a single incident ray 
each. Thus we can assemble these interferences from a determinant like 


ae eth Me 
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and there should be 18 cases. Most of these are identical in path difference, 
but they have not led us to any satisfactory identification. They may 
therefore be omitted here. 

Other difficultiesenter. Fringes which maybe invisible if observed for the 
glass plate may be visible if arising in the collodion film, as this is very thin. 
Possibly some of the finer lines may arise in this way, but not probably. 

The tendency of certain groups of interferences to travel in opposed 
directions with rotation of the slit has suggested to us the possible occur- 
rence of zone-plate action, where there would be multiple foci. But we 
have not succeeded in establishing coincidences either for the virtual or 
real foci in such a case. Moreover this opposition in motion has already 
been accounted for in paragraph 19. 


22. Convergent and divergent rays.—What finally characterizes the 
above groups of interferences is the difference in position of their focal 
planes. They rarely coincide with the spectrum (parallel rays) and hence 
do not always destroy it. If present with the spectrum the latter is wholly 
wiped out. If the strong fringes are convergent for a given adjustment of 
grating they become divergent when the grating is rotated 180° about its 
normal. Hence the plates of glass are sharply wedge-shaped and to these 
differences the location of focal planes is to be referred. 

In addition to this the three regular reflections are not in the same focus 
which shows the surfaces (collodium film) to be slightly curved. The above 
experiments succeed best when two of the reflections are yellowish, which 
probably means that the grating face is from the observer. 

Suppose the remote glass face makes an angle dr/2 with the surface of the 
grating. Then the DR ray of the strong interferences has its angle incre- 
mented by d@=dr, whereas the RD ray receives an increment of but 


d= Ane dr. Hence if the DR and RD rays were parallel for parallel sur- 


faces they would be at an angle corresponding to 
d@—dr cosr—cos@ 
Sree eid tog 
where dr/2 is the angle of the wedge. Thus for the partial case of single 
incidence, fig. 6, d0>dr if @>r, or the issuing rays would converge; and 
dé<dr and r>8, or the issuing rays would diverge. If DR is negative the 
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opposite conditions will hold, since dr and dé change signs together. For 
the case of triple incidence, fig. 5, there will be similar relations with less 
liability to convergence. The interferences are further modified by the 
change of thickness of glass or the variable e implied. 

Fig. 7 shows that rays all but parallel will cross each other in front (con- 
vergent) or behind (divergent) the grating, depending on their mutual lat- 
eral positions. Asa ray moves from the right to the left of the normal, the 
phenomenon may change from divergence to convergence and vice versa. 


23. Measurement of small horizontal angles.—These relations are very 
well brought out by the interferometer, in which the mirror M may be in- 
clined at pleasure. If small values of deviation only are in question, this 
instrument becomes a means of measuring small horizontal angles y be- 
tween mirror and grating as these involve less change of focus. In fact if 
h is the vertical height of the illumination at the mirror M and the cor- 
responding obliquity of fringes is equivalent to an excess of N fringes 
crossing the bottom of the cross-hairs as compared with the top for a 
wave-length \, y=Né6e/h; or 

ES N) 
1 oh (cos 6’ — cos 1) 

The question next at issue is thus the value of h. It will be noticed that 
if parallel rays fall upon the slit, they will be brought to a focus by the col- 
limator objective first, and thereafter by the telescope objective, placed at 
a diametral distance D beyond it. Then if S 1s the vertical length of slit 
used, and f, and f, the focal lengths of the two objectives, respectively, it 
follows that the length h=S is virtually illuminated. Hence, 


- NA 
~ 2S (cos 6’—cos 1) 


(22) 


ny: 


For since the angle y, or a ratio, is in question, Née/h is constant and it 
makes no difference where the mirror M may be placed, 7.e., how great the 
absolute vertical height of the illumination h may be. 

In case of this method (parallel light impinging on the slit) the illumin- 
ation at each point of the image is received from but a single point (nearly) 
of the mirror, whereas if the light falling on the slit is convergent, the whole 
vertical extent of the mirror illumination contributes to each point of the 
image in the ocular. Hence in the latter case the fringes are only sharp 
when WM and the grating are rigorously parallel, and they soon become 
blurred when this is increasingly less true. The same observation also 
accounts for the greater difficulty in adjustment when lamp-light is used. 
In any case, equation 22 furnishes N/S. N may be obtained with an ocular 
micrometer. 

In the interest of greater precision the angle y may be found by actually 
measuring the inclination to the vertical 8 of the fringes in the ocular. 
Here if the height of image s in the ocular corresponds to the vertical length 
OL slit S, 

3 
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aT (23) 


while 
Ni. dol 
an s dn 
where do'/ dnis given by equation 17. Hence s may be eliminated and 
5 j / 
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If now we further eliminate N/S in equation 22 by equation 24, we have 

finally 
BAG + 2(D—7.)) 
es 2}f,(cos 6’ —cos 1)d6’/dn 

so that y is given in terms of 8, the observed inclination of fringes in the 
ocular. To measure 8 the ocular must be revolvable on its axis, so that the 
cross-hairs may be brought into coincidence with the fringes and the angles 
may be found. To measure M, the D lines as they remain vertical may 
often be used, if in focus, for reference in place of vertical cross-hairs. 

Using the data of the above experiments, if = 45°— 


N= j-=/:=D (nearly) = 23 cm., cos #’—cos t= .2264 

S=.9 cm. A=60 X 107° d0’/dn = 493 X10-* 
whence y=146 X10 ° radians, or about a half-minute of are per fringe, and 
B=44' per fringe. Thus 6 is about 88 times as large asy. At ¢ =22.5°, 
y=1.5' per fringe, 8=45’ per fringe. Naturally the sensitiveness increases 
with the angle of incidence 7. When the fringes are large, one-tenth fringe 
is easily estimated, so that a horizontal angle y of a few seconds between 
mirror and grating should be measurable. An ocular micrometer, as sug- 
gested, would carry the precision beyond this. 


24. Summary.—It has been shown that the interferences here in question 
take place in accordance with the equations (6), (7), and (8) above. They 
therefore occur in triplicate, but not necessarily in the same focus. Their 
superposition gives rise to fluted interference patterns of which the coarse 
fringes (8) are less sensitive to micrometer displacements than the fine 
fringes (6) and (7), on the one hand, while they persist over a comparatively 
greater range of path difference, on the other. The eventual sensitiveness 
of both approaches the wave-length of light. The adjustment made is 
essentially self-compensating, in a way that excludes the wedge-angle of the 
plate; and the lines are rigorously straight and vertical, to the extent in 
which they may be regarded as parts of the periphery of ellipses, whose centers 
are infinitely distant on the same horizontal. As a whole, therefore, these 
interferences are special cases of the phenomenon described in chapters IV 
and V, where they may be made to pass through the zero of air-space. 

The lines are inclined for a wedge-shaped air-space in a manner admitting 
of the measurement of very small angles. 
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CHAPTER IHl. 
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. THE GRATING INTERFEROMETER. By C. Barus and M. Barus. 


25. Introductory.—In view of the perfection which has been attained 
in the construction of film gratings and of the simplicity of the instru- 
mental equipment needed, we have been at some pains to put the type of 
interferometer recently described* into practical form. This is shown in 
the accompanying diagram, in which fig. 10 is a photographic view, the 
parts of which are easily recognized by aid of the simplified plan and ele- 
vation in fig. rr, A and B. 
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Fic. 11.—A. The same (fig. 10) in plan. B. The same in elevation. 


The attachment for magneto-striction is purely incidental. The small 
increments of length in question were thought to offer an excellent test of 
the availability of the interferometer for micrometric length-measurements 
when these are of the sudden type and unlike the regular expansions. 


* Science, xxxi, p. 394, 1910; Phil. Mag. (6), xx, p. 45, 1910; above chapter II. 
29 
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26. Apparatus.—In fig.11, A is the collimator, B the telescope for view- 
ing the interference patterns reflected from the grating gg and mirror M 
over the revolvable table CC. These are the essential parts. The remain- 
der is the incidental mounting just referred to, O being the helix containing 
an iron rod, soldered at its ends to brass or copper tubes, t and ?’, the latter 
very light and movable in the V-groove N, the former t heavier and 
clamped in the upright P. 

The whole is supported on a frame of quarter-inch gas piping and con- 
nections uFvR, the feet being at wR, only the latter appearing in the figure. 
Under the grating is an attachment * with four or eight screw sockets, W, 
respectively at right angles to each other, into which a variety of apparatus 
may be screwed, in the absence of the removable pipe pp. When # is not 
used it is replaced by a foot. 

Telescope B and collimator A are carried on T-pieces, with nipples at 
the same height (about 8 cm. or less) above the iron frame, and B may be 
slightly inclined about a horizontal axis. It may also be provided with a 
micrometer eyepiece, as shown in fig. ro. 

The table, CC, carrying the grating, is revolvable on an upright H and 
may be clamped to fixed verniers, D, also carried at d by the upright H. 
The table is cut away on the further side so that vertical apparatus may 
approach closer to the grating in GG. It would even be an advantage to 
use (not much more than) asemicircular table with verniers DD alter- 
nately in use, set at an angle. 

On the table two parallel brass guides determine the motion of the slide, 
rr, actuated by the micrometer screw E. 

The grating is mounted with the film on a glass plate gg, and exposed on 
the side away from the observer, facing the mirror M. It is adjusted ina 
rectangular shallow brass case, GG, with the side toward M and the top 
open. The figure shows three adjustment screws actuating the rear of the 
glass plate, gg, and the springs ss, which push the plate to the rear, passing 
through slits in the sides of GG. There is one spring for the top and one for 
the bottom of the grating. The capsule GG is firmly attached to the slide 
rr, so that the grating may be moved fore and aft by the micrometer screw. 

For some purposes the mirror M, similarly adjustable by three screws, 
may be attached to the plate CC, free from the slide rr. In the figure the 
mirror is on the light brass tube ¢’, which makes a prolongation of the iron 
rod, here to be tested for magneto-striction. The silvered face of M fronts 
the grating. 

The coil, O, used is wound on a slender annular chamber or double tube, 
through which cold water may be kept in circulation (see fig. ro), to obviate 
changes of temperature of the rod. The uprights P, T, T, N, in figs. ro 
and 11, moreover, are adjustable up and down as well as around the rod 
pp, by clamps shown in fig. 10, in which other unessential details may be 
seen, including the hose for supplying and removing water. 


* In a later form a special base R’ was provided below W. 
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27. Adjustments.—The micrometer screw controlled at E has a double 
purpose. In the first place it is an immediate check on all measurements 
of length increment made. It shows, moreover, whether the displacements 
are expansions or contractions, since it may compensate any motion of the 
mirror. In the second place, since the collimator A and telescope B are 
clamped at a fixed distance apart approximately, it enables the observer 
to put the part of the spectrum needed into the center of the field. For the 
angle aMc may here be considerably increased or decreased, and both 
telescopes are revolvable about the vertical. They may also be raised 
or lowered, moved right and left and rotated about the horizontal, being 
grasped by an ordinary clamp (not shown). The head E of the screw, 
moreover, as well as the adjustment screws of the grating, are at all times 
within easy reach of the observer. After an initial rough adjustment (the 
direct reflections from mirror and grating being put into coincidence), the 
adjustment screws on the grating are manipulated until the three spectra 
seen in the telescope B coincide both horizontally and vertically. For this 
purpose the D and E lines of the spectrum are useful and sunlight is prefer- 
able. In the absence of sunlight a small electric arc lamp with the rays 
issuing nearly parallel suffices equally well, supposing the apparatus is in 
adjustment. When telescope and collimator are fixed, motion at the 
micrometer screw naturally does not displace the spectrum line i, on 
which the telescope has been focussed, so that the interferences recorded 
pass through a definite part of the spectrum. 

The three sets of interferences available are subject to the equation 


de" =i/2 cost (1) 
de’ =A/2 cos 8 (2) 
de =A/2(cos 0 —cos 7) (3) 


where \ is the wave-length of light used, 7 and @ the angles of incidence and 
of diffraction in air, and where 6ée, 6e’, de”, represent respectively the incre- 
ment of air-space between mirror and grating per fringe passing the cross- 
hairs. It is therefore necessary to know the angles @ and 7, and for this 
purpose the verniers D and the revolvable plate CC graduated on its edge 
are provided. 

Let the mirror or grating plate be turned until the reflected image of the 
slit coincides with the slit itself. Here the observer must be able to look 
at the inner face of the slit in A through the hole h in the tube. Then let 
the angle be read off. Thereafter let the plate C be unclamped and turned 
until the slit is seen sharply on the cross wire of the telescope C’ and a second 
reading made. The angle so observed is ((+6)/2=a. We may therefore 


write . 
sin i—sin 0=2 cos (t+0)/2 + sin (¢@—@)/2=A4/D 


where D is the grating space. Thus 


sin(t—0)/2=A/D cosa 
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from which (i—0)/2=b may be found. Hence t=a+b; 6=a—b. An 
eccentric position of the grating is of no consequence. 

In the given apparatus the inner angle of diffraction has been utilized. 
This brings A and B closer together for a sufficiently large angle 7 to secure 
the best results. 

In a later construction of the apparatus on an independent foot under W, 
uv is a long smooth rod and A and B are attached by clamps admitting of 
motion right and left, wp and down, and rotation about the horizontal 
and vertical. 


28. Angular extent of the fringes.+In chapter II the equations were 
worked out (I.c.) for the more complicated case of a medium of thickness e 
and refractive index u. For the case of an air-space the equations become 
much simplified. Corresponding to equations 1, 2, 3, if @<z and sinz—sin 
6=)/D 


dG’ hh & I 
dn 2eD cosicosf 4 
dO a age» he in 
dn 2eD 1—sintsin@ 2 
da ’ I (6) 


dn 3eD 1008 C8) 


where d6/dn is the angle subtended per fringe for the wave-length \, the 
grating space D, the thickness of air-space e, at an angle of incidence 7 and 
of diffraction 6, in air. 

These three sets need not be in focus at once. Equations 4 and 6 are 
usually easily put in focus together. Thus in the above case roughly, 


t=5o° 34° G= 34° 44’ A/D = .352 
whence for \=60X10-® em. and e=1 cm.,, 


do’ F dQ” 
z- = .004 =.055 


dé 
=. a > ane 
dn dn 37 


dx ** 

In case of the set of equations 4, 5, 6, therefore, there should be about 
6 to 7 small fringes to one large fringe. This is about the order of values 
usually observed. When ¢ is small the change of wave-length with d@ must 
be considered. To obtain a given ratio k of small and large fringe diver- 
genices, one may write for the cases 4 and 6, for instance, 


1—cos («—@) 


kR=2 
cos (t—@)+cos (+4) 


(7) 

Equation 7 is not easily treated. If, however, @ is computed in terms of 
7 and expressed graphically, k may then also be expressed in terms of 7; and 
thus the angle of incidence 7 for any ratio of size of fringes, k, in question, 
may be roughly adjusted. Table 7 shows these results. 
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bt nfs it appears that at z= Fehon there should be ten email fringes 
me large fringe. Ina general way, moreover, the ratio of small to large _ 
iges gives an estimate of the value of 7. oe 
i. imilarly equations 5 and 6 give 
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I—cos (t—#) 


ae 2—(cos (¢— 0) —cos (¢+6)) 


from which the data also given in table 1, follow. 
_ Here there will be ten small to one large fringe when 7 is 40.5 ° roughly. 
The preceding equations 4, 5, and 6 are essentially approximate, inas- 
much as the rates are taken for the finite quantities. If we return to the 
_ fundamental equations 


. 2e cosi=na (8) 
= 2e cos =n’) ated) 
se sin 0—sin 2 =1/D (10) 


for @ is greater than 7z, where n and n’ are unequal distributive whole num- 
bers; and if we put e/D=a, we find 
n> —n” w—n 


—a tan @=———— +4 (11) 
4an 4an 


tan ¢= 


which are free from \, whereas sin z and sin 6 essentially containd. As the 
angular width of a fringe is 


those corresponding to equations 4 and 5 may therefore be expressed as 


a+1 d 
—dn 
6,=2a ——_— (12) 
ect n? — gan tan 1— 4a” 


4 A+I 
4 —dn 
; ti | n(n— 2a tan é) 9) 


for a given space e in a=b/D and a given angle of incidence 7 in tan 7. 
These integrations are easily made, but the results are too diffuse to be 


- Equations 8, sp aioli ie eve f 
problem. For if we put A=nD/ze, they may be written acco ‘din 
O>4 or 0<4 


sin #@,=+ i +sin7 
: A? sini+V 1+A? cos?7 ao 
POE aes ke (as 


where the distributive number 1 in A takes the values of the successive 
whole numbers for a dark band in the respective spectra corresponding to 
equations 14 and 15. The coincidence of dark bands then determines the 
position of the coarse fringes. 
Tiz=s0° 24’ 
2¢=.1cm, D= 000,169 cm. 6=24° 44’ 
then 
A=.o017 - ”, nearly 


With these data table 8 was computed. Similar results might be computed 
for 6<7, but I have abandoned it because, as is now evident, the practical 
demands are sufficiently met by the method of paragraph 28. 


TABLE 8.—Showing 6, andn,@,andn’. #observed about 75°. _ 2e= 1 cm., #=50.4°, 
6>%. de corresponds to the mean value @. 


n | 8 | zoe, | 6 | w | @ 10%de, 6, 
1650 SOjame 76 84.2° 300 Se ba 19 $2.5" 
1700 82.3 | 46 Sige 400 $z.5 18 80.5 
1750 80.0 36 WOiae 500 79.6 17 78.8 
1800 78.2 30 77 0 600 77.9 16 77 = 
1840 Thine 23 FO. g 700 76.2 15 7555 
1870 76.3 30 75.8 Soo 74.7 14 74.0 
1900 iste 22 75.0 goo 73.3 12 72.7 
1940 44.5 20 7402 imeXele) 72. “Fe 
1970 73).9 20 ee 2000 64.0 
2000 Hits 18 73.2 es Sasa 
2020 73". 0 20 72.8 
2040 72.0 15 42.5 
2060 92.3 eA 


29. Test made by magneto-striction.—The very small elungation pro- 
duced when iron is magnetized offers an excellent test of the above appa- 
ratus. The attached water-cooled helix has already been described. The 
rod of Swedish soft iron was quite within the helix, which surrounded it 


closely without contact, the rod being prolonged by light copper tubes 
soldered to its ends. 
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A large number of experiments were made for trial, brief examples of 
which are given in the following table and charts, where if the current is 
in amperes the magnetic field 


“ H=1087 gauss 


and the elongation 6¢=105 X10~* cm. per large fringe. Thus if 2 is the 
number of fringes and /=28 cm. the effective length of the iron rod, the 
absolute elongation is 6a=1osnX10* cm. and the elongation per unit of 
length, . 

083.75" X 107% 
or if small fringes N are taken, 

OB =.54N X107° 


Elongations from 10-* cm. to 10 © cm. were measured without difficulty, 

though such measurement, without micrometer attachment, is essentially 

an estimate. Count was made of the number of small fringes between the 

large fringes. 

TABLE 9.—Magneto-striction elongations. Coil* (separated by thin sheet of flow- 
ing water from rod) length 37 cm., 3200 turns, H = 108i gauss (4 in amperes). 
Swedish iron rod, diam., 2r=.64 cm., length 1=30.6 cm., free length 28 cm. 


Elongations, 10°de= 105 cm., 10°de, = 33 cm., 10°e,=47 cm. Seven small fringes 
to one large fringe. 
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* A field of 150 gauss should more than practically saturate iron. 


The data partake of the usual character of magnetic phenomena. There 
is marked hysteresis and irregularity due to residual magnetization. Table 
9 has been inserted merely as an example of the results, which are otherwise 
given graphically. The maximum elongation corresponded to about 7 
small fringes. 

The curves bring out the following results consistently: 

(1) The elongation apparently begins abruptly in small fields of 5 or ro 


gauss, see fig. 12, etc., at b. 


during magnetization can not be stated. The case may be one: 
ee ects : . 
‘I lasticity. 7 . ee ee 
(3) The maximum elongation is very rapidly reached in a field ) 
too gauss. After this the elongation now due to strong fields 
In the case of strong fields, however, the rod as a whole is probe 
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Fig. r2.—Charts showing the elongation of soft iron in millionths for 
different fields, positive and negative, in gauss. Field applied and 
removed for each observation. 
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Fic. 13.—Chart showing the elongation of soft iron in millionths for 
different fields, positive and negative, in gauss. Field applied and 
removed for observation. 
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placed or warped. The results are less and less trustworthy and not 
suitable for exploration by the optic method in question (figs. 12, B, and 
band C): j 

(4) If the field is reversed the elongation is similar, but symmetrical 
with respect to a small positive field if the immediately preceding magneti- 
zation was positive, and symmetrical with respect to a small negative if 
the preceding magnetization was negative. See figs. 12, A, B, 13 (hystere- 
sis). Thus in fig. 12, A and B, where a field of 13 gauss at b after a positive 
magnetization produces no elongation whatever, the reversal of the field 
to —13 gauss produces a very marked elongation of nearly 3X10~’ which 


jue oe 20" 40° «50 «60 


Fic. r4.—Charts showing the elongation of soft iron in millionths for 
different fields, positive and negative, in gauss. Field applied and 
removed for each observation except in fig. D. 
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may be repeated indefinitely. Hence there seems to be a definite magnetic 
elasticity with fields of less than 5 to 10 gauss. If this is exceeded the mag- 
netic molecules are permanently set, even in soft iron. 


(5) If the field varies continuously (liquid resistances) the elongations ™ 


are much smaller in given fields (fig. 14, D). 

The whole subject, which is here touched incidentally, is well summar- 
ized in Winkelmann’s Handbuch, vol. 5, p. 307 et seg., 1908, by Professor 
Auerbach. The above results agree closely with the elaborate experiments 
of Nagaoka and Honda,* who used a special type of contact lever. Recently 
Mr. Dorsey t has made a similar investigation, using an ingenious method 
of his own. The present method would not have been feasible but for the 
occurrence of large and small fringes in the field of the telescope. 


30. Summary.—The present chapter has shown the ease with which the 
above phenomena may be adapted to the measurement of small displace- 
ments, has instanced their particular usefulness, inasmuch as fine and 
coarse adjustments are both available (recommending their use in the 
investigation of phenomena of sudden occurrence as in magneto-striction, 
etc.), and has given suggestions of practical forms of apparatus in addition 
to the usual spectrometric form. 


* Nagaoka and Honda: Phil. Mag. (5), xxxvit, p. 131, 1894. 
t+ Dorsey: Phys. Rev., xxx, p. 698, rg1o. 


CHAPTER IV. 


4 
THE USE OF THE GRATING IN INTERFEROMETRY; EXPERIMENTAL 
RESULTS. 


31. Introductory.—In chapters II and III a method* was described of 
bringing: reflected-diffracted and diffracted-reflected rays to interference, 
producing a series of phenomena which, in addition to their great beauty, 
promise to be useful. In fact, the interferometer so constructed needs but - 
ordinary plate glass and replica gratings. It gives fringes rigorously 
straight, and their distance apart and inclination are thus measurable by 
ocular micrometry. Lengths and small angles are thus subject to micro- 
metric measurement. Finally, the interferences are very easily produced 
and strong with white light, while the spectrum line used may be kept in 
the field. 


Fic. 15.—Diagram of grating interference adjustments adapted to 
Michelson’s apparatus. L, source of white light (parallel rays), gg’ 
grating, M and N opaque mirrors. 


The same method is available as an adjunct to either Jamin’s or Michel- 
son’s interferometers, except that here the transmitted-reflected-diffracted 
and reflected-transmitted-diffracted rays are brought to interfere. To 
take the example of the Michelson type, stripped of unnecessary details, 
let gGg’ in fig. 15 be the grating or ruled surface, its normal, L the source 
of white light, M and N the mirrors, and FE the eye. In the usual way the 
rays from L interfere at EF. 


~ *Science See LD, p. an Fate cf. Phil. Mag., July 1910, and chapters Il and III above. 
. 39 
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Now replace L by a slit and collimator, E by a telescope focussed for 
parallel rays. The eye at E now sees a sharp line of light. At D and D’, 
however, there must be two diffraction spectra coinciding in all their parts 
and hence interfering rhythmically, if all adjustments are sufficiently per- 
fected. The other two diffractions within MGg’ and EGg are often lost at 
an incidence of 45°. 

The attempt to produce these interferences at D, D’ with replica gratings 
is liable to result in failure; for while the transmitted system NGD shows 
brilliant spectra, the reflected system MGE is dull and hazy. Both spectra 
are clearly in evidence and may be brought to overlap. The film, however, 
does not reflect in a degree adequate to the transmission. Attempts made 
to realize the conditions of interference eventually, however, resulted in 
complete success (chapter V). 

What is strikingly feasible at once, with ordinary plate glass and a non- 
silvered grating, * is the production of interferences between pairs of dif- 
fracted spectra, D’ and D, for instance, if returned by equidistant mirrors 
M and N to a telescope in the line D. Both of these spectra are very bril- 
liant and not very unequally so and the coincidence of spectrum lines both 
horizontally and vertically brings out the phenomenon. This, for each of 
the cases specified, is of the ring type and not of the line type heretofore 
discussed; but it occupies the whole field of the spectrum from red to 
violet. One obtains brilliant large confocal ellipses with horizontal and 
vertical symmetry, and the spectrum lines, simultaneously in focus, may 
serve either as major or minor axes. The interferometer motion is twofold 
in character, consisting of radial motion, combined with a drift of the figure 
as a whole, in a horizontal direction. Naturally a fine slit is of advantage, 
but the experiment succeeds with quite a wide slit, especially in the red, 
much after spectrum lines vanish. Similarly the regular reflection from 
M and N (mirrors) will produce these phenomena along GD. 

Such ellipses (I shall so call them, though they are probably ovals) as 
have their centers in the field, are clearly due to reflection from the same 
surface, as shown in fig. 15; curved lines or ellipses with remote centers are 
due to simultaneous reflections of the component rays from the opposite 
faces of the grating, since the angle of the wedge of glass can not be excluded. 
All owe their vertical and horizontal symmetry to the vertical slit and 
horizontal spectrum. The ellipses are identically present in the successive 
orders of spectra at once. 

These elliptical fringes thus embody with the preceding linear set the 
common property of being duplex in character; only here the motion of dark 
rings to or from the centers of the ellipse, as a fine adjustment, is associated 
with a displacement of the fringes bodily through the spectrum (coarse 
adjustment). 


* My thanks are due to Prof. J. S. Ames, of Johns Hopkins University, who was 
good enough to lend me this grating. é 
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This displacement may be from red to violet or from violet to red, as the 
virtual air-space increases in thickness, depending upon the adjustment, 


as will presently appear. In other words, for a given small interferometer 
- motion of mirror, there is in general less displacement of fringes bodily 


than radial motion ef fringes to or from the center. Slight deflection of the 
grating, gg’. is chiefly accompanied by radial motion of the fringes.* The 
effect thus produced is to give sharpness to the interference pattern, which 
soon vanishes for approximate adjustments of spectra. 

Similarly the micrometer screw produces a rapid passage of the pattern 
through its maximum size, a play of the screw of 0.1 cm. being sufficient to 
pass from fringes of one extreme of small size, through the maximum size 
to the final extreme. One may note that in chapters II and III the admis- 
sible play for the coarse fringes was about 1 cm., ten times greater. On the 
other hand there are many regions of interference; in fact, different groups 
of interferences may sometimes be in the field at once, or more usually 
corresponding to slightly different angles between the mirrors and grating. 

All admissible angles, provided that symmetry is maintained (the virtual 
plane of the grating bisecting the angle of the mirrors), bring out the phe- 
nomenon. This points to the fact that the earlier phenomenon referred 
to (I.c.), in which the center or normal ray was virtually at an infinite dis- 
tance, is now produced near an accessible center, even if this is not actually 
in the field. However, in the earlier case, when the angle of incidence is 
zero, curved lines may also be obtainable. Such cases will be given in the 
next chapter. * 

Experiments with a silvered grating showed no advantage, whether the 
transparent film covered the grating or the plane face of the glass. In 
fact, in case of good adjustment the phenomenon is so strong as to need no 
accessory treatment; this is in fact one of its advantages. A great diffi- 
culty in adjustment is the occurrence of stationary fringes due to the rear 
face of the grating. These may even wipe out the spectrum lines; but 
usually they lie at a finite focus and are not seen with a sharp spectrum. 
Fortunately many positions are available for obtaining the ellipses, so that 
a satisfactory one is easily found. Unless all overlapping spectra show 
sharp lines the adjustment is very tedious.| The amount of grating space 
used is less than 1 sq. cm., though of course a larger size is convenient for 


experiment. 


32. Special properties.—The motion of the ellipses bodily across the 
spectrum, corresponding to the increased or decreased virtual air-space 
(micrometer screw), shows that whereas the vertical dimension or axes 
(direction of fixed color) do not appreciably change,{ the horizontal axes 


* This changes the effective thickness of the grating. ge : 
+ These difficulties are largely removed by the method of coincident white slit 


images given in chapter V. , 
t Probably referable to increased refraction and decreased diffraction from red 


to violet. 
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grow rapidly smaller; 7.¢., the ellipse is more eccentric from red to violet. 
With the grating used, however (about 2800 lines per centimeter), the 
major axis remained vertical, z.e., the circular form was not reached 
throughout the first order even in extreme red. 

It follows from this that in the second order the major axis of the ellipses 
for 2800 lines to the centimeter will probably be horizontal, and this was 
found to be strikingly true. The figure, moreover, is necessarily coarser and 
the lights and shadows in greater contrast. In the third order the ellipses 
are drawn out horizontally to a correspondingly greater degree. Thus it is 
clear that with a more dispersive grating the circular or even the hori- 
zontally elongated form must occur in the first order. Indeed with 6000 
lines to the centimeter, ellipses occur in the red having horizontal major 
axis while the figure in the green is circular. Spectrum lines are very dis- 
tinct, particularly in the second order. In all orders of spectra the centers 
of the ellipses are simultaneously on the same spectrum line and their 
vertical dimensions are about the same. Hence the spectrum lines may be 
used instead of cross-hairs, as they are fixed landmarks among the moving 
ellipses. 

With replica gratings the center of the ellipses is usually remote, 7.e., 
reflection does not easily take place at the free grating surface. Apart 
from this the curved lines are good and strong. Samples must be tried out, 
in which the lines are as clear as possible in all the overlapping spectra. Six 
gratings of this kind were examined with about the same results. The 
centers of the ellipses could only rarely be brought into the field. Centers 
may, however, be obtained for gratings cemented under pressure between 
unequally thick plates of glass. 

It has been stated that considerable width of slit is admissible. Moreover, 
the focal plane of the collimator (convergent or divergent light) or the focus 
of the telescope makes little difference, though the condition of parallel 
rays is naturally preferable. An eye focussed for infinity sees the fringes 
very well without the telescope and they may be also caught on a screen; 
but coming through a slit they are liable to be dark and the advantage of 
the telescope is obvious. The second order is particularly accessible for 
naked-eye observation, and the light and black appearance is accentuated, 
but they are liable to be irregular. Inclining the collimator moves the 
spectrum across the fringes vertically, while inclination of the telescope 
moves both equally. In this way the centers may often be found. With 
strong tipping, however, the figure becomes distorted or open above and 
below, as would be expected. If the light is intensified for projection or 
naked-eye work, there is also distortion. 

It is not necessary (and apparently of little advantage) to have the 
reflections from the mirrors M and N occur at normal incidence. In fact 
the patch of white light on the grating surface and the return patch of 
Spectrum may be over an inch apart. Inasmuch as the spectra are rigo- 
rously coincident, it follows that (apart from the refraction of the thick 
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plate glass) the grating must be symmetrical with respect to the mirrors; 
1.e., intersect the angle between them. Very little difference of size or shape 
is observable between extremes of such adjustment. Thus I rotated the 
grating about 10° (larger angles being unavailable) without appreciable 
effect, after one of the mirrors had been correspondingly adjusted. 

On examination of the effective air-distances of the mirrors M and N 
from the grating, it is found that three positions are favorable to inter- 
ference; in the first (case A), M is farther away than N from the corre- 
sponding faces of the glass plate; in the second (case B) they are about 
equidistant ; finally, in the third (case C), N is further away, symmetrically 
with the first adjustment. For each case the admissible play of mirror. 
(micrometer screw) does not much exceed 1 cm. for ordinary magnification. 
The second or equidistant adjustment brings out the lines or ellipses with 
distant centers, and there are usually three types easily found (after one 
has appeared), by slightly inclining either mirror around a horizontal 
axis by a tangent screw. Thus (see fig. 16) fine lines, say at 135° to the 


Fic. 16.—Interference patterns in case of self-compensation, B. 


horizontal, coarse nearly circular lines, concave downward or upward as 
the case may be, and finally broad lines say 45° to the axis, may appear 
in succession. If the grating is rotated 180° around its normal, convexity 
upward (fig. 16, A) changesto concavity upward (fig. 16, B), showing the 
wedge angle of the glass plate to be effective. The micrometer-screw will 
pass any of these forms through a succession of inclinations corresponding 
to the eccentric intersection of a group of concentric circles by a straight 
line. This is also shown in fig. 16 at A and B, as observed for a fixed air- 
space and at C, on moving the micrometer in the A and B cases. These 
figures cover the coincident spectrum fields only. A solitary part of the field 
shows no interferences. For adjustment it is therefore necessary to cut off 
the spectra sharply above and below, by limiting the length of slits | Of 
the three or four spectra present the coincidence may then be secured with 
least difficulty. With each such coincidence there goes a definite position 
of the micrometer screw (interferometer), and this is the initial difficulty 
4 
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of adjustment; i.e., to coordinate the various spectrum coincidences with 
the three screw readings. 

The non-equidistant case of mirrors and grating correspond to the ring 
types with the centers in the field. Hence both reflections take place from 
the same face of the grating. When the distance GM is shorter, G’N longer, 
I have noticed two or even three ellipses successively in the field, obtained 
by slowly inclining the mirror N about the vertical (tangent screw), with 
their centers in turn in the yellow-green, the blue, and the green of the 
spectrum. They do not occur together. On turning the micrometer screw 
clockwise they move from red to violet, and vice versa. 

When the distance GM is longer and G’N shorter, rings also occur; but 
only a single set was found. The spectrum lines not being clear, finding 
them was a matter of discrimination. When the micrometer screw was 
turned clockwise, however, they marched from violet to red, 7.¢., in opposite 
direction to the preceding. The drift of ellipses corresponds with the 
direction in which the violet fringes move horizontally. 

It is at first an astonishing result that when the grating is reversed 
(front face put rearward, leaving the air space unchanged) the ring type 
is left in the field; though the solitary ring type changes to the multiple 
type. This is true for the case specified as A or case C. It is also true for 
the eccentric type, case B, where line types, single or multiple, reappear at 
slightly different mirror angles. Briefly, rotation has no effect on the march 
of ellipses through the spectrum; but in case B it changes convex lines 
downward to concave lines, and vice versa. Nor has reversal of grating any 
effect onthe march. The position of the grating with respect to the mirrors 
(three places being available) alone determines this result, certainly in the 
extreme cases A and C, and probably in the intermediate case B. 

The use of a compensator in either of the component rays is always 
accompanied by the two effects in question; 7.e., there is both relatively 
large radial motion of the fringes and relatively small displacement, within 
the field of the telescope. One may therefore be evaluated in terms of the 
other, the two having the stated relation of coarse and fine adjustments. 
In case B the fringes will rotate, expand, or contract. 


33. Elementary theory.—The endeavor must now be made to explain 
these results more in detail. For this purpose fig. 17 may be consulted. 

In the grating used at an incidence of about 45° the angle of diffraction 
in the first order was about 32° 39’ for the D, sodium line, there being 
about 2847 lines to the centimeter, corresponding to a grating space of 
D=.0003512cm. Thus \/D=0.1677. The index of refraction was assumed 
to be 1.53 for the same line. 

The diagrams are drawn for an angle of incidence of 45° and for normal 
reflection from the mirrors M and N. In case of the grating given, the 
three positions of the grating at which interferences occur were about 0.6 
cm. apart and are marked 124, 100, and 76 scale parts, on the micrometer 
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screw normal to the grating. In other words it was convenient to move the 
grating at the center of the spectrometer, rather than the mirrors M and N 
adjustably attached near the edge of the plate graduated in degrees. 

In group A at 124 the short air-path is to M, the long path to N; in group 

Cat 76 the reversexis true. In group B at 100, the system is self-compen- 
sating and the air-paths about equal. 

In all cases the angle of diffraction, 6,is less than the angle of incidence, 7. 
There are of course corresponding cases, >i, which have not been drawn, 
because they merely duplicate the cases given, at a different angle. It is 
assumed that after more than one direct reflection or one diffraction the 
interferences are no longer observable. 


Fic. 17.—Chart of the three groups of interferences, A, B, C. Mirrors M and N 
return the spectrum. Grating face in position shown at g. 


The diagrams 124 and 76 show that the two reflections of the component 
rays at the grating take place at the same surface; hence the occurrence of 
centered figures or rings. On the contrary the reflections in diagram roo 
take place at the two different faces of the grating respectively; hence 
the angle of the grating is included and liable to produce eccentric ring 
systems. The center may be so far off that the dark lines are nearly straight, 
but they change their inclination as the vertical projection of the center 
moves horizontally through the field. 

Some of these cases may coalesce in practice or they may destroy each 
other more or less. I have taken a single incident ray from which may 
come two parallel emergent rays, which are brought to interfere by the 
telescope. It would have been just as convenient to have taken the two 
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corresponding incident rays which interfere in a single emergent ray. From 
the position of the mirrors it is clear that the regularly refracted rays are 
not returned. Only rays first diffracted at the grating (where they may also 
be reflected) are returned by the mirrors. 

As a whole we may distinguish two typical cases, those in which both 
component rays are diffracted as in No. 1 or refracted as in No. 2; and those 
in which one component ray is refracted and the other diffracted. If7 and 
6’ are the angles of incidence and diffraction in air and r and @ the corre- 
sponding angles of refraction and diffraction in glass, the glass path differ- 
ences, 4%, in the important cases are as follows: 


No. 1. 4%=2ye/cos 0=2.2 cm. No. 7. 4x=Zero. 
32. =2ye/cos 0=2.2 cm. 8. = Zero. 
4.  =Zero. 9. = — 2yue/cos 6=2.2 cm. 
G.  =Leno. 10. = — 2yue/cos = 2.2 cm. 


Here wu is the index of refraction and e the thickness of the glass plate of 
the grating, and excess of path for the M ray is reckoned positive. These 
paths must be compensated by corresponding decrements and increments 
respectively of the air paths GM and GN. Ordinarily these path differences 
in glass being fixed for given angles 6’ would fall away; but they vary essen- 
tially with color and hence the degree of compensation is never the same 
for all colors. 

Furthermore, although the wave-fronts of the two rays are the same on 
emergence, this does not imply coincidence of phase even in such cases as 
Nos. 1 and 2, for instance; the absolute lengths of paths in glass are quite 
different, although their differences are the same. Consequently the cases 
1 and 2 would again interfere if superimposed, one case being first diffracted 
and the other first refracted. 

Thus it is not surprising that so many cases were identified. It is also 
apparent that the air compensations are very different and hence identifi- 
cation is facilitated. Finally, since a vertical slit and collimator are used, 
the section of a beam of light passing through the grating by a horizontal 
plane consists of parallel rays; the section by a vertical plane, however, is 
convergent. 

It is interesting to find the numerical data for the above equations, 
assuming that 


tegg° "= 32° 30° e=.68cm. w=1.53 (estimated) /D=.1677 


for the sodium line of the spectrum. The results are given with the equa- 
tions. Their value is about 2.2 cm., which is equivalent to a displacement 
of mirror actually found. 

It follows, moreover, that the center of the ring system, order n=o, 
must move from red to violet or the reverse, inasmuch as the compensation 
takes place successively, at each color, in the same way. Although the 
equations hold only for the center, and the symmetrically oblique rays 
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belonging to the rings have not been given consideration, an approximate 
computation of the motion of the ring centers may nevertheless be 
attempted. 

From the equations qualitative interpretations of the above and-the fol- 
lowing data are obtainable; but quantitatively they are too crude, because 
they ignore the essential feature of oblique reflection from M and N. 

Omitting these equations, to be fully discussed in the next chapter, an 
example of the displacement and radial motion in a given experiment may 
be adduced; the former was fully 16 times less sensitive per fringe than the 
latter. The displacement is thus a coarse adjustment in comparison with 
the usual radial motion of the fringes and this is the distinct advantage of - 
the present method for many purposes. It is like a scale division into 
smaller and larger parts, where the enumeration of small parts alone would 
be confusing or impossible. The ratio of the micrometer value of displace- 
ment and radial motion per fringe may be given any value since dz/dv a e 
and the lateral displacement may actually be more sensitive than the 
radial motion, when the grating plate is thin. 

The sodium lines here make admirable cross-hairs and the ocular itself 
need have none. The conditions are the same in the second order and the 
coarser rings and spectrum lines are often easier to count. 


34. Compensator.—It is not necessary, however, to use thin glass, for 
if a compensator is provided, 1.e., if the grating is on the common plane 
between two thicknesses of identical plane-parallel glass plates, one of 
which carries the grating, the ideal plane in question is provided. The 
ellipses in this case would be infinite in size and their displacements infi- 
nitely large. By partial compensation (compensator thinner) ellipses of 
any convenient size and rate of displacement may therefore be provided 
at pleasure. The following table gives some rough experimental data 
where z is the advance of the micrometer screw normal to the grating, 2.¢., 
the displacement of the grating to move the center of fringes from the D to 


TaBLE 10.—Displacement of ellipses from the D to the 6 line, by moving the grat- 
ing Az cm. normal to itself. i=45°, nearly. Grating: e=.68 cm., D=.000351 
cm., #=1.53 (estimated). Compensation shown by negative sign. Position z 
taken while the sodium line was the major axis. 
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*Compensator parallel to mirror, M or N, respectively. 
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the b lines of the spectrum, e’ the thickness of the compensator placed 
parallel to the mirror M or N as stated. 

Rotation of the compensator offers the usual easy method of adjustment. 
In the second order the first rings, on compensation, usually more than 
fill the field. This is of course eventually the case in the first order also. 
With very perfect compensation the ellipses are quite eccentric and the 
lines under the limiting conditions nearly vertical and straight. Hence their 
motion, partaking of the twofold character specified, is complicated but 
usually opposite in direction on the two sides of the center for the same 
micrometer displacement. The whole phenomenon may vanish within a 
half millimeter of play of the grating, passing from fine lines through enor- 
mous ellipses back into reversed fine lines, all nearly vertical. 

The displacement of the grating by the micrometer screw is of the same 
order per fringe, no matter whether the ellipses are large or small, and in 
the last table it was about .ooo25 cm. per fringe. The displacement at the 
mirror would exceed this. The radial motion per fringe is of the order of 
wave-length. Naturally the position z of the grating changes parallel to 
itself linearly with the thickness e’ of the compensator, supposing other con- 
ditions the same, so that p, z, and dz/dn all vary linearly with e’ the thick- 
ness of the compensator. 

The full equations for the amounts of displacement, etc., require an 
evaluation of d0/dn, which in turn must take into consideration that 
reflection from the mirrors can not in general be normal except for the one 
color instanced above. This investigation will have to be reserved for the 
next chapter. 


2s 


CHAPTER V. 
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INTERFEROMETRY WITH THE AID OF A GRATING; THEORETICAL 
RESULTS, By Carl Barus. 


Part I. INTRODUCTION. 


35. Remarks on the phenomena.—In the earlier papers* I described 
certain of the interferences obtained when the oblique plate gg, fig. 18, of. 
Michelson’s adjustment, is replaced by a plane diffraction grating on 
ordinary plate glass. Some explanation of these is necessary here. In the 
figure L is the source of white light from a collimator. Such light is there- 
fore parallel relative to a horizontal plane, but convergent relatively to a 
vertical plane. M and N are the usual silver mirrors. A telescope adjusted 
for parallel rays in the line GE must therefore show sharp white images of 
the slit. As the grating is usually slightly wedge-shaped, there will be 
(normally) four such images, two returned by M after reflection from the 
front (white) and rear face (yellowish) of the plate gg, and two due to N. 
There will also be two other, not quite achromatic, slit images from N or M, 
respectively, due to double diffraction before and after reflection. These 
will be treated below. In the direction GD there will thus be a correspond- 
ing number of diffraction spectra, more or less coincident in all their parts, 
and therefore adapted to interfere in pairs throughout their extent. If the 
two white and the two yellow images of the slit be put in coincidence and 
the mirrors M and N are adjusted for the respective reduced or virtual path 
difference zero, the interferences obtained are usually eccentric; 7.e., the 
centers of the interference ellipses are not in the field of view. The effective 
reflection in each of these cases takes place from the front and rear face of 
the grating at the same time. Hence the interference pattern includes the 
prism angle of the grating plate and is not centered. The air-paths of the 
component rays are here practically equal. In addition to the ellipses, 
this position also shows revolving linear interferences and (as a rule) a 
double set is in the field at once, consisting of equidistant, symmetrically 
oblique crossed lines, passing through horizontality in opposite directions 
together, when either mirror M or N is slightly displaced. 

If either pair of the white and yellowish images of the slit be placed in 
coincidence when looking along EG, the interference pattern along DG is 
ring-shaped, usually quasi-elliptic and centered. The light returned by 
M and N is in this case reflected from the same face of the grating, either 
from the face carrying the grating or the other (unruled) face. The corre- 


sponding air-paths of the rays are in this case quite unequal, because the 


* Am. Journ. of Science, XXX, IgI0, pp. 161-171; Scienze, July 15, roro, p. 92; 
and Phil. Mag., July, 1910, pp. 45-59. r 
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short air-path is compensated by the path of the rays within the glass plate. 
Hence these adjustments are very different, GM being the long path in one 
instance, GN in the other instance. For the same motion of the micrometer 
screw, the fringes are displaced in opposite directions. In one adjustment 
there may be a single family of ellipses; in the other there may be two or 
even three families nearly in the field at once. 

If the grating were cut on optical plate glass, the adjustment for equal 
air-path would probably be best. But with the grating cut as usual on ordi- 
nary plate, or in case of replica gratings on collodion or celluloid films, the 
adjustment for unequal paths is preferable. Here again one of the positions 
is much to be preferred to the other, owing to the occurrence of multiple 
slit images from one of the mirrors, as above specified. In fig. 19, for 
instance, where the grating face is to the rear, there are but two images, 
1 and 2 from M, if the plate is slightly wedge-shaped; but from N, in 
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Fic. 18.—Diagram showing adjustments Fic. 19.—Diagram showing double 
for interference. diffraction. 


addition to these two normal cases (not necessarily coinciding with 1 and 2), 
there are two other images 3’ and 4’ (3 and 4 are spectrum rays), resulting 
from double diffraction, with a deviation @ and angle of incidence J, 
respectively 6<J and @>TJ, in succession; or the reverse. As the compensa- 
tion for color can not here be perfect, the two slit images obtained are very 
narrow, practically linear spectra, but they are strong enough to produce 
interferences like the normal images of the slits, with which they nearly 
agree in position. Other very faint slit images also occur, but they may 
be disregarded. The doubly-diffracted slit images are often useful in the 
adjustments for interference. 

Among the normal slit images there are two, respectively white and yel- 
lowish, which are remote from secondary images. If these be placed in coin- 
cidence both horizontally and vertically along EG, fig. 18, the observation 
along DG through the telescope will show a magnificent display of black 
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apparently confocal ellipses, with their axes respectively horizontal and 
vertical, extending through the whole width of the spectrum, from red to 
violet, with the Fraunhofer lines simultaneously in focus. The vertical 
axes are not primarily dependent on diffraction and are therefore of about 
the same angular length throughout; the horizontal axes, however, increase 
with the magnitude of the diffraction, and hence these axes increase from 
violet to red, from the first to the second and higher orders of spectra, and 
in general as the grating space is smaller. It is not unusual to obtain 
circles in some parts of the spectrum, since ellipses which in one extreme 
case have long axes vertically, in the other extreme case have long axes 
horizontally. The interference figure occurs simultaneously in all orders. 
of spectra, and it is interesting to note that, even in the chromatic slit images 
shown in fig. 19, needle-shaped vertical ellipses are quite apparent. 

It is surprising that all these interferences may be obtained with replica 
or film gratings, though not of course so sharply as with ruled gratings,the 
ideal being an optical plate. With thin films two sets of interferences are 
liable to be in the field at once and I have yet to study these features from 
the practical point of view. If the film is mounted between two identical 
plates of glass, rigorously linear, vertical and movable interference fringes, 
as described* by my son and myself, may be obtained. 


36. Cause of ellipses.—The slit at L, fig. 18, furnishes a divergent pencil 
of light due (at least) to its diffraction, the rays becoming parallel in a 
horizontal section after passing the strong lens of the collimator. But the 
vertical section of the issuing pencil is essentially convergent. Hence if 
such a pencil passes the grating the oblique rays relatively to the vertical 
plane pass through a greater thickness of glass than the horizontal rays. 
The interference pattern, if it occurs, is thus subject to a cause for contrac- 
tion in the former case that is absent in the latter. Hence also the vertical 
axes of the ellipses are about the same in all orders of spectra. They tend 
to conform in their vertical symmetry to the regular type of circular ring- 
shaped figure as studied by Michelson and his associates and more recently 
by Feussner,} but in view of the slit the symmetry is cylindric. 

On the other hand the obliquity in the horizontal direction, which is 
essential to successive interferences of rays, is furnished by the diffraction 
of the grating itself, as the deviation here increases from violet to red. In 
other words the interference which is latent or condensed in the normal 
white linear image of the slit is drawn out horizontally and displayed in the 
successive orders of spectra to right and left of it. The vertical and hori- 
zontal symmetry of ellipses thus follows totally different laws, the former 
of which have been thoroughly studied The present paper will therefore 
be devoted té phenomena in the horizontal direction only. 


* Phil. Mag., l.c. 
+ See Diotesor Feussner’s excellent summary in Winkelmann’s Handbuch der 
Physik, vol. 6, 1906, p. 958 et seq. 
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At the center of ellipses the reduced path difference is zero; but it can not 
increase quite at the same rate toward red and violet. Neither does the 
refractive index of the glass admit of this symmetry. Hence the so-called 
ellipses are necessarily complicated ovals, but their resemblance to confocal 
ellipses is nevertheless so close that the term is admissible. This will appear 
in the data. 

If either the mirror or the grating is displaced parallel to itself by the 
micrometer screw the interference figure drifts as a whole to the right or to 
the left, while the rings partake of the customary motion toward or froma 
center. The horizontal motion in such a case is of the nature of a coarse 
adjustment as compared with the radial motion, a state of things which is 
often advantageous—in other words, the large divisions of the scale are not 
lost; moreover the displacements may be used independently. 

The two motions are coordinated, inasmuch as violet travels toward the 
center faster in a horizontal direction, 7.e., at a greater angular rate, than 
red. Hence the ellipses drift horizontally but not vertically. Naturally 
in the two positions specified above for ellipses, the fringes travel in opposite 
directions for the same motion of the micrometer screw. As the thickness 
of the grating is less the ellipses will tend to open into vertical curved lines, 
while their displacement is correspondingly increased. With the grating 
on a plate of glass about e=.68 cm. thick and having a grating space of 
about D=.000351 cm., at an angle of incidence of about 45°, the displace- 
ment of the center of ellipses from the D to the E line of the spectrum 
corresponded to a displacement of the grating parallel to itself of about 
.co6 cm. It makes no difference whether the grating side or the plane side 
of the plate is toward the light or which side of the grating is made the top. 
If the grating in question is stationary and the mirror N alone moves 
parallel to itself along the micrometer screw, a displacement of N =.o1 cm. 
roughly moves the center of ellipses from D to E, as before. This displace- 
ment varies primarily with the thickness of the grating and its refraction. 
It does not depend on the grating constant. Thus the following data were 
obtained with film gratings on different thicknesses e of glass and different 
grating spaces D for the displacements N of the mirror at N, to move the 
ellipses from the D to the E line, as specified. 


Glass grating, ruled....... e =.68cm. \/D=.168 N=.o10 cm. 

Film on glass plate....... @ =.57 352 .008 

Film on glass plate....... € =.24 .352 .003 

Film between glass plates. | - =a } 352 .003 
=.24) 2 


Reduced linearly to e=.68 cm., the latter data would be N’=.o10 and 
N’=.009, which are of the same order and as close as the diffuse interfer- 
ence patterns of film gratings permit. The large difference in dispersion, 
together with some differences in the glass, has produced no discernible 
effect. 


TS oe a 
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_ An interesting case is the film grating between two equally thick plates of 
glass. With this, in addition to the elliptical interferences above described, 
a pattern of vertical interferences identical with those discussed in a pre- 
ceding paper* was obtained. These are linear, persistently vertical fringes, 
extending throughotit the spectrum and within the field of view, nearly 
equidistant and of all colors. Their distances apart, however, may now be 
passed through infinity when the virtual air-space passes through zero; and 
for micrometer displacements of mirror in a given direction, the motion of 
fringes is in opposite directions on different sides of the null position of the 
mirror. I have not been able, however, to make them as strong and sharp 
as they were obtained in the paper specified. 


Fic. 20.—Diagram showing displace- Fic. 21.—Diagram showing displacement of 


ment of mirror N. grating G. 


37. The three principal adjustments for interference.—To compute 
the extreme adjustments of the grating when the mirror N is moved, 
fig. 20 may be consulted. Let y, be the air-path on the glass side, whereas 
y, is the air-path on the other, ¢ the thickness of the grating and u its index 
of refraction for a given color. Then for the simplest case of interferences, 
in the first position N of the mirror, if [ is the normal angle of incidence and 
R the normal angle of refraction for a given color, 

Veteu/cos R= 
for equal paths. Similarly in the second position of the mirror 
Val =Ve' teu/cos R 
Hence if the displacement at the mirror N be N, 
N=Va—V_g= 2eu/cos R+y_'—Va 
The figure shows : 
Va—Ve =2e tan K sin [ 


whence 
N=2en cos R 


~ > Phil. Mag., Lc. 
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The measurement of this quantity showed about 1.88 cm. The computed 
value would be 2.68 1.53 X.71=1.84 cm. The difference is due to the 
wedge-shaped glass which requires a readjustment of the grating for the 
two positions. 

The corresponding extreme adjustments, when the grating gg instead of 
a mirror N is moved over a distance z, are given in fig. 21. The mirrors 
M and N are stationary. It is first necessary to compute y, the angle 
between the displacement z and the side S in the figure, or 

tan y=tan [—2e tan R/z 
so that the semi-air-path difference of rays to the mirror M becomes 
S=V,.—Y,_ =2(cos [—sin I tan y) 
We may now write, with the same notation as before, for the extreme posi- 
tion of the grating, G and G’, respectively, 
Veteu/cos R=yz Va =V_ ten/cos R 
or 
z/cos I =2en/cos R—2(cos I—sin J tan y) 
whence 
2(1/cos I-+cos J—sin I tan y) =2eu/cos R 

If e=o, it follows that z=o, or y=J, since the parenthesis by the above 
equation is not zero. There is only one position. The angle y may now be 
eliminated by inserting tan y, whence 


Serer eee —etan/tanR 

The observed value of z for the two positions was about 1.3 em. The 
computed value for J=45° is the same. 

On the other hand, when reflection takes place from the same face of the 
grating, while the latter is displaced z cm. parallel to itself, the relations 


of y and z for normal incidence at an angle J are obviously 
y cos [=38 


J " 


AN 


Fic. 22.—Diagram showing displace- Fic. 23.—Diagram showing displacement of 
ment of grating for deviated rays. mirror N for different colors. 
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For an oblique incidence 7, where i—I =a, a small angle, the equation 
is more complicated. Fig. 22, for e=o, g and g’ being the planes of the 
grating, shows that in this case 


sina. 
y welt +2 cos jit I)/cos I 
or, approximately for small a 


y=2(1 +2 sina tan I)/cos I 


This equation is also true for a grating of thickness e, whose faces are plane 
parallel, for the direction of the air-rays in this case remains unchanged. 

Finally, a distinction is necessary between the path difference 2y and the 
motion of the opaque mirror 2N, which is equivalent to it, since the light 
is not monochromatic. This motion 2N is oblique to the grating and if 
the rays differ in color further consideration is needed. In fig. 23 for the 
simplest type of interferences, in which the glass-path difference is eu/cos R 
and for normal incidence at an angle J, let the upper ray y,, and the grating 
be fixed. The mirror moving over the distance 4N changes the zero of path 
difference from any color of index of refraction », to another of index pp, 
while y,,, passes to yyy. Then 


‘Yu =v + efty/cos Rp = Yup teptg/cos Re +4N 
Hence 


AN =e si = eee NEE ) 
N esin J (tan Kp—tan Rg) +e(—* Roa 
or 

AN <== e(Mp cos kes a LE cos R;z) 


This difference belongs to all rays of the same color difference, or for two 
interpenetrating pencils. 

If reflection takes place from the lower face the rays are somewhat dif- 
ferent, but the result is the same. If the plate of the grating is a wedge of 
small angle y, the normal rays will leave it on one side at an angle [+6 
where 6 is the deviation 

6=(u—1)¢ 


The mirror N will also be inclined at an angle +6, to return these rays 
normally. We may disregard dé=¢dy, if ¢ is small. 


Part II. Direct Cases oF INTERFERENCE. DIFFRACTION ANTECEDENT. 


38. Diffraction before reflection.—If in fig. 18 the diffracted beams 
(spectra) be returned by the mirrors M’ and N’ to be reflected at the grating, 
interference must also be producible along GD. Again there will be three 
primary cases: if reflection takes place from both faces of the grating at 
once, the air-paths must be nearly equal, the grating itself acting as a 
compensator. The interference pattern is ring-shaped, but as usual very 
eccentric. If the reflection of both component beams takes place from the 
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same face of the grating, the interference pattern is elliptical and centered 
and the air-paths are unequal. The case is then similar to the preceding 
§§1, 2; but there is no direct or normal image of the slit, as M and N are 
absent. In its place there may be chromatic images of the slit (linear 
spectra) at C due to the double diffraction of each component beam in a 
positive and negative direction successively. But these chromatic images 
are nevertheless sharp enough to complete the adjustments for interference 
by placing the slit images in coincidence. It is not usually necessary to put 
the spectrum lines into coincidence separately (both horizontally and ver- 
tically), as was originally done, both spectra being observed. Again along 
GE, fig. 18, approximately, there must be two successive positive diffrac- 
tions of each component beam, which would correspond closely to the 
second order of diffraction. The advantage of this adjustment lies in the 
fact that there are but two slit images effectively returned by M’ and N’, 
and hence these interferences were at first believed to be stronger and more 
isolated. As a consequence I used this method in most of my early experi- 
ments, before finding the equally good adjustment described in the preced- 
ing section. 


Fic. 24.—Diagrams showing interferences of diffracted rays, case @ normal to 
mirrors JZ and N; case @ oblique to mirrors. Double incidence. 


39. Elementary theory.—To find the path differences figs. 24 and 25 
may be consulted. In both the grating face is shown at gg, the glass 
plate being e cm. in thickness below it, and is the normal to the grating. 
M and N are the two opaque mirrors, each at an angle 6 to the face of the 
grating. Light is incident on the right at an angle 7 nearly 45°. In both 
figures the rays ym, and y, (air-paths) diffracted at an angle @ in air, are 
reflected normally from the mirrors M and N respectively and issue toward 
p for interference. The rays y, (primed in figure) pass through glass. 
Both figures also contain two component rays diffracted at an angle @ in 
air, where 6—6@=a, and reflected obliquely at the mirrors M and N, thus 
inclosing an angle 2a in air and 2, in glass, and issuing toward g. These 


—_ 
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component rays are drawn in full and dotted, respectively. In fig. 24 there 
are two incident rays for a single emergent ray, in fig. 25 a single incident 
ray for two emergent rays interfering in the telescope. The treatment of 
the two cases is different in detail; but as the results must be the same, 
they corroborate each other. 


Fic. 25.—Diagrams showing interferences of diffracted rays, case 0 normal to 
mirrors M and JN; case @ oblique to mirrors. Single incidence. 


The notation used is as follows: Let e be the normal thickness of the 
grating, e’ the effective thickness of the compensator when used. Let dis- 
tance measured normal to the mirror be termed y, y, and ym being the com- 
ponent air-paths passing on the glass and on the air side of the grating gg, 
so that ¥m>Vn. Let y=¥m—yn be the air-path difference. Similarly let 
distances z be measured normal to the grating, so that z may refer to dis- 
placements of the grating. 

Let z be the angle of incidence, r the angle of refraction, and y, the index 
of refraction for the given color, whence sini=y, sinr. Similarly if 6 is the 
angle of diffraction in air of the y rays and 6; the corresponding angle in 
glass, 

sin 9=yesin 9, (1) 
and if @ is the angle of diffraction of any oblique ray in air and 0, the cor- 
responding angle in glass 

sin d=sin (9+a) =e sin 0, (2) 
I have here supposed that 9>6, so that a=0—6 is the deviation of the 
oblique ray from the normal ray in air. Finally, the second reflection of 
the oblique ray necessarily introduces the angle of refraction within the 
glass such that 
sin (9—a) =pesin f, (3) 
If D is the grating space we have, moreover, 


sini—sinOd=/A)/D and’ sinz—sin 6 =/e/D (4) 
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For a displacement, z, of the grating, or an equivalent displacement, y, 
of either mirror, the path difference produced in case of the oblique ray 
will be 

2y/cos a= 22 (cos (i—@)+sin (¢—6))/cos a cos t (s) 

For normal rays cosa=1. If as in paragraph 1 the reflection is ante- 


cedent 
t=0 2y/COS a=22/COS a COS 7 


40. Equations for the present case.—From a solution of the triangles, 
preferably in the case for single incidence, as in fig. 25, the air-path of the 
upper oblique component ray at a deviation a is 


2Vm COS @/cos (9 —a) 
The air-path of the lower component ray is 
2 cos 6 (y,—e sin @ (tan 6,—tan 6,))/cos (@—a) 


The optic path of this (lower) ray in glass as far as the final wave front in 
glass at B; is 
ee (1/cos 6,+1/cos §,) 


The optic path of the upper ray as far as the same wave front in glass is 


; sin a 2 
po sin B, { re Ter (VYm—Vn—€ Sin O(tan 6,—tan 6,))— 
e(tan 6,—tan §,)} (6) 
Hence the path difference between the lower and the upper ray as far as the 
final wave front is, on collecting similar terms, 


2(Y.—Iu)( cos 0 4 Snes OO) + ye ( 1 : = ) 


cos (9 —a) cos (@—a) cos @, ' cos 2, 
i ; 2e 
+esin (0 —a) (tan 6,—tan 8,) — Be Os) (tan 6,—tan @,) 
(sin 8 cos 8 +sin asin 6 sin (9 —a)) (7) 


Before reducing further, one may remark that if incident and emergent 
rays were coincident, the quantity given under (6) would be zero. Hence 
if this particular y,—Vm=11, it follows that 


e cos (8 —a) 


2V, = 2¢€ sin #(tan #,—tan 6,) — (tan #,—tan 3,) 


sin a 
Hence the particular path difference for this case would be 
{tee (1/cos 0, + 1/cos 8,) —e cos 8(tan 0,—tan 8,)/cosa 


which becomes indeterminate when a=o. 
To return to path differences, equation (7), the coefficients of 3m—Vn=y 
(where y is positive) and of e may now be brought together, as far as 
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possible. If the path difference corresponds to  wave-lengths \, we may 
write after final reduction 


nh = — 2y COS at 2e/M@ cos a(1/cos 8,—cos (4,—6,)/cos 4,) 
+e"e(t +cos (6,—8,))/cos 0, (8) 


which is the full equation in question for a dark fringe. It is unfortunately 
very cumbersome and for this reason fails to answer many questions per- 
spicuously. It will be used below in another form. 

The equation refers primarily to the horizontal axes of the ellipses only, 
as ¢ increases vertically above and below this line. The equation may be 
abbreviated 

nhe= — 2y cosat+eZe+eZo 
where Ze and Z, are the coefficients of e in the equation. In case of a par- 
allel compensator of thickness e’ we may therefore write, y being the path 
difference in air, 


nhe = — 2y cos'a+ (e—e’) (Zo— Zp) (9) 
If e=e’, 2.e., for an infinitely thin plate e=o, 
nhg = 2y COS a (10) 


Again for normal rays ym and y,, a=o and 6,;=6,=£8;. Hence 
Nie = — 2 + 2e"e/cos 8, (11) 
and for a parallel compensator of thickness e’ 
Nie = — 2y +2(e—e’) pe/cos 6, (12) 
If up =I =~, equation (8) reduces to 
ni=2 cos a(y+e/cos 9), 


clearly identical with the case e=o for a different y. 


TaBLe 11.—Table for path difference, — 2(ym—yn)cos a+eZ@+eZg= —aycosat+edZ. 
Light crown glass. E raysnormal to mirrors. Grating space, D, =.000 351 2cm. 
tm 45°. = 33° 51’. 


Spectrum lines = B D E F G 
AX108 = 68.7 58.93 52.70 48.61 43.08 cm. 
Lo = Pe Stee Ja Tessss Ti5USOM) Was2r4! Ts 5207 
@= 30°46’ 32°38 33°51’ 34°40’ 35° 40° 
a, = LO° 476 et Oa Sid 21 one eye 22° 30° 
eee Ss 3° st ES 479 13’ 0° Of °° 40/ 1° gs’ 

0,—0, a ae ae = Ge 40’ Oo. o- 0° 26’ °° 59! 

2, = 2a eaGue 22> Ly Ato 2006 2rd 20° 40/ 
#,—f, = — 3°38’ — x° 26/ sine’ 0° 44’ wea ae 
2cosa = 1.9970 1.9996 2.0000 1.9998 1.9996 cm. 

Zo = .0383 .0176 .0000 — ,0095 — .02I19 Cm. 

Zo = 3.2100 3.2404 3.2648 3.2805 3.3038 cm. 


; , _ f —1.9970¥—1.9996y — 2 ,cc0oy—1.9998y — 1.9996y 
Path difference,* nA sri te bao eea ta pe +3.2648e+ 3.2710e+ 3 a8sge tom 


Path difference 
ay =3.2648 cm. +} 2Ay,= — .o116 — .0062 + .0000 + .0059 + .0177 Cm. 
@=1 cm. 
The same for| 24y, = — .0079 — .0042 + .0 + .0o0o40 + .or20 cm. 
e=.68cm.f 24N,= — .o107 — .0056 + .o + .0049 + .0156 cm. 


*oThe purpose of these data is merely ‘to elucidate the equations. AWN refers to 
the displacement of either opaque mirror, M or N. 
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In view of the complicated nature of equation (8), I have computed path ~ 
differences for a typical case of light crown glass,* as shown in table 11, for 
the Fraunhofer lines B, D, E, F, G, supposing the E ray to be normal (a=o). 
The table is particularly drawn up to indicate the relative value of the 
functions Z, and Z,. It will be seen that Z=Z,+Z, in terms of A, isa 
curve of regular decrease having no tendency to assume maximum or 
minimum values within the range of \, whereas y cos a passes through a flat 
maximum for a=o. This is shown in the curves of fig. 26. 


4 
4 46 48 


Fic. 26.—Chart showing — difference in centimeters (to be annulled 
at E line), in terms of wave-length. 


The path difference, which is the difference of the ordinates of these curves, 
thus passes through zero for a definite value of e and y, and this would 
at first sight seem to correspond to the center of ellipses. That it does not 
so correspond will be particularly brought out in the next section, but here 
this tentative surmise may be temporarily admitted to simplify the descrip- 
tions. It is obvious that for a given e the value of y» (air-path difference) 
which makes the total path difference zero, varies with the wave-length, 
hence on increasing y continuously the ellipses must pass through the 
spectrum. It is also obvious that, if the grating is reversed, the path 
difference will change sign, caet. par., and the ellipses will move in a con- 
trary direction, for the same displacements y of the micrometer screw, 
at the mirror M or N, respectively. 

If e=1 cm. and y=3.2648 cm., the path difference will be zero for the E 
ray and (barring further investigation as just stated) one is inclined to place 
the center of ellipses there. The table shows the residual path differences 
in the red and blue parts of the Spectrum. Fig. 27 has been saeicgeceee* > for 


* Taken Front Rohirawseh’s ‘Praetioad Phy sics, set edition. IQIO, p. 712. 
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the same condition. It follows, therefore, that in proportion as e is smaller 
y will be smaller for extinction at the E line. Hence their differences will 
be smaller and the number of wave-lengths corresponding to the path 
difference of the Fraunhofer lines will be smaller. In other words, the major 
axes of the ellipses will be larger. Thus the ellipses will be larger as ¢ is 
smaller, the limit of enormous ellipses being reached for e=o or e=e’ of the 
compensator. 

This result may be obtained to better advantage by reconstructing equa- 
tion (8), and making the path difference equal to zero for the normal ray. 
This determines 


9 =et10/cos 8 (13) - 
in terms of e, and the path difference now becomes 
nig =e { — te cos a cos (0,—6,) + ue(1 + cos (0,—,))}/cos CU, tue 


This is zero for a=o, #:=6:=@; at the E line. The other values are given 
in the table in centimeters and in wave-lengths. Path difference diminishes 
as e; the horizontal axes of the ellipses increase with e. If observations 
are made very near the E line (normal ray) the following approximate form 
may be used: 


ndg = (€t@/cos 4,) { 2(Me/o—1) +a’?+ (0,— 6,)’ — no(O1— B,)?/2p10 } (15) 


but this rapidly becomes insufficient unless 6;— 0, and 6,—; are very small. 


41. Interferometer.—If in equation (8), y alone is variable with the order 
of fringe n while a, 0, 0, 91, 1, Bx, @,r, uw, are all constant (z.e., if the number 
of fringes 1 cross a given fixed spectrum line like the D line, when the mirror 
is displaced over a distance y) it appears that 


dy F Ao 


= es (16) 
dn 2cosa 
where a refers to the deviation of \, from A» normal to the mirror. If 
a=o, dy/dn=o, the limiting sensitiveness of the apparatus, which appears 
for the case of normal rays. 

If the grating is displaced along z 


dz « cost 
dn 2cosa cos (t1—8) +sin (1-6) 


(17) 


where cos a=1 for normal rays. In both cases the displacement per fringe 
dy/dn and dz/dn vary with the wave-length. Hence if the ellipses are 
nearly symmetrical on both sides of the center, 7.e., if the red and violet 
sides of the periphery are nearly the same, or the fringes nearly equidistant, 
the smaller wave-length will move faster than the larger for a given dis- 
placement of mirror. In other words, the violet side will pass over a whole 
fringe before the red and consequently the ellipses, as a whole, must drift in 
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the direction in which violet moves. It is at first quite puzzling to observe 
the motion of ellipses as a whole in a direction opposed to the motion of 
the more reddish fringes when these are alone in the field. 


42. Discrepancy of the table.—The data of table 1 are computed sup- 
posing that the path difference zero corresponds to the center of ellipses. 
This assumption has been admitted for discussion only and the inferences 
drawn are qualitatively correct. Quantitatively, however, the displace- 
ment of about 4N=.003 cm. should move the center of ellipses from the 
D to the E line of the spectrum, whereas observations show that a displace- 
ment of either opaque mirror of about 4N=.o1 cm. is necessary for this 
purpose; 7.e., over three times as much displacement as has been computed. 
The equation can not be incorrect; hence the assumption that the center of 
ellipses corresponds to the path difference zero is not vouched for and must 
be particularly examined. This may be done to greater advantage in con- 
nection with the next section, where the conditions are throughout simpler, 
but the data are of the same order of value. 


NX. 
Zs AS 
can 


UV 


Fic. 27.—Diagram showing interferences of reflected rays, 
subsequently diffracted. Case J, normal to mirrors; 
case =] + oblique to mirrors. Rays R refracted, D 
diffracted. 


Part II]. Drrecr Case; REFLECTION ANTECEDENT. 


43. Equations for this case.—If reflection at the opaque mirrors takes 
place before diffraction at the grating, the form of the equations and their 
mode of derivation are similar to the case of paragraph 40, but the variables 
contained are essentially different. In this case the deviation from the 
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normal ray is due not to diffraction but to the angle of incidence, and the 
equations are derived for homogeneous light of wave-length \ and index of 
refraction yp. 

In fig. 27 let yn=y’ and ym=y be the air-paths of the component rays, 
the former first passing through the glass plate of thickness e. Let the 
angle of incidence of the ray be J, so that 7m and y, are returned normally 
from the mirrors M and N, respectively, these being also at an angle I to 
the plane of the grating. Let 7 be the angle of incidence of an oblique ray, 
whose deviation from the normal isi—I=a. Let R, r, and {; be angles of 
refraction such that 


sint=sin(I+a)=usinr sinJ=ysinR sin (J—a)=psin By (18) 


The face of the grating is here supposed to be away from the incident ray, 
as shown at gg in the figure. 


TABLE 12.—Path difference, —2(ym—yn)cosa+eZ,—eZ,+eZ,. Light crown glass. 
a=3° throughout. Grating space .000351 cm. [=45°. e=1 cm. 


Spectrum lines B D E F G 


AX 108 68.7 58.93 52.70 48.61 43.08 cm. 
I.5118 Bogor he 1.5186 1.5214 E5207 


Rom 27530 | 27540 a Be 5 ea eee ee 

r= 29° 26/ 20° 20% 26° 18 = Og aaa 2 Oo oe 

2, = 26° 16’ 26° r2! 30 (8° SORE Ms ae 2. Ocmos 

a ge o’ 3° °’ oe o’ a o/ i 0’ 

f= ° ° Ne ° / 

fe ee a ee 
Z,= 3.4160 3.4218 3.4272 3.4318 3 .44037Cna: 
Z,= 656 714 767 808 896 cm. 
Zo = 689 647 799 841 g28 cm. 


Path difference, jf 42-6092 —1.9992 —1.9992 —1.9992 —1.9992 


aes I a ad | | +3.4193 +3.4252 +3.4304 13.4352 +3 .4436 


If path differ- } 
eee et 2Ayj= — .O11r — .0052 +.0 + .0048° + orga 
é=1cm. J 
The same, if) shy,= = .OXII-— 0052 +,0 + .0048 + .0132 


=O 64 Ci. Jj 
The data are merely intended to elucidate the equations. ; 7 
The values Z are nearly equal. So also the cases for a=3° and a=o°®. 


Fig. 28 has been added to accentuate the symmetrical conditions when 
a compensator parallel to the grating and of the same thickness is employed. 
Then it follows as in paragraph 40, mutatis mutandis, that the path dif- 


ference is (if y=Vm—Vn) 


f2cosa 2cosacos(r—R) _ 1+C¢0s (r—B;) \ 
HS pe COS AU MOA eG Ie Tin TV eoey cos r (19) 


= — 2 cos a+e(Z,—Z,+Zs) 
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where n is the order of interference (whole number). This equation is 
intrinsically simpler than equation (8) since u,=sz, as already stated, and 
since a is constant for all colors, or all values of » andi, in question. Rand 
r replace 6; and ;. 

In most respects the discussion of equation (19) is similar to equation (8) 
and may be omitted in favor of the special interpretations presently to be 
given. If w=1, equation (19) like equation (8) reduces to the case corre- 
sponding to e=o, with a different y normal to the grating. 

All the colors are superposed in the direct image of the slit, R, and Rin 
fig. 27, seen in the telescope, and the slit is therefore white. This shows 


. \ 
SO Ie Noes 
SOE DP 


Z \hn  fB’ 
We 


Fic. 28.—Diagram showing symmetrical interference for compen- 
sated grating, gg. Rays oblique to mirror. 


also that prismatic deviation due to the plate of the grating (wedge) is inap- 
preciable. The colors appear, however, when the light of the slit is analyzed 
by the grating in the successive diffraction spectra, D, or D, respectively. 
In equation (19) w is a function of \ and hence of the deviation @ produced 
by the grating, since sin ([—a)—sin @=)/D. 

The values of equation (19) for successive Fraunhofer lines and for 
a=3°, have been computed in table 12 for the same glass treated in table rz, 
the data being similar and in fact of about the same order of value. The 
feature of this table is the occurrence of nearly constant values a=i—J, 
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r—R and r—(i, throughout the visible spectrum. Hence if the following 
abbreviations be used 


A=cosa=.9986 B=cos(r—R)=.9996 C=1-+4+cos (r—f,) =1.9984 


A, B,C are practically functions of a only and do not vary with color or}. 
Furthermore, if the path difference is annulled, at the E line for instance, 
for the normal ray, since r=8,=R, a=o, so that R=Rg is the normal angle 
of refraction, 
o=—y+t2yue/cos Re 

and equation (19) reduces to 

na= 2eA (u/cos R— pcos Ry) +e(C— 2AB)u/cosr (20) - 
where 2eA and e(C—2AB) are nearly independent of and the last quan- 
tity is relatively small. The two terms of this equation for e=1 cm. show 


about the following variation: 


TABLE 13. 


| ls Lo" PS ee ee G 
| = rer — .0052 | me) | + .0048 Fong 2 


me OO0000) 1) Baag2000004 | 3) | + .000005 . 0O000T3 


| 
{ 


Hence for deviations even larger than a= 3°, the path difference does not 
differ practically from the path difference for the normal ray. Thus it 
follows that the equation 


naA= —2y+2en/cos R (21) 
is a sufficient approximation for such purposes as are here in view. 
Finally, for e=.68 cm. (the actual thickness of the plate of the grating), 
y and N, the semi-path difference and the displacement of the opaque 
mirror, will be 


TABLE 14. 
| B D E F | G 
Yo = 1.1630 I.1650 1.1668 1.1686 1.1730 
| Ayo = — .0038 — .oor8 ACS + .oo16 + .0045 
Noe) eee 0084 | a io007 10 | — .0005 — ,oo18 
ANo = —y 0052 |) = od2'5- | .O | Ps oom | + ,0063 


where 6N, is the color correction of 4y, and 4N,=4y,.—6N. determines 
the corresponding displacements of the opaque mirror; or more briefly 


No=Vo—eu tan R sin R=2eu cos R (22) 
The data actually found were 


(S D E F 
4INo= —.0148 — .0093 .O + 0054 
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These results are again from 2 to 4 times larger than the computed values. 
True the glass on which the grating was cut is not identical with the light 
crown glass of the tables; but nevertheless a discrepancy so large and irreg- 
ular is out of the question. It is necessary to conclude therefore that here, 
as in paragraph 42, the assumption of a total path difference zero for the 
center of ellipses is not true. In other words the equality of air-path differ- 
ence and glass-path does not correspond to the centers in question. It is 
now in place to examine this result in detail. 


44, Divergence per fringe.—The approximate sufficiency of the equation 
n= 2en/cos R—2y=2eu cos R—2N (23) 


makes it easy to obtain certain important derivatives among which dé/dn, 
where @ is the angle of diffraction corresponding to the angle of incidence 
I and v the order of interference, is prominent. 

If e and y are constant and if m, \, wand R are variable, the differential 
coefficients may be reduced successively by the following fundamental 
equation, D being the grating space, u and r corresponding to wave-length 
d and angle of diffraction 6. 


dR=—tan Rdu/p (24) 
d= —D cos 6 - dé (25) 
du/u=—adr/r (26) 


where, as a first approximation, @a=.015, is an experimental correction, 
interpolated for the given glass. Incorporating these equations it is found 
that 


ag .# cosR a) 
dn 2Dcos@ ex—ycos R+aeu(1 —tan? R) (27 
If the path difference md is annulled 
9 2 
a, 8 cos R (28) 


dn 2Dcos@ aeu(x—tan? R) 
which is the deviation per fringe, supposedly referred to the center of 
ellipses. 

These equations indicate the nature of the dependence of the horizontal 
axes of ellipses on 1/D (hence also on the order of the spectrum), 1/e, 1/y, 
and 1/a, where the meaning of a, here apparently an important variable, 
is given in equation (26). If instead of the path difference y the displace- 
ment N of either opaque mirror is primarily considered (necessarily the 
case in practice), the factor (1 —tan? R) vanishes. 

Table 15 contains a survey of data for equations (27) and (28). The 
results for d@,/dn would be plausible, as to order of values. The data for 
d6/dn, however, are again necessarily in error, as already instanced above, 
paragraph 42. They do not show the maximum at e and the \— effect is 
overwhelmingly large. 
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TABLE 15.—Values of dé/du and displacements N. e=.68 cm. WN, and y,, etc. 
refer to centers of ellipses. 


Spectrum line B D E F G 
Equation 28........... dé,/dn= x’ a7" re. We gay 46” Be 
Bites oak Sees d0/dn = geal ceca” Paaeso4 Bou 38” 
Gb x aetete ae. . 4. dao, —6’ 53” —10! 38” oO +8! 47” +3 51” 
a ae 281 445 622 7193 1140 
G8 ee a. OO dn = Are aro” oa) +2’ 21" + 4o” 
GAs Set BE ae d6/dn= —1' 44” —1' 44” era +215” “+ 36” 
Ss SS & as ee Yo= 1.1779 1 LOLt, |. Loan 1.1981 I.2090 
: AY,= — 0142 = s0rr0 =o +.0060 +.0169 
No=  .§235 9274  .9391 9456 9578 
AN,= —.0156 —.o117 +.0 +.,0065 + .0187 
sipenaies yh e= —-0153 —.0098 +.0 + .0057 Acute 
Seren Pare dé/dn = me — i eae o Pao Re at 48” 


Since equation (27) is clearly inapplicable, giving neither maxima nor 
counting the fringes, it follows that in this equation y>eu/cos R; 2.e., the 
centers of ellipses are not in correspondence with the path difference zero. 
In other words the air-path difference is larger than the glass-path difference 


| | AI 
| | ayy Hf 


=) ke p< ohn N 
t A A F ‘ 59. 34 heo. 
ay cd é lhe dy BI 8/0 


Fic. 29.—Chart showing dispersion per fringe in terms of wave-length. 


*Interpolated betweett D aad é by z=a+bA+c# where b= —.00273,¢=.0000197. 
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in such a way that d6/dn is equal to» for centers (here at the E line), but 
falls off rapidly toward both sides of the spectrum. 

There is another feature of importance which must now be accentuated. 
In case of different colors, and stationary mirrors and grating, y is not 
constant from color to color, whereas 


2N=2y—2en sin RtanR 


is constant for all colors, as has been shown above. Thus the equation to 
be differentiated for constancy of adjustment but variable color loses the 
variable y and becomes 

n= 2eu cos R—2N (29) 


N here is the difference of perpendicular distances to the mirrors, M and 
N, from the ends of the normal in the glass plate, at the point of incidence 
of the white ray. Performing the operations 


da # cos R (30) 
dn 2(ycos R—eu(1 +a)) 3 
dO RP cos R (31) 
dn 2Dcos@ en(1+a)—ycos R 3 
Hence maximum d6/dn =~ at the centers of ellipses which occur for 
ths 
~ cosR (32) 


The value of d@/dn for the different Fraunhofer lines above, if a=.ors is 
still considered constant and e=.68, is given in table rs. 

These results show that the distance apart of fringes on the two sides of 
the center of ellipses is not very different, though they are somewhat closer 
together in the blue than in the red end of the spectrum, as observed. 
There is thus an approximate symmetry of ovals, and d6/dn falls off very 
fast on both sides of the infinite value at the center. This is shown in fig. 29. 

The observed angle between the Fraunhofer lines D and E for the given 
grating was 4,380”. The number of fringes between D and E would thus 
be even less than 4,380”/638” =6.7 only, which is itself about 4 times too 
small. The cause of this is then finally to be ascribed to the assumed con- 
stancy of —a=(du/u)/(dd/d), and a discrepancy is still to be remedied. 
We may note that a does not now enter as directly as appeared in 
equation (27). 

By replacing a by its equivalent, equation (31) takes the form 


dé x I 


dn 2D cos0 e ( i) 7 (33) 
cos R\"~ “ga) ~~? 


and a definite series of values may be obtained by computing du/dd; but 
as all experimental reference here is, practically, not to path differences 
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but to displacements of the movable opaque mirror N, the form of the 
equation applicable is 
dé P I 
dn 2D cos 0 e( pre alee an (34) 
: ii cons 6s i) 
To make the final reduction, I have supposed that for the present pur- 
poses a quadratic interpolation of uw, between the B and the G lines of the 
spectrum, would suffice. Taking the E line as fiducial, I have therefore 


assumed_an equation for short ranges, corresponding to Cauchy’s in simpli- 
fied form 


fe fe =b/ (1/2 — 1/2*s) 
in preference to the more complicated dispersion equations. From the 
above data for light crown glass we may then put, roughly, 


b=.456< 102° dp/ddA= — 2b/28 


Thus I found the remaining data of table 15. The results for d6/dn agree 
as well with observations as may be expected. The ovals rescimbie ellipses, 
but are somewhat coarser on the red side, as is the case. 


TABLE 16.—Values of di/dy, d6/dy, etc. @=.68 cm. 


B D E F G 
Equation 36 d2,/dy= .003 72 00318 .00283 .00260 00229 cm. 
2 4,/aN = 269 229 205 189 TOV Cis 
39 dd/dN= —.017 — .031 ora + .030 + O25 cm. 
42* di/dN = sie te — .0055 oa) +.0081 +.003I cm. 
42 adi/dN= — .0044 — .0050 or +0075. = §OO23 | Gfar 
42 di/dN= —14.6 —17.0 ora +26.0 +8.1 radians 


The centers of ellipses are thus defined by the semi-air-path equation 


Y adu\ Kis : . 
ye cos R (1 Si) 7 ee Rb RI) nearly, (35) 


or the corresponding equation in terms of N,. The trend data for 4N, 
agree fairly well with observation, except at the D line, which difference is 
very probably referable to the properties of the glass, since the grating was 
not cut on light crown. 

The number of fringes porwesa the D and E lines now comes out plaus- 
ibly, being less than 4,380”/104”=42. It is difficult to count these fringes 
without special methods of experiment; but the number computed is a 
reasonable order of values, about 25 to 30 lines being observed. 

Some estimate may finally be attempted as to the mean displacement 
of mirror 6N per fringe, between the D and E lines. As their deviation 
is 6=1° 13’ and the displacement from D to E, 4N., 

AN. d@ AN, i ie UN 


ios 4/(d0/dn) = dn 0 2Dcos6 dN, @ 


zs Sera Pepcid between D and G fy p=atbi+c# when b= —.00273. 
¢ =.0000197. 


70 THE PRODUCTION OF ELLIPTIC INTERFERENCES 


if the value of d6/dn for the D line be taken. Thus 
5N >d2/(2D8 cos 0) =2/D sin 26, nearly 


Hence 6N is independent of the thickness, e, of the plate of the grating, as 
I showed” by using a variety of different thicknesses of compensator. 
Since \=.000059 cm., D =.000351 cm. 


6N > .00031 cm. 


The values found were between .00033 and .00039, naturally difficult to 
measure, but of the order required. 
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Fic. 30.—Chart showing dispersion (di/dN), per cm. of displacement of 
mirror in terms s of wave- length. 
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45. Case ofdd/dy, and d6/dy, etc.—If in equation (23) eand mare constant 
while uw, R, y, and vary, the micrometer equivalent of the displacement of 
fringes may be found. Here 


du/dy = (du/dd):(dd/dy) and dR/dy = (dR/du):(dy/dd)-(dd/dy) 
. . 4 . . 
which coefficients are given by equations (24), (25), and (26). In this way 


dk AcosR 6 
dy ew(i +a(1—tan’?R))—y cos R (36) 


and 
d6/dy = — (dd/dy)/D cos 6 


If y=en/cos R, where y is variable, the motion is supposedly referred to the 
centers of ellipses. Thus 


does FOR cos R 
dy Dcos@ aeu(1—tan? R) (37) 


Values are given in table 4 and hold for the glass of tables 11-15. These 
results are, as usual, many times too large and they contain no suggestion 
of opposed motion on the two sides of the center. 

If we consider the displacement of the mirror N instead of the path differ- 
ence and for a given color write 


N=y—e sin] tanR 
then 
dN _ en#(t1+a)—ycosR 
dy ew1+a(r—tan? R))—ycos R 


and hence in 
di, __AcosR 


dN aen (38) 


the factor (1—tan” R) is removed from the equation. But the data are 
not much improved. 
The equation mA = 2eu cos R—N gives, on differentiation and reduction, 
OA: Adee 7Awe 
dN y—en(r+a)/cos R 


(39) 


To be consistent with the preceding paragraphs, it is therefore necessary 

to put y—eu(t+a)/cos R=o, for centers of ellipses, so that (dh/dN),=@. 

If a is constant this supposition leads to results which are throughout out 

of the question. The values of d\/dN may, however, be found by inserting 

the data for du/d\ given in the preceding paragraph. 
Centers thus correspond to 

eh du 


cos R da hae? 


N=epn cos R— 


or 
dd A 


Ps va pa 
dN N—epn cos R+ed(du/dd)/cos R a 
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so that if d\/dN=@, the maximum at the centers of ellipses, the simulta- 
neous effect at X’ will be (as the mirror has not moved) 


, Vie 
te (42) 


e(ucos R—p’ cos R’) mi te R dad cos R’ iv’) 


If the center of ellipses is at the E line the values of table 4 hold. The 
motion on the blue side of the E line is thus larger than the simultaneous 
motion on the yellow side, conformably with observation. 

All the results are given graphically in fig. 30. 


46. Interferometry in terms of radial motion.—Either by direct obser- 
vation or combining the equations (34) and (41) for d\/dn and dd/dN the 
usual equation for radial motion again results 


aN 
dn 2 


where N is the displacement of mirror per fringe. This equation is best 
tested on an ordinary spectrometer, by aid of a thin compensator of micro- 
scope glass revolvable about its axis and placed parallel to the mirror M. 
The change of virtual thickness e’ for a given small angle of incidence t may 
then be written. 


de’ =e 


,snRdR_e’ dl?/¢ 
co’ R 2 1—P/¢ 


nearly. If J=o, dJ?=(dJ)?. Therefore 2de’=dIJ*/y?. In a rough trial for 
e’=.0226 cm., dJ =.053 radians, 1=1.53, one fringe reappeared. Hence 


dN/dn=ude' =4X1.53 X27 X10-*=21 X 107 *em. 


which is of the order of half the wave-length used. 


47. Interferometry by displacement.—In a similar experiment the dis- 
placement of ellipses due to the insertion of the above glass, e’=.0226 cm., 
was from the D line to about the G line. If 4N is the displacement of the 
mirror N, to bring the center of ellipses back to the same line, D or E, we 
may write .=1+4N/e’. I found at the E line w=1.53, at the D line p= 
1.53; special precautions would have to be taken to further determine these 
indices. 

Thus there are two methods for measuring u, either in terms of the radial 
motion of the fringes or, second, in terms of the displacement of the fringes 
as a whole. Moreover, paragraph 44 may be looked upon reciprocally, 
as a method for measuring du/dX, directly. 
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Part IV. INTERFERENCES IN GENERAL, AND SUMMARY. 


48. The individual interferences —In figs. 31, 32, 33, gg is the face of the 
grating, M and N the opaque mirrors, and J the incident ray. 

As the result of reflection from the top face, the available air-path being 
Ym and Vm’, there must be two images of the slit seen in the telescope directly, 
wz, aand c, fig. 31. Of these c will be more intense than a, which is tinged 
by the long path in the glass. These two rays together, on diffraction, will 
produce stationary interferences whose path corresponds to the equation 


NA =2eu cos R 
The optical paths of the two rays are 
reflected-refracted, I’, 27m-+eu(2 cos R—sec R) 
refracted-reflected, IT’, 2¥m'+3eu sec R= 2)m+eu(3 sec R—4 sin R tan R) 


If the plate of the grating were perfectly plane parallel, the slit images 
a and c would obviously coincide. 


Fic. 31.—Diagram of interferences reflected from same face 
of grating plate. Non-compensated. 


The directly transmitted rays, however, after reflection from NV give rise to 
four images of the slit—in case of a slightly wedge-shaped plate, the one at 
a, fig. 31, being white, that at c yellowish, the distances apart being the same 
as in the preceding case. Besides this there are two images of the slit at 
b, figs. 32 and 33, which result from double diffraction at the lower face, the 
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case shown corresponding to 0<1 first with 9>7 thereafter, while the other 
image corresponds to 6 >i and 6 <7 in the two successive diffractions. These 
slits show strong chromatic aberration but are nevertheless linear and 
useful. The optical paths for the three lower rays are 
transmitted, I. 2y,+eu/cos R 
transmitted-refracted, II. 2y,+eu/cos R+2eu cos R 
transmitted-diffracted, III. 2yn+eu/cos R+2ep cos 4; 


These three equations determine the three stationary interferences 


m= 2enc0S R N= 2eu COS 4; n\ = 2ep (cos 6,—cos R) 


Fic. 32.—Diagram of interferences reflected from both faces 
of grating gg. Excess of glass path on WN side. Self- 
compensated. 


discussed in the preceding paper*. If the grating is between two identical 
plates of glass, these stationary fringes may become movable; for, inasmuch 
as there is complete symmetry between the rays to be reflected from the 
mirrors M and N, the stationary fringes become identical for both plates 
of glass, from either of which they may be reflected, before or after dif- 
fraction. Hence the motion of either opaque mirror changes the phase and 
moves the fringes, which are now linear, vertical, and nearly equidistant. 


*C. and M. Barus. 


IN RELATION TO INTERFEROMETRY. 75 


They may also be regarded as confocal ellipses of infinite size, the visible 
parts of their peripheries lying close together in the field of view. They 
pass through infinity in this field, when the virtual path difference is zero. 


Fic. 33.—Diagram of interferences reflected from both 
faces of grating plate. Excess of glass path on M 
side. Self-compensated. 


49. The combined interferences.—The five equations given by the 
first group I’ and II’ when combined with the second group, I, II, III, lead 
to six other interferences, all of them of the movable type and useful for 
interferometry. If for simplicity the path difference is zero, they may be 
written, if y=yn—Im and v’=yn—Vn’ and y, corresponds to the glass-path 
difference, N as usual referring to the displacement of the opaque mirror: 

IV, Reflection at bottom, equation I-II’, y.’=eu/cos R, N=eyu cos R 

V, Reflection at bottom, equation II-I’,—y,=eu/cos R, N=eucos R 

VI, Reflection at top, equation III-I’,—y,=eu(cos #:+sin R tan R), 

N=ep cos (; 
VII, Reflection at top and bottom, eq. II-II’, y.’=eu sin R tan R, N=o 
VIII, Reflection at top and bottom, eq. III-II’, y,’=eu(sec R—cos 6), 
N =eu(cos R—cos 61) 
IX, Reflection at bottom and top, eq. I-I’,—y,.=ey sin RK tan R, N=o 
Hence the fringes of the interference VII and IX are identical through- 


out the spectrum, when the mirror N moves. The remaining fringes are 
elliptic and eccentric, because reflected from two faces of the thin wedge. 
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Nos. VII and IX are parallel lines which pass symmetrically from negative 
to positive obliquity, or the reverse, respectively, through horizontality, 
in opposed directions. 

The results of these equations have been computed for light crown glass 
and the Fraunhofer lines B, D, E, F, G above and in the following table 17. 


TaBLE 17.—Diffracted-reflected and reflected-diffracted rays. e=.68 cm. D= 
000351 em. [=45°, nearly. Light crown glass. y =yx — ju. Change of faces: y—N. 


Line of Spectrum B D E F G 
ro8A= 68.7 58.93 52.70 48.61 43 .08 

L= 1.9118 L. 5253 1.5186 1.5214 1.5267 

Ram -.a9% 53’... 29" 49h ay” 4g’ ae 42" 27° 35° 

0,= Roe. age 20° 51’ cP iat kh aa; 53° 22". 368 

(correction) 2N = . 5088 . 5074 -5059 .5050 . 5023 


I. Reflection from a single face. y,=ey cos(R—@,)/cos R: 


nA=0;— 2%)= 2.3030 2.3128 2.3190 2.32952 2.3334 
E=0};— 2ay fO109 f=) .0e71 .o 


. = — = + .0055 + -Bes9 
correction—20N,= + .0028 + .oo14 + .0 — .0009 — .0036 
—2aN,= — .o197 — .0085 + .0 + .0062 + .oo171 
II. Reflection from one face. y,=eu/cos R: 
+ 2W,= 2.3261 2.3301 2.3337 2.3369 2.3426 
+ 2Ay= — .0076 — .0036 + .o + .0032 + .0089 
+2,N,= — .0104 — .0050 + .0 + .0043 + .0126 
III. Reflection from both faces. y,=eu (sec R—cos §,): 
+ 2y%)= 5033 -4043 -4124 -4177 .4242 
-"aAy,= — .0252 ° —\.006r = .6 + .6053 + .exxG 
+2aN,= — .0239 — .0095 + .0 + .0062 + .o154 
IV. Reflection from both faces. y,=en sin 6,tan R: 
2). . 3682 .3870 -3985 .4061 -4151 
5 2AYo= — .0303 — .OII5 .O + .0075 + .0166 
+2aN,= — .0332 — .0130 ° + .0084 + .0202 
V. Same as II, but reflection from top face : 
= 2y) = 2.3261 2.3301 2.3337 2.33609 2.3426 
— 2A%= — .0076 — .0036 + .0o + .0032 + 0089 
—2AN,= — .0104 — .0050 + .0 + .0043 + 0126 


50. Special results.—The table shows the following positions for the suc- 
cessive interferences, 7.e., for 2y—N when the reflection changes from the 
lower to the upper face. N=2en tan Rsin R. 


i Cases I-III’, »,=1.1650, Equation IV, Positio é 
Re 1 a + Vo ‘ 50, Hque iv, osition, 1.1650 
Reflection from bot { U-Il’” 2532, VI 25° 


tom, Yn <I 1-H" “sos, VUL poet 
Reflection from top, f a 4 z a 4 ee, eae 
Im>Yu Tie Shaearee, vr Rae: 


Hence the total play of the mirror N should be 1.1650—(—.7092) =1.8742 
cm., with which the observed datum 1.88 agrees as nearly as the experiment 
warrants. Again the fringes of equations VII and IX are simultaneously 
in the field, which is true, these being a series of lines which change their 
obliquity in opposite directions symmetrically. The two ellipses of equa- 
tions V and VI, however, were found nearer together than the com- 
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puted value. Thus their distance apart in the D region corresponded to 
Ay =.0075 cm.;in the & region it corresponded to 4y=.0050 cm., whereas 
the above data require .o516 cm. Here, however, there is some confusion. 
For instance, the spectra may coincide, whereas the doubly diffracted 
white and colored images of the slit do not. Moreover, there are three 
ellipses in this region of , since the double diffraction for 6>7 also gives an 
ellipse, not included, because not belonging to the above enumeration. 
The motion of ellipses from the D to the EF line has different values. The 
set toward the violet corresponds to 4N=.oo090 cm.; the set toward the 
red to JN=.0070cm. There is thus a different speed of fringes relative to 
N, and closer contact in the violet than in the red. The latter are also more 
nearly circular than the former. Equation IV gives the strong solitary ~ 
interferences useful in practice and treated in detail in the earlier parts of 
this paper. The treatment of the other cases, being less important, may 
be omitted here. 


My thanks are due to Prof. Joseph S. Ames, of Johns Hopkins University, 
for his kindness in lending me the glass-diffraction grating by which the 
above equations were tested. I hope at some other opportunity to work 
with a grating whose refraction is known throughout the spectrum and 
also to endeavor to obtain the phenomenon as clearly from film gratings 
(replicas) as has been possible for the linear series in the preceding paper 
(l.c.). Thus far the above phenomena as obtained from film gratings were 
not strong and sharp enough for measurements of precision but in a series 
of experiments which has since been completed I will show how this desid- 
eratum may be realized. 
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4 


The present report is, in the main, an extension of my work on the 
displacement interferometer described in the preceding investigation (Pub- 
lication No. 149 of the Carnegie Institution of Washington); but beyond 
this, it is a contribution to the theory of coronas and their practical appli- 
cation for the measurement of sizes of fog-particles in cloudy condensa- 
tion. In other words, if the source of light is not simple, but a doublet of 
two interfering beams as in chapter VI, indistinguishable from a simple 
source in case of white light, the coronas must show concentric dark 
interference rings, for the same reason that the spectra in case of the 
grating show elliptic loci of interference. It is therefore from rings of this 
general character that measurements of precision with coronas may be 
obtained. In its practical aspects chapter VI deals with the production 
of elliptic interferences with plane reflecting gratings instead of transparent 
glass gratings, as the former are much easier to rule. Again, the special 
type of linear fringes, produced by identical halves of a reflecting grating 
with their rulings parallel to the slit and nearly in the same plane, probably 
has a direct bearing on the theory of coronas, as in both cases an inter- 
ference phenomenon is superimposed on the diffractions. 

In chapters VII, VIII, and IX I have included certain incidental experi- 
ments on fog-particles made by aid of the coronas of cloudy condensation. 
The first investigation shows that the angular aperture of coronas is inde- 
pendent of the thickness of the layer of fog, single and triple layers, each 
about 6 inches thick, giving the same (continuous) corona. The next 
investigation adduces the curious result that when the diameter and size 
of the fog-chamber diminish indefinitely relative to the size of the exhaust 
pipe, its efficiency does not uniformly increase, but that it is rather more 
efficient for the (virtually) larger nuclei and less efficient for the smaller 
groups. Certain allied results on the rate of decay of nuclei of different 
sizes produced by mild X-radiation in dust-free wet air are added. These 
show the remarkable result that the coefficient of decay increases from less 
than one-tenth of the usual value for ions in dry air, to even 50 times the 
normal value, as the nuclei range in dimensions from very large to very 
small sizes. Hence if these nuclei be regarded as water-drops, they evap- 
orate more and more rapidly to a persistent limiting small diameter, in 
proportion as they are larger. In the last investigation (chapter IX), 
I have returned to the moot subject of the regular persistent nuclei pro- 
duced by strong X-rays, through earthed metallic aluminum screens and 
a fog-chamber of wood, with the endeavor to find the lower limit of the 
density of ionization which must be reached before these typical persistent 
nuclei (¢.e., those requiring little or no supersaturation to precipitate con- 
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densation) are formed. This chapter deals with large persistent nuclei 
produced by X-rays and is thus in a measure supplementary to the pre- 
ceding. From both I conclude that the decay of ions as such beyond the 
scope of easy determination by the electrometer with the production of 
neutral pairs and multiples finds its counterpart in the growth of persistent 
nuclei, as the restilt of such coalescence. These nuclei now fall specially 
within the scope of detection by the fog-chamber. The number of per- 
sistent nuclei produced by the X-rays (caet. par.) will increase with the 
time of exposure at an accelerated rate, inasmuch as the nuclei or ions 
present themselves take part in the production, and these are present in 
continually greater number, as the lower limit of size decreases. 

In chapter X the equation derived in the preceding report (No. 149, 
chapter V) for the displacement of the center of ellipses produced by the 
opaque mirror on the micrometer is tested throughout the spectrum and 
for all angles of incidence. This requires a knowledge of the indices of 
refraction of the glass of the grating for all wave-lengths. A method of 
total reflection suitable to the case, where only a flat spicule of glass is at 
hand, was therefore developed and applied. 

In conclusion, a displacement interferometer is described, combining 
the desiderata of rigidity, lightness, and portability, and provided with 
long arms of invariable length and with sufficiently high mirrors to admit 
of the introduction of bulky apparatus, like a fog-chamber, between them. 
The apparatus is peculiarly adapted for the measurement of the refrac- 
tion of gases at high temperatures, and conversely for the measurement 
of high temperatures by means of the refraction of a gas, as well as for 
the measurement of the adiabatic transformations of a gas, either dry or 
wet, and at all temperatures. It is hoped that the researches may de- 
velop fruitfully in this direction, and some promising work has already 
been completed. 

Chapter XI, with a special view to an application of the interference 
method, endeavors to measure the degree of adiabatic expansion encoun- 
tered in fog-chambers of such dimensions as I have used. To actually 
measure the ratio of specific heats much more voluminous apparatus will 
be necessary, and the present form of the interferometer is not adapted 
for air-chambers large in their vertical dimensions. An interesting result 
of the investigation is the marked difference of the heat ratio for wet and 
dry air, data from which it should be possible to compute the amount of 
water precipitated per cubic centimeter. 

My thanks are due to Miss Ada I. Burton, who assisted me with rare 
efficiency both in the editorial part of the work and in the preparation of 
diagrams, as well as in the experimental parts and in the extended compu- 
tations which a research of the present kind demands. 


Car. Barus. 


Brown UNIversitTy, December 1011. 
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CHAPTER VI. 
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ELLIPTIC INTERFERENCES WITH REFLECTING GRATINGS. 


51. First method.—There are two or three typical cases in the use of 
reflecting gratings for the production of interferences in the spectrum, each 
of which shows peculiarly interesting features. The first of these is given 
in fig. 34 and corresponds closely to the method described for transmission 
gratings in a preceding paper. If L is the source of light and M a glass 
plate grating, it was shown that plane mirrors in the positions G, and Gn, 
each reflecting a spectrum from M, produce elliptical interferences when- 
ever the rays returned after passing M by transmission and reflection, 
respectively, are made to overlap in the spectrum, under suitable conditions. 


Fic. 34.—Diagram showing production of elliptic 
interferences from mirror M and reflecting 
gratings G», and Gn. 


The present method is the converse of this, since the gratings and the 
opaque mirrors change places. Parallel rays from L strike the plate of 
glass M and the component rays reach identical reflecting gratings Gn and 
G,, placed symmetrically with respect to M at an angle z to the & and L 
directions. The undeviated rays pass off eccentrically at R and are not 
seen in the telescope at E. They may, however, be seen in an auxiliary 
telescope pointed in the line R and they then facilitate the adjustments. 
Rays diffracted at the angle 27, however, are respectively transmitted and 
reflected by M and interfere in the telescope in the line &. Similarly rays 
diffracted at an angle 6’ >7 interfere in the line D. 
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To make the adjustment it is sufficient to bring the Fraunhofer lines in 
the two spectra seen at E into complete coincidence, horizontally and 
vertically. Coincidence of slit images at R (at least vertically) aids in 
the same result. It is also necessary that the rulings on Gn and Gy, 
and the slit shall be parallel, or that the images of slit and spectra shall 
lie between the same horizontals. One of the gratings, G,, may now be 
moved parallel to itself by the micrometer screw until the elliptic inter- 
ferences appear. If the plate M is not half-silvered there are three groups 
of these, as described in the preceding paper. Each group passes from the 
initial degree of extreme fineness, through maximum size, to a final degree, 
for a play of the screw of about 1 mm. There is the usual radial motion 
of the fringes, together with the drift through the spectrum as a whole. 
To bring out the set of solitary ellipses, the silvered surface of M should 
be toward the light and remote from the eye. As a rule the adjustment 
is difficult, as an extra condition is imposed in the parallelism of the slit 
and the rulings of the gratings. The ellipses are liable to be coarse, with 
their axes oblique, clearer in some parts of the spectrum than in others, 
unless means are provided for placing the rulings accurately parallel. 
Even when well adjusted they are rather polygonal than rounded in their 
contours. They are about as strong with non-silvered glass M as with 
half-silvered glass; but in view of the multiple spectra the adjustment is 
much more difficult in the former case. 

It has been suggested that the white slit image must appear eccentrically 
in the direction R. Hence if a special telescope is directed in this line, the 
final adjustment is reached on coincidence of the proper slit images, pro- 
vided the rulings of the gratings and the slit are parallel. 

For 6’>7 the second series of interference spectra occurring at D eccen- 
trically is broader, but only on perfect adjustment does it occur simul- 
taneously with the other set. In fact, since for the preceding case 1=80, or 

2sint=)/D 
and in the present case, ; : 
sin 6’—sin 7=\/D 
therefore 
sin 6’=3 sin?=3 sin @ 


There is also an available set in the second order to the left of E. In the 


gratings used above D lies in front of G,, being nearer the E than the 
L direction. 


52. Inversion of the method.—The occurrence of the undeviated ray R 
suggests another method; for if the white ray R is reversed, 1.€., Comes 
from an eccentric collimator, slit images will be seen in telescopes at L 
and £, whereas overlapping spectra will appear in the direction D’ eccen- 
trically and in the lines R and R’. One of the latter may be lost in the 
collimator. The former occurs for the same angle 6’, so that 


sin 6’ =3 sina 
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Moreover, if IT=45° is the angle of incidence of L upon M when sodium 
light is taken, so that # = 26° 14’, i=8° 28’, the R, D, D’ rays make angles 
21, 1 +1, # —i, respectively, with the E direction; or the sum-of the angles 


_at Dand D’ with the E line is 26’, their difference 2i, and the rays D, R, D’ 


intersect at a commén center on G,. Hence if we place the plane of Gn 
at the center of the spherometer and arrange M and G, ee 
angles may be measured as before. 


53. Second method. Resolution of the slit image.—If the sharp white 
images of the slit in a Michelson apparatus for the case in which the inci- 
dent light consists of parallel white rays from a collimator be accurately ~ 
superimposed and the opaque mirrors be set at the proper distances from 
the semi-transparent mirror by the micrometer, the slit image may itself 
be viewed through a grating and will then show elliptic interferences in 
all the spectra. The apparatus is here eccentric, while the grating (either 
transmitting or reflecting) must be at the center of the spectrometer, if 
angles are to be measured. The same is true for any of the other super- 
imposed white slit images in the above or the earlier experiments and may 
even be repeated with successive transmitting gratings. It is interesting 
to note that the position of the center of ellipses is at the same wave- 
length in all the spectra, though the form of ellipses may differ enormously. 
The same phenomenon may thus be seen by a number of observers at the 
same time, each looking through his own telescope. 

It is this phenomenon which may be repeated with the fog-partieles of 
cloudy condensation instead of with the grating and must then give rise 
to concentric black interference rings symmetrical with the colored field. 
Measurements of precision in case of the coronas are thus feasible, in view 
of the varying distances apart of these rings, increasing in size as they do 
with diminishing sizes of fog-particles. 


54. Third method. Parallel gratings.—In this case the two halves of 
the grating are treated displaced parallel to themselves from their original 
coplanar position in the grating from which they are cut. Their mount- 
ing is thus something like the case of the two black plates of Fresnel’s 
mirror apparatus, one of the plates being adapted for displacement parallel 
to itself. 

In fig. 35, g and g’ show the two halves of the grating cut along the plane 
S, normal to the ae and parallel to the rulings. The half g’ is provided 
with a nae screw, so that it may be successively moved from the 
position g’ in fig. 35 to the position g’ in fig. 36, through all intermediate 
positions, while se half g remains stationary. Each of the halves g and g’ 
is controlled by three adjustment screws (horizontal and vertical axes of 
rotation), to secure complete parallelism of the faces of the ¢ grating. Each, 
moreover, may be rotated around a horizontal axis to place the lines 
parallel to the slit of the collimator. The duplex grating is mounted on a 


e in Seen are Rabies by ria these lines et D acai or 
instance) into perfect coincidence, horizontally and vertically. Under ‘A 
these circumstances if the distance apart, e, is suitably chosen, the in er < 
ference fringes will appear throughout the spectrum. These consist of a 
approximately equidistant series of lines parallel to the slit, 7.e., sai 
lines, which are finer, cet. par., as the breadth of the crack at S between 
the gratings is larger. They may be increased from the extreme fineness 
as they enter the range of visibility, to a maximum coarseness (in the above 


Fics. 35 AND 36.—Diagram showing production of interferences from identical gratings, 
nearly in same plane, with their rulings parallel to the slit. 


experiments) of about 3 to 5 minutes per fringe, after which they vanish. 
They can not, in practice, be passed through infinite size; neither can they 
be produced symmetrically on the two sides of the adjustment for infinite 
size. They can not, in other words, be changed from the positive to the 
negative condition of appearance. 

The occurrences are in fact as follows: If as in fig. 35, 7>06 (parallel 
white rays coming from L and L’, R and R’ being reflected, D and D’ dif- 
fracted rays for the normal 7), the grating g’ must be in advance or for- 
ward of g. If now the air-space e is reduced micrometrically, g’ retreating, 
the lines travel in a given direction (from left to right) through the spec- 
trum, while at the same time they grow continually larger until for a mini- 
mum value of e still positive they vanish as a whole. The period of indis- 
tinctness before evanescence is not marked. 

On the other hand, if 6’>7, as in fig. 36, the grating g’ must be to the 
rear of g and the air-space e is throughout negative. If this is now decreased 
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numerically the lines travel through the spectrum in the opposite direc- 
tion to the preceding case, while at the same time they coarsen until they 
vanish as a whole as before. The grating g’ is still behind g when this 
occurs. ; 

Finally, if for amy suitable value of e the grating g’ is moved in its own 
plane without rotation away from g, so as to widen the crack at S between 
them, the fringes grow continually finer until they pass beyond visibility, 
and vice versa; i.e., as the crack at S is made smaller the lines continually 
coarsen. 


55. Nature of the evanescence.—The fact that the lines vanish as a 
whole and almost suddenly after reaching their maximum distance apart is 
very peculiar, as is also the fact that they can not be passed through infinite 
size or made to appear symmetrically on both sides of this adjustment. 
To investigate this case I provided both the collimator and the telescope 
with slits, so that the parts of the grating g and g’ from which the inter- 
fering pencils come might be investigated. 

If a single vertical slit about 1 mm. wide is passed from right to left 
toward the objective of the telescope, a black line passes across the field of 
the spectrum, which line is merely the image of the crack at S. In the 
diagram (fig. 37) the G rays, for instance, come from the edge of both grat- 
ings g and g’, whereas the R rays and the V rays come from but a single 
grating. Now, when the space e is diminished, the black band at G gradu- 
ally vanishes and in its place appear the coarsest fringes producible. When 
the slit F is removed these coarse fringes disappear. The fringes visible 
through the slit have, however, both an inferior and superior limit of angu- 
lar size. When e is diminished to zero they vanish and when e¢ is sufficiently 
increased they again vanish, though they now appear when the slit is 
either removed or widened. From this it follows that the coarsest fringes 
come from the edges of the crack S of the gratings, and that the remainder 
of the grating will not produce coarse fringes. By moving the slit the 
fringes may be made to appear in any other part of the spectrum. 

The same fact may be proved by putting the vertical slit F over the 
lens of the collimator and allowing the white light L to fall on the edges 
of the grating at S. Coarse fringes limited as to range and size are then 
seen throughout the spectrum at g. 

Whenever the slit or vertical stop is used, the fringes are exceptionally 
sharp and easily controlled for micrometry. It is not even necessary to 
adjust the two spectra horizontally with the same care as when no slit is 
used, but the vertical coincidence of spectrum lines must be sharp. Natur- 
ally the use of the slit has one drawback, as the resolving power of the 
grating is decreased and the spectrum lines are only just visible. The 
adjustment, however, may be made before the slit is added. A few ex- 
amples may be given. For a slit 1 mm. wide over the telescope or colli- 
mator, only the immediate edges at the crack S, about 0.5 mm. each in 
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breadth, are active. A narrow range of large fringes is seen in the field, 
easily controlled by the micrometer screw. With a slit 3 mm. in width 
the lower limit is much increased, the upper diminished, to a size of about 
3 inches per fringe. In the absence of the slit the field is free from fringes. 
With a slit 6 mm. wide, the upper limit is again decreased, the lower much 
increased; nevertheless the finest fringes appear only after the slit is re- 
moved. Using double slits over the collimator, each 1 mm. wide and 3 
mm. apart, fringes of medium size limited at both ends appear; 3 mm. 
slits 6 mm. apart show only the very fine fringes, but both sizes are still 
limited. Finally, when all but about o.5 mm. of the edge of the crack of the 
grating g’ is screened off, whereas the whole grating g (about one-half inch 
square) is without a screen, all the fringes from the maximum size to 


Fic. 37.—Diagram showing effect of a slit in 
front of telescope. 


complete evanescence beyond the range of visibility are producible. Nat- 
urally if the edge of g’ is quite dark everything vanishes. 

It follows, therefore, that pairs of corresponding rays are always in 
question. These corresponding rays are at a definite ND apart, where D 
is the grating space and N the number of lines per centimeter of the grating 
in question. This distance ND is greater as the fringes are smaller and may 
be of the order of a centimeter when the fringes pass beyond the range of 
visibility. Again ND is equal to the width of the crack when the largest 
fringes vanish. Finally, when ND is zero, as is the original unbroken 
grating, the size of the fringes is infinite. 

It has been stated that the use of the slit or a laterally limited objective 
is advantageous because all the lines are much sharper. Inert or harmful 
illumination is cut off. If the slit is over the objective of the telescope 
only a small part of the field of view shows the lines; if placed over the 
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objective of the collimator, the fringes are of extreme clearness throughout 
the spectrum. It may be ultimately of advantage to use the edge near the 
crack g’ only, together with the whole of g; for if a small strip of g’ at 
the crack S is used with the whole of g, the smaller fringes are weakened 
or wiped out. Thtis the inner edge of the nearer grating with successive 
parts of the further grating is chiefly effective in the production of these 
interferences. 

To bring the two edges quite together was not possible in my work, as 
they were rough and the apparatus improvised. 


56. Data.—Some measurements were attempted with the view only of 
checking the equations presently to be deduced. The adjustment on an 
ordinary spectrometer is not firm enough and the fringes being very fine 
(a few minutes of arc) are difficult to follow unless quite stationary. 

Table 18, however, gives both the values of de/dn, displacement per 
fringe, for different angles of incidence 7 and of diffraction 6, and dé/dn, 
the angular deviation per fringe at the D line. In measuring the latter it 
was necessary to count the fringes between the C and D lines and divide 
their angular distance apart by these numbers. As e can not be measured, 
its successive increments Ae from the first position are given. These are 
presently to be associated with the corresponding increments of dn/dé. 


TABLE 18.—Values of do/dn, etc. 1=53° 15’. D=200X10— cm. 


Observed. Computed. 
2 Of ' | | | Ato | Ato’ | Mean 
| nme! \0 and@ d6/dn | dn/d@ | Adn/dé | Ae Adn/do Adn/d6 | Adn/ dé Region. 
| Bones ; q a | | | { Between 
|=120 |30°27"| 1°17") 3080 | } 1130 | 0.025 1260 1028 140) |e" anda? 
75 |28 14|1 46 | 1950 | J ine 
| | Diff. | 
| 2°13" | | 
g0 29° 09’) | | | | iy 
71 |28 14} 46 | 4438 | .025| I116 1027 | 1072 : 
55 | Diff. cao sass | L009 050} ..-- etek eal|| sates | ear tne 
36 55 | 1 32 | 2250 | | 075; Cink ney ae 
24 |30°27'|1 50 | 1875 | 8 | =p vee 1528 f Near 
AI |29 43/1 4 | 3203 j Sh aN BE Gd 59 9 | | D line 
Diff. | | 
44! | 


57. Equations.—In fig. 38, L and L’ represent a pair of corresponding 
white rays, reflected into R and R’ and diffracted into D and D’ at angles 
i and 6, respectively. The half gratings g and g’ are separated along the 
crack S, and g’ is movable parallel to itself by a micrometer screw normal 
to g’. Let the normal distance apart of the gratings be e. The incident 
rays L, L’ strike the originally coplanar grating at points N rulings apart, 
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or ND cm. apart, if D is the grating space. In the separated grating let 
these points be at a distance c apart. Let d (the broken line za) be the 
incident wave-front and h the corresponding diffracted wave-front and call 
the angle between c and d, v. 

When there is reinforcement the path difference of the rays L and 
L’ from the incident (d) to the diffracted (hk) wave-front, may be 


Fic. 38.—Diagram showing production of interfer- 
ences from two identical nearly coplanar gratings, 
with rulings parallel to slit. Details. 


written ~\=b—a, where b and a are the distances of h and d from 
the points of incidence of L and L’ on the grating g and g’ respectively. 
If, finally, f is the length of the prolongation of L’ between the gratings 
we may write in sticcession 


(1) ad=ND cost 

(2) f=e sect 

(3) a=ND sin i—e secz 
(4) tan y=a/d 

(5) C=ND cos sec y 
(6) b=c sin (¢+@—y) 


To these should be added 
(7) dN /de=tan 1/D 
Hence after removing y and arranging 


nrx=ND ; cos 7 sin (¢-+@) —sin 7 cos (¢-+6) —sin 7 ' +e sec i(r+cos (¢+6)) 
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which reduces to 


nd = ND(sin 6—sin t)+e sec 7 (t-+cos (¢-+6)), 


or since 
sin 7—sin 6=)\/D 
finally 5 
(8) (EN) Nae ONY) 26 cos! C8) /# 


cos 7 COs 2 


This must therefore be regarded as the fundamental equation of the 
phenomenon. Equation (7), however, leads on integration to 


(9) N=e tant/D+N, 


where NoD is the width of the crack. 
If the value of N from (9) be put into (8), together with the equivalent 
of \/D, it appears after reduction that 


(n+No) \=e(cos i-+cos 8) = 2e cos re cos i, 


The case of N=o, e>o would correspond to the equation 
t+6 


(10) nd =e (1+cos (¢+6)) /cos t= 2e cos? : 


/cost 


which is only a part of the complete equation (8). For 7>6, one active 
half, kh, is necessarily partly behind the other half, k’h’, and therefore not 
adapted to bring out the phenomenon as explained, unless e=o. 


58. Differential equations. Displacement per fringe, de/dn.—To test 
equation (8) or (10) increments must be compared. The latter gives at 
once, since N is constant relative to e like 7, 6, and X, 


de r cas » 
(x1) dn cosi+coso | i+0 1-6 


which is the interferometer equation when the fringes pass a given spectrum 
line, like either D line, which is sharp and stationary in the field. Equa- 
tions (7) and (11), moreover, give after reduction 


(12) dN /dn=tan i tan — 


Table 18 contains values of de/dn computed from (11), made under widely 
different conditions (¢>0,7<6, first and second order). The agreement 
is as good as the small fringes and the difficulty of getting the grating 
normal to the micrometer screw in my improvised apparatus admit. If 
this adjustment is not perfect No changes with e. From equation (12), 


moreover, 
dN dN do _dNy d9_dNo 


(r2") dn dodn d0dn_ dn 


since No is constant only relative to e when 0 varies. 
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59. Deviation per fringe, etc., d@/dn, d0/de——These measurements are 
still more difficult in the absence of special apparatus, since e is not de- 
terminable and the counting of fine flickering fringes is unsatisfactory; 
but the order of results may be corroborated by observing the number 
of fringes between two Fraunhofer lines, like the C, D, and other lines 
used. Differentiating equations (8) and (10) for variable u, d, 8, and N 
(since dN/d§ is equal to dNo/d6, equation (12’)) and inserting —D cos 6 
dé/dn=dx/dn, it follows after arranging that 


) do_ r+dN/dn _W _ 7 = 
(13 dn eD1+cos (i+) eD cosi (cosi+cos 6) 
or 

dé » 1—6 


—_—= . tan 

dn ecost 2 
Combining this with (11) 
do / K. \sins—sin 0 
dn eDcosi  ecosi 


(14) 


Since, in equation (13), e¢ is not determinable, it is necessary to compare 
increments Adn/d6 in terms of the corresponding increments Ae, whence 


(1s) A(dn/dé6) = (cos z/d tan =O \ ne 


Table 18 also contains data of this kind computed separately for the 
Fraunhofer lines, D, C, etc., employed and their mean values. To find the 
mean width of fringes between these lines, their angular deviations were 
divided by the number of fringes counted between them at different values 
of e. The results agree as closely as the difficulty of the observations 
warrants. One may note that without removing N, the corresponding 
coefficients would be Ad(n+N)/d6, and these are much more in error, 
here and in the preceding cases. If from d@/dn, e is eliminated in terms 
of (n+N) the equation is 


dé X¥ I 
(16) a 
dn D(n+No) cos 
so that for a given value of 7, 6, No, they decrease in size with x. If =o, 


they reach the limiting size 
dé nN 


dn DNocosi 
If the crack NoD should be made infinitely small, they would be infinitely 
large. To pass through infinity, No must be negative, which has no meaning 
for 1>6, or would place one effective edge of the crack S behind the other. 
These inferences agree with the observations as above detailed. If, how- 
ever, 7<0,a negative value of No restores equation (16) for n=o to equation 
(17), as was actually observed (figs. 35 and 36). 


ae 
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Finally, equation (14) might be used for observation in the incremented 
form 
(17) A(de/dé) =O DS ine 


but I did not succeéd with it. One loses track of the run of a fringe with de. 


60. Colored slit images and disk colors of coronas.—In the above exper- 
iment the fringes were but a few minutes apart. It is obvious, however, 
that if No is sufficiently small the fringes will grow with decreasing n, in 
angular magnitude, until there are but a few black bands in the spectrum. 
Under these circumstances, the undeviated image of the superimposed 
slits must appear colored, particularly so if an effect equivalent to No is 
present throughout the grating. This phenomenon of colored slits is 
apparently of interest in its bearing on the theory of coronas, where there 
is also an interference phenomenon superimposed upon a diffraction 
phenomenon, as is evidenced by the brilliant disk colors. For instance, 
suppose a corona were produced by a sufficient number of fog-particles 
distributed throughout a plane normal to the undeviated rays. Now let 
the alternate particles be moved in the same way slightly to the rear of 
their original position and let the distance between the two planes be small 
relatively to the wave-length of light. In such a case there should be two 
identical coronas, superimposed in all their parts, and they should there- 
fore interfere. Inasmuch, however, as even small fog-particles are of the 
order of size of 0.0001 cm. and their mean distance apart 50 times larger, 
1.€., 0.005 cm., it remains to be proved whether such an effect can be looked 
to as an explanation of the disk colors of coronas. 
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CHAPTER VII. 


INDEPENDENCE OF CORONAS OF THICKNESS OF THE FOG-LAYER. 


61. Introductory.—As an adequate theory of coronas is yet to be given, 
experiments with a definite bearing on the various features of the phenom- 
enon are desirable. In earlier work* I endeavored to elucidate the char- 
acter of the interference phenomenon superimposed on the diffraction’ 
phenomenon, whereby the disks of coronas with white light eventually show 
a rhythmic succession of colors. A theory was suggested corresponding 
to that given by Verdet for the lamellar grating. Inferences so deduced 
were quantitatively in accord with facts. I showed that the reappearance of 
the same type of corona corresponds to a succession of diameters of fog- 
particles in the order of the natural numbers n=1, 2, 3, 4, etc. Further, 
in a survey of coronas obtained with monochromatic light (mercury), it 
appeared that the disk and the first ring are alternately luminous in a way 
corresponding to the interference phenomenon in question. Finally, that 
in case of even the largest true coronas fog-particles of an order of size 
greater than 10°-* cm. were in question, beyond which the corona degen- 
erates into a mere fog. 

In a preceding papery I touched upon the question of the interference of 
coronas due separately to two successive layers of fog-particles normal to 
the line of sight, with each other, but the quantitative relations did not seem 
to be as promising as interferences inferred from the mere thickness of fog- 
particles, already alluded to in comparison with the lamellar grating. 


62. Effect of thickness. Apparatusx—From the point of view of the 
elementary theory the effect of the thickness of the fog-layer should be 
negligible; but it does not by any means follow that this is actually the 
case. In very many experiments with coronas the thickness of the fog- 
layer is not at the observer’s disposal or cases of different thicknesses have 
to be compared. Hence the following experiment was devised with the 
object of definitely testing the question: 

In fig. 39 FF’ is a cross-section of the fog-chamber, a long rectangular 
trough of wood, cloth-lined and provided with two glass plates g and g’ on 
the broad sides of the trough. The pool of water is seen at w. Two mirrors 
M and M’, of plate glass, horizontally hinged at h and h’ and capable of 
being displaced parallel to their own plane by virtue of the screw-extension 


* See Publication No. 96, Carnegie Institution of Washington, Part I, 1908; Part II, 
1910. American Journal of Science, XxIV, pp. 309-312, 1907 (cycles of coronas); tbid., 
XXV, p. 224, 1908 (axial colors); ibid., XXVvII, pp. 73-81, 1909 (mercury light). 

+Cf. Proc. Am. Phil. Soc., April, 1911. 
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adjustment s and s’, are attached parallel to each other. The lower margin 
of M is somewhat above the upper margin of M’. Hence the observer on 
the left of the apparatus (in front) sees the direct rays A A’ from the source 
as well as the reflected rays B M M’ B’. By properly adjusting the angle 
a, the small round distant source of white light and its image in the mirrors 
(A’ and B’ respectively) may be made to coincide at the upper edge of 
M’. Insucha case the corona due to the direct rays produced by a single 
thickness, d=15.5 cm., of fog-layer, should exactly coincide with, z.e., be 
the complement of, the coronas due to the reflected rays and produced by 
a triple thickness, d’= 46.5 cm., of fog-layer, if the variation of thickness 
in question is without effect. 
Otherwise the coronas should 
be dislocated at the margin 
of the mirrors. 


63. Results and summary. 
—These experiments were 
carried through in regular 
series, for the dust nuclei of 
ordinary air as well as for an 
artificial nucleation due to 
phosphorus. The exhaustions 
were made systematically 
every 2 minutes. The co- 
ronas due both to the A rays 
(direct) and the B rays (re- Fic. 39.— Cross-section of fog-chamber, 


flected) were read off as showing path of direct and reflected rays. 
quickly as possible, after 


which filtered air was introduced to dispel the coronas by evaporating the 
fog-particles. In this way about 20 coronas were successively compared, 
from the largest easily observable, having an aperture of about 34°, to the 
small ones of vanishing size, the nucleation ranging from about ro® to zero 
(particles per cubic centimeter) and the fog-particles from a diameter of 
about 2Xzo7*cm. to 107% em. 

In no case was there any dislocation of coronas, or of color, detected, 
though naturally the coronas in case of reflection from the mirrors were 
somewhat more yellowish in color (due to the reflecting surfaces) and less 
vivid (due to the reflections and greater thickness of fog-layer; for it is 
hardly probable that the fog-particles are quite of a size). The continuity 
of corresponding colored rings, however, was exact within the limits of 
observation. Hence thicknesses of 15 cm. and over 46 cm. produce identi- 
cal coronas identical in aperture; or the thickness of the cloud-layer is 
without influence on the coronas. 


CHAPTER VIII. 


EXPERIMENTS WITH A VERY SMALL FOG-CHAMBER, TOGETHER WITH 
DATA ON THE DECAY OF LARGE AND SMALL NUCLEI. 


64. Small fog-chamber.—Tables 19 and 20 contain results with excep- 
tionally small fog-chambers in relation to the size of the vacuum-chamber 
and the diameter of the connecting tube. They are compared with the’ 
data of the smallest of the fog-chambers recently* observed. The dimen- 
sions of the cylindrical chambers of glass were, respectively, length 20 cm., 
diameter 6.5 cm. for the pint chamber and length 16 cm., diameter 11 cm. 
for the quart chamber, both attached to a 2-inch brass exhaustion pipe 
15 cm. long. 


TABLE 19.—Small (quart) fog-chamber. /=16 cm.; r=5.5 cm.: ; cleaned | with 8 exhaus- 
tions; vapor nuclei and x-ray effect; barometer 76.40 cm. at 24.5°; m in the ex- 
hausted F.C. 


| 
oP cor. s |nX1073| ee COnnS Ze rOm! 
p | p 
Vapor nuclei} 0.203 0.0 | 0.0 | Vapor nuclei] 0.383 | yo15 GHB 
0.220 0.0 0.0 | 0.357 6.1 50 
0.249 0.0 | 0.0 | 0.343 4.3 18.3 
0.275 0.0 | 0.0 | 0.327 2.9 5.0 
| 0.291 2.0 | Je 0.304 2:4 2.9 
| 0.307 2.5 2.9 | 0.290 2.0 EGY | 
0.327 3.5 | 8.5 j|lons (x-rays)| 0.210 0.0 0.0 | 
0.333 4.0 | 14.2 || 0.250 1.0 OA | 
0.345 4-4] 19.7 | 0.275 |y013.0| 425 
| 0.356 teh || elie <0: 30a eae 7 825 
01367; 8.5] 136 } 0.3204 Vie LO 1310 
0.380 12.2 | 417 Oneey, ie Xe) 1620 
PO.3Q3mminCae LO27h LOG 7) | 0.304 |v 19 1260 
0.393 |g 17.5| 1290 O2ZO6857—" 10,2) 186 
0.410 |v 18.5 | 1570 i 0.253 2 Q2E0 
OATS aoe 18) | 2180 0.244 1.0 0.2 
0.435 |7 | 2740 
0.487 |ro21I | 3760 


The results computed in the usual way are given above, s/30 denoting 
the approximate angular diameter of the coronas, 6p the drop of pressure, 
n the number of nuclei per cubic centimeter in the exhausted fog-chamber. 


_ The goniometer in this case was a special contrivance shown in fig. 4o, in 


which the eye was at the near wall of the fog-chamber and the needles 
for measuring angles beyond the far wall. This makes it possible to use 
small fog-chambers and yet measure large apertures. 


* Cf. Publication No. 96, Carnegie Institution of Washington, Part II, §27 et seq., 1910. 
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The results contained in these tables show curiously enough that for 
smaller exhaustions the small fog-chamber is more efficient than the larger 
fog-chamber (fig. 41), but at larger exhaustions (6p) the reverse is the case 


Fic. 40.—Diagram of fog-cham- 
ber and straddling goniometer. 


(figs. 42 and 43). Similarly, or compatibly 
with this result, ions are more easily caught 
by the small fog-chamber than by the large 
chamber, whereas the finer vapor nuclei are 
more easily caught by the larger chamber. 
In both cases the number caught increases 
with the exhaustion (6p), continually. The 
upper coronas of the pint chamber, however, 
are not brilliant in color and they are diffuse 
in character. The goniometer measurement 
nevertheless shows very definite increase of 
aperture for increased exhaustion, even 
throughout the same color or type of corona. 
It follows, then, that increased exhaustion 
must continually bring down more water, 


even at the highest exhaustion used. The number of nuclei eventually 
caught approaches 5 million per cubic centimeter. 
The above results are difficult to discuss. It is, however, probable that 


TABLE 20.—Pint bottle fog-chamber; length 20 cm. (glass*) and 15 cm. brass, radius 
6.5 cm.; cleaned with 17 exhaustions. Vapor nuclei found in ascending and descend- 
ing exhaustions; barometer, 75.87 cm. at 27.5°; new (straddling) goniometer, m in 


exhausted F. C. 


an COM, Spt ocrOn & cons |/sXro-* 
p | | p | 
Vapor nuclei | 0.257 an 0.0 | Ions (x-rays)| 0.230 0.0 

0.278 e | 0.0 || 0.248 | 0.0 0.0 
0.299 1.5 | 5 I O.27O0 leer 325 
0.328 3.0 | 5.4 0.290 jc 18 I100 
0.353 |g 7.0 76.8 || 0.311 |r 20 155 
0.360 |vb 10.0} 217 || 0.373 1 “2 3210 
QI69 ee ta |) GOO Wi 0.443 |4' 26 450 
0.385 |g’ 16 | 980 0.305 |r 20 | 1520 
O4OL {|e ~1S | B3IO8 YI 0.276 |g 708 
0.414 |c 18.5] 1570 | «O2OL 9 9 123 
0.432 |e 19 | E77r || 0.250 4.0/  II.4 
0.457 |r 20 | 2140 || 0.244 | .0 

| 0.490 |r’ 22 | 2910 Vapor nuclei} 0.263 | faint 1.0 <3 
0.540 |r’ 24f | 3990 || | 0.296 2.0 15 
Oars We" oy | 1335 || | 0.346 5.0 27.1 
0.390 | g | 876 || | 0.361 | 10.0) 214 
0.373 |9 I4 | 603 | 
OS43 1/720 Ge 51 
0.325 3:5 | 9.0 
0.303 3.0 5.2 || 
0.282 0 0 || 


* Brass pipe not included. 
} Aperture of r’ continually increasing, coronas diffuse. 
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as the fog-chamber becomes smaller, the rapidity of radiation from without 
inward increases conformably with the smaller bulk of air adiabatically 


$y a A) RAE AG 48 


te ENTS, n, of nuclei per cubic centimeter, caught at different 
exhaustions, in case of pint and quart fog-chambers. 


cooled by sudden exhaustion; or, other things being equal, that conditions 
favorable to the attainment of a high degree of adiabatic cooling are more 


al a 
= sivdenigin 


T 
ie 
NK 
Ke 

a 


—t un + 
26 28 30 sR 4M 36 38 40 @ 44 46 48 +50 dR -& 
Fic. 42.—Number, 2, of nuclei per cubic centimeter, caught at different exhaustions, 
in cases of pint and quart fog-chambers. 


easily met, in proportion as a larger bulk of air is cooled. On the other 
hand, however, the increased bulk is more difficult to exhaust with ade- 
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Fic. aria drop of pressure 6p from total pressure p. 


65. Decay of different sizes of ions.—A second series of experiments 
into which I entered at some length and which, though from the nature 
of the experiment they can not lay claim to a high order of precision, 


OL 'Y) 
0 100 200 300 400 500 600 


Fic. 44.—Number of nuclei per cubic centimeter in 
the lapse of time, after cut-off of X-radiation, for 
different drops of pressure 6p; a, vapor nuclei be- 
longing to series 1 and 3. 


nevertheless lead to very definite results, is contained in tables 21, 22, 
and 23. These ions were produced by X-rays (of moderate intensity) in 
an aluminum-covered fog-chamber with short exposures to an X-ray bulb 
and a glass fog-chamber. The data show that no persistent nuclei of the 
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usual large type are appreciably produced, since if present they require 
almost no supersaturation of moist air for condensation. Moreover, the 
vapor nuclei of dust-free wet air are not caught in the presence of ions, 
or else their number is specially determined and smaller in comparison 


4 
TABLE 21.—Rate of decay for different sizes of ions. Aluminum-covered fog-chamber. 


bp/p ee oak, nxX<10—" bX108 rX1o8 
0.35 D. f. air 77 0.43 
30 360 
300 360 
D. f. air 140 
0.32 Di icair 9.5 0.10 0.48 
30 175 
120 100 
300 31 
0.35 30 360 0.43 
Drie air. 54 
30 265 | 
60 265 
120 | 220 
300 | 300 
600 | 300 
| Ditnair 140 
0.28 | 30 33 2.0 0.60 | 
60 12 
60 12 
200 De 


TABLE 22.—Decay of different sizes of ions. 


p/P (eed cee, 7X 10-4] bX 108 | r X10? 
| 0.26 o | 73.8 43 | 0.66 
| | aie 0.9 | 
15 ee 
0.28 4 484 2 0.61 
30 15-7 
0.30 | I5 | 32.8 3 0.54 
60 | 6.4 
| | 
0.33 | 15 36.8 0.4 | 0.48 | 
| | 60 29.7 | 
| 30 29.7 
120 21.8 
| | 240 6.2 
DD faire 4:4. | 
| 
0.35 15 55.0 0.1 0.43 | 
30 113.5 | 
60 86.7 
120 55.0 
240 38.8 | 
Ditar |, 31.3 | 


98 THE PRODUCTION OF ELLIPTIC INTERFERENCES 


with the ions obtained by the X-rays. This premised, the tables give the 
relative drop of pressure 6p/p from 7, and the lapse of time ¢ between the 
instant the X-radiation is cut off and the instant of the exhaustion made 
to catch ions, together with the number of nuclei, 7 per cubic centimeter, 
caught. The column r is an estimate of the size of nuclei obtained from the 
drop of pressure 6p and b is the rate of decay. 

In table 21, reproduced in fig. 44, the nucleation discovered in dust- 
free wet air at any 6p/p in the absence of X-radiation is always relatively 
small, even at the highest exhaustions made (see points a in figure). 


TABLE 23.—Decay of different sizes of ions. 


5p/p Hotes nal nX10—* bX10° rr X10" 
0.26 Oh 39.0 30 0.66 
30 138 
0.28 o | 378 3 0.61 
30 12-4 
0.30 | 30 | 16.8 4 0.54 
60 6.4 
120 2.4 
| te) 630 
0.33 30 24.8 0.5 0.48 
60 57-6 
120 26.1 
240 9.1 
30 24.8 
| D.£. air 5.5 
_ 60 47.0 
| 3 Onnalheoa 5 
| 
0.35 30 109.2 0.1 0.44 
60 79-7 
120 SI 
240 46.1 
D. f. air 34.7 


* Aluminum screen on. 


Nevertheless, in the first and third series the persistence of ions surviving 
as much as ro minutes after exposure is remarkably large, as if all nuclei 
(vapor nuclei and ions) were eventually caught together. Series 3 passes 
erratically through a minimum, but nevertheless points to an almost 
indefinite persistence throughout. On the other hand, at the lower exhaus- 
tion, series 2 and 4, the number of nuclei soon vanishes. The rates of 
decay determined by the usual equation 


A- = bAt or dn/dt= —bn? 


in series 2, however, are usually less than b=10~7. In series 4 the rate 
would be about b=2 X10, but too few nuclei are present for certainty 
of measurement. The chief interest lies in series 1 and 3, showing that at 
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a sufficiently high drop in pressure, 5p/p=o0.35, the ions produced in dust- 
free moist air by the X-rays decay at phenomenally small rates, or are 
almost indefinitely persistent, whereas larger nuclei decay faster in pro- 
portion to their size. 

Similar facts are-brought out by tables 22 and 23, constructed on the 
same plan and showing the drop of pressure 5p from the total pressure p, 
from which the radius r of the drop is estimated. The nucleation n is 
given after the lapse of seconds ¢ since the X-radiation ceased. From this 
the coefficient of decay b is computed. Both tables show that as 5p/p 
decreases or r increases, b increases at a rapidly accelerated rate, from 
very small values b=107’, to enormous values. The small coefficient b 
is less than one-tenth the normal value obtained for ions with the electrom- 
eter (of the order of 10—*), while the large values are nearly 50 times the 
normal value. 

The interpretation of these results is made difficult by the variability 
of the X-ray bulb. It is safe to assert, however, that the large ions or 
nuclei produced by the X-rays in dust-free wet air vanish with relatively 
enormous rapidity, whereas the very small nuclei are almost indefinitely 
persistent, and that there is a definite relation between the rate of decay 
and the size of nucleus. If, therefore, we regard these nuclei as water 
droplets of different sizes, evaporation is rapid until a limiting diameter 
depending on the intensity of radiation is reached, after which evapora- 
tion nearly ceases. It is also probable, and will be further brought out in 
the next chapter, that the limiting diameter increases with the intensity 
of radiation. If, therefore, as has been supposed, the X-rays produce any 
chemical body which may go into solution, the greater or less abun- 
dance of this body, supplied by greater or less intensity of X-radiation, 
would account for larger or smaller persistent nuclei. The next chapter 
is a further contribution to this question. 
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CHAPTER IX. 


4 


ON THE PERSISTENT NUCLEI PRODUCED BY THE X-RAYS. 


66. Introductory.—Throughout many of my experiments on condensa- 
tion* and particularly during the earlier work,} I made use of a fog-chamber 
impregnated, when hot, with a mixture of wax and Burgundy pitch. These 
chambers were usually of an elongated rectangular form, with plates of 
glass on the opposed broad sides, cemented on, while hot, with an inter- 
vening layer of flat cotton wick saturated with the same molten mixture, 
and allowed to cool under pressure. Wooden clamps on the outside are a 
safeguard against any yielding due to the viscosity of the cement. Such 
fog-chambers may be made rigorously tight and they last for years, even 
when charged with water. The coronas are strong (the fog-layers being 
thick), visible without distortion and measurable throughout their extent, 
even when approaching 50 of aperture with a 6-inch stratum of fog- 
particles, or more. 

These fog-chambers have the additional advantage of being exceed- 
ingly pervious to soft X-rays, and hence throughout my work I encountered 
the phenomenon of persistent nucleation, produced in dust-free wet air 
by the X-rays, when acting continuously for a period of minutes. I can 
not but think that the occurrence of persistent nuclei, as an accompani- 
ment of an adequately strong and adequately prolonged X-radiation, are 
an important property of these rays. It would ally them in quality with 
ultra-violet light, with which C. T. R. Wilsont and others obtained similar 
results. The present observations would, therefore, have some bearing on 
the probability of the pulse theory, which has recently been put seriously 
on the defensive by Prof. H. Bragg.§ 

Again, if it is true that beyond a certain density of ionization (a suff- 
cient number of ions per cubic centimeter) the ions invariably react on 
each other, or on the wet dust-free medium, to produce permanent nuclei 
of enormous size by any method whatsoever, this fact is itself a result of 


importance. 
Nevertheless, these effects of X-light have not always been taken seri- 
ously. Thus, for instance. Mr. C. T. R. Wilson|| states: “. . . . results, 


obtained with a chamber of wood impregnated with resinous cement and 
not rigorously shielded from all possible direct electrical effects from an 


* Publication No. 62, Carnegie Institution of Washington, pp. 18-21, 1907, 
+ Am. Journ. of Sci., xIx, pp. 175-184, 1905; Publication No. 40, Carnegie Institution 
of Washington, pp. I-16, 1906. 
tC. T. R. Wilson, Phil. Trans., A, vol. 192, pp. 412 et seq. 
§ Nature, vol. 85, p. 491, IQII. 
|| C. T. R. Wilson, Nature, vol. 74, p. 620, 1906. 
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X-ray bulb placed a few centimeters from it, are not free from ambiguity.” 
Criticism of this kind, it seems to me, is quite gratuitous; for it is the first 
thing anybody under such circumstances would try for himself, viz, to 
see whether discrepancies due to electro-static or other induction or to 
resonance are really absent. To do this it is merely necessary to place a 
tin plate before the bulb, whereupon no persistent nuclei are obtained at all 
comparable with the yield of nuclei through an identical aluminum plate. 
Naturally I repeatedly shielded the whole apparatus; but apart from this 
Wilson knows, for he made this experiment, as I also did, that a fog- 
chamber damp within shields itself. I doubt whether it need even be 
cloth-lined, as mine always were. Here I would also like to add a word in 
defence of the above type of fog-chamber. If there were within any source 
of nuclei whatsoever, that fact could not escape detection; for the chamber 
must be rigorously and permanently dust-free before any experiments can 
be tried with it. 
Again, in a controversy with G. C. Simpson,* Wilson} remarks: 


It is quite true that spark discharges in air, as well as other ionizing processes which 
are accompanied by chemical effects, do produce large persistent nuclei in addition to 
the ordinary ions; a lightning-flash would, therefore, almost certainly produce such nuclei. 

As to spark discharge Wilson says (Phil. Trans., l.c., p. 439): “‘ No con- 
densation nuclei were produced except when the point of wire was luminous 
when viewed in the dark.”” Wilson’s evidence is, therefore, in turn ambigu- 
ous as to large nuclei produced from ions, for to draw such an inference 
he should first sift out the metallic particles transferred. Furthermore, 
the action of ultra-violet light, which produces persistent nucleation 
similar in character to that in question, is not a normal ionizing process, 
even if slow-moving ions are produced. So far as I can see, the only unam- 
biguous ionizing process productive of persistent nuclei is given by my 
experiments with X-rays which Wilson has not only not acknowledged, but 
done his best to discredit. It is true that in the meantime E. Barkow,t in 
Professor Richarz’s laboratory, succeeded in corroborating the fact that 
persistent nuclei are produced by X-light, but as he worked with an alumi- 
num screened glass fog-chamber, he was obliged to use X-radiation pushed 
to the limit of intensity. 

In view of this unsatisfactory state of the case, I have on two occasions 
incidentally resumed the experiments for persistent nuclei, once about a 
year ago, and again quite recently. I used an ordinary 4-inch spark coil 
energized by 6 or 7 storage cells and a Foucault interrupter. The common 
X-ray bulbs 4 inches in diameter, or even the smaller bulb 3 inches in 
diameter, functioned equally well. They were placed above or at the end 
of the long rectangular fog-chamber, the conventional earthed screen of 
tin plate, with a hole in it 4 inches in diameter, covered with aluminum foil, 


*G. C, Simpson, Phil. Mag., xv, p. 619, 1909. 
t C. T. R. Wilson, Phil. Mag., xvu1, pp. 634-641, 1909; cf. 640. 
{ E. Barkow, Inaugural Dissertation, Marburg, 1906. 
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being interposed for safety. To close this hole with a tin plate, or even a 
glass plate in the case of the coil specified, is to cut off all effects so far as 
the production of persistent nuclei is concerned. Ions, of course, are still 
produced in abundance. The time of exposure was usually about 2 minutes 
and the lapse of time prior to exhaustion thereafter usually 1 minute. 
As a rule, the exhaustion was such as would not catch ions, so that exhaus- 
tion could be made if necessary even during exposure. 


67. Older series of experiments.—A brief digest may be given of the 
work of last year. The endeavor to further identify the persistent nuclei 
was begun with the normal cylindrical glass fog-chamber and the old - 
X-ray bulbs Nos. 0 to 4 heretofore described (l.c.). The chamber may be 
cleaned with a rubber probang and the cap is to be earthed. Aluminum 
jackets were provided for the body. No effect was obtainable for exposures 
of 2 minutes and longer. The chamber was then tested with the walls 
dry, with an absence of earth connection, with aluminum tubes and brass 
tubes within, with long exposures up to 5 minutes, all to no effect. Per- 
sistent nuclei were not producible. Only once, in a first experiment, with 
the vibrator not quite normal in action, I obtained about 25,000 nuclei 
per cubic centimeter through glass. The experiment could not be repeated. 
Cold bulbs were as inefficient as warm bulbs. The X-ray bulbs were then 
softened till the anodal light appeared and then successively sparked to 
hardness. No effect was observable. Meanwhile all the bulbs showed 
good shadows on a fluorescent screen. 

The small glass fog-chamber was now installed,-but no further success 
was obtainable. The failure to obtain persistent nuclei through glass 
contrasts strangely with the marked results obtained on an earlier occa- 
sion.* The difference may be due either to a more efficient bulb, or to a 
thinner fog-chamber used in the latter case. But a full explanation is 
yet to be found. 

Persistent nuclei were not again detected until the wood fog-chamber 
described (45 by 15 by 15 cubic centimeters) was installed, with the X-ray 
bulb at a distance of about D=10 cm. above it. Here bulb No. 4, for a 
two-minute exposure and a thirty-second lapse, gave at once 89,000 nuclei 
per cubic centimeter, repeatedly and strong. The wood fog-chamber was 
now encased in aluminum above and with tin plates on the sides and end, 
with an apparently even greater advantage in the production of persistent 
nuclei. Thus, for instance, 165,000 nuclei per cubic centimeter were ob- 
tained, after a lapse of 1 minute succeeding an exposure of 2 minutes; while 
a tin plate on top (completing the tin case) absolutely removed all action. 
The persistent nuclei are thus due to X-radiation and not to induced or 
Herzian effects. The coronas are characteristic, being heavy with much 
rain, and the second exhaustion, for cleaning, frequently shows larger 


* Publication No. 62, Carnegie Institution of Washington, p. 18, 1907. 
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coronas than the first. Spontaneous generation of nuclei during long 
exposure could not be detected. A trial of the available bulbs under like 
circumstances, for efficiency, showed (x nuclei per cubic centimeter) 


No. 0, 7=0 ING 2 oa No. 4, 7 =90,000—-165,000 
No. I, 7 =26,000 No. 3, 7 =1,600 


so that only bulbs No. 1 and No. 4 were good producers of persistent nuclei, 
at a distance of 10 cm. from the fog-chamber. 

Next day, however, the effect of No. 4, for the same distance, D=10 
cm., had materially weakened, as if the dampness had penetrated the 
wood until it became all but impervious. The results, for an exposure of 
3 minutes, were, for instance, 

No. 0, 2=0 No. 2, #=14,000 No. 4, 2 =6,000 

No. I, 7 =20,000 No. 3, 7=0 
No. 1 with longer exposures, 5 minutes, gave 35,000 nuclei for all lapses ~ 
of time. The further trial to soften No. 3 was ineffectual, and continued 
so after sparking to hardness. In the pursuit of this group of experiments, 
bulbs Nos. 1, 3, and 4 gradually became inefficient. Cooling with water, 
variations at the interrupter, etc., did not improve the results. The fog- 
chamber seemed to gradually shut off radiation coming from a distance 
of 10 cm., and the bulbs deteriorated. 

The top of the fog-chamber was now covered with thin aluminum 0.05 
cm. thick and the X-ray bulbs were placed close to it, so that the distance, 
D, was now reduced to zero. The production of persistent nuclei was again 
strong, No. 4 after an exposure of 2 minutes, for instance, showing 46,000 
nuclei, in many sticcessive experiments. Secondary radiation from lead, 
etc., produced no result. 

Summarizing the above experiments, it appears that all bulbs lose the 
power of producing persistent nuclei after continued use. They soon cease 
to penetrate glass or even wood froma distance. Close up to the wood walls, 
however, the effect (through an aluminum screen for safety) is always 
marked. A wood fog-chamber aging in damp air seems to grow continually 
less pervious, or dry wood is superior to damp wood. The test showing 
that an aluminum-covered chamber is pervious, whereas a tin-covered 
chamber is not so, is sufficient to guarantee the radiation effect, as compared 
with possible discrepancies due to induction and resonance. So also is 
the difference in the efficiency of bulbs. Secondary radiation is powerless 


to produce persistent nuclei. Spontaneous generation could not be detected 
in these experiments. 


68. Recent experiments.—The two fog-chambers used were of wood. 
No. 1 had just been charged with water: the wood fiber. therefore, was dry 
within, whereas No. 2 had held a charge of water for about a vear and the 


fiber was probably wet. As a result, No. 1 was found to be much more 
pervious than No. 2. 
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_ Table 24 gives an exhibit of the results, showing the fog-chamber and 

bulb used, the time of exposure, the time of observation (lapse) after 

exposure, the distance, D, between the outside of the bulb and the fog- 
chamber, the apertures of coronas, s, in the first and second exhaustions, 
and u, the corresponding nucleation. The corona of the first exhaustion 

was usually distorted and not measurable. The fog was allowed to sub- 

side completely, which it did almost at once, after which filtered air was 
introduced and a second identical exhaustion made. These second coronas 
are uniform, and in systematic work the first nucleation may, in a measure, 
be inferred from them. The column marked ions shows the number 
present under a sufficiently high exhaustion to catch them all. In this 
case the exhaustion is made during exposure, because of the rapid decay. 
The remarks refer to the presence or absence of the tin screen placed over 
the aluminum cover between bulb and fog-chamber to cut off radiation, 
to the character of the bulb used, etc. Some comparative experiments 
are made with radium, the available strength of which did not produce 
persistent nuclei. In the following paragraphs I shall give a brief descrip- 
tion of the features of the phenomenon. 


TABLE 24.—Results of experiments with persistent nuclei. Wood fog-chambers. 
6p=17cm. Fog-chamber within metal screen with Al below bulb. Coil with 6-7 
storage cells. 


I, BULBS (4”) OVER FOG-CHAMBER.* 


| | math 
Bulb No. | Bee | Lapse. | mXt10— | mX10— Tees D Remarks. 
| 
min. | min. | | 
N Pee Bog, | a7 Oo 
N a peor. 6 37, | 
N & | I : x a o | Tin shield on. 
N 1.5 I Fog. 59 On Ort: 
f N 1.5 | 2 Fog. | 35 oO 
” spark | | 
I 4 y I I | oO o | Very thard. 
| (0) 1.5 I | Fog. 12 (0) 
| N 2 I | Fog. 10 0) 
3 2 rt Fog. 37; to) 
N 2 I Fog. 17, () 


No evidence of soaking. Difference due to bulb and sparker. Fog-chamber 
changed. Soaked a year and more impervious. Quite tight. 


| 
N | 2 i Oo. Nemes er oe) 
Oa I ie b neer. a EO Softened. 
| 4 I 9.5 | ROOe eae Mp 
10 I 39 me Se soe ae 
I 39 ig lamer Hobe goin 


| Io | | | 


| All the preceding facts brought out on smaller scale. Time of exposure important. 


*Fog-chamber not quite tight. Short exposure has no effect; acceleration on increase of 
time. All bulbs active unless too hard for energizing. First fog a whirlwind. Disk or strip 
of tin as large as bulb cuts off all effect. 
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TABLE 24—Continued. 
II. BULB (4”) AT END OF FOG-CHAMBER. 
First fog decreases to nothing from bulb to free end of chamber. 


| 
==$ 
Bulb No. pe Lapse. | 2,10 | 2,X10-* © ons) D | Remarks. | 
min. min. ) | 
N 2 I Fog. 12 4 I 
N 2 I Fog. 9 | I | Tin jacket on. | 
N 2-3 I Fog elliptic 10 zo 
N 5 I Fog. end 35 I 
to end 
N 5 I te) I | Tinscreen before} 
bulb. | 
N 5 I Fog. end 29 I . 
to end 
N 5 I Fog. ii 1 134” hole in screen 
N 5 I 3 -6 | I | 3%” hole inscreen 
N 5 I te) Be: | rt | 34” hole inscreen 


Tests made for persistent nuclei and ions at different distances, successively. 


Also with radium. 


N 5 Fae Ms tHO.8 | 16 670 I 
5 | 20 1.6 530 4 Py ites 
5 I | rz oe 400 10 | (Tays 
5 is | a 330 24 ; ‘ 
Wi hc | sea | 130 .. | Radium on side. 
I-V 3 hours }-—ase3~-4 270 Radium within. 
Time effect (exposures). 
: = = errr 
N 5 GT Oo I | 
2 I | 23 Eo 
I I | 2 I 
5 I | oO I Tin screen. 
Time lapse after exposure. 
| | | 1] aaa - 
Sie be 0 Gee oe eee ky: : 
x 2 II ee Re I 
5 oe eet | 1 
5 I | 7 had 
_ || 1a E ee 1 ee 
III. SMALL BULB (3”) No. 2, AT END OF FOG-CHAMBER. 
N as | I 21 3 oss I 
2 5 I Fog. 130 25 gee See I 
S | 5 " | o ay te { Glass screen 
a | | am i 15 cm. thick. 
5 I ce) as Do. 
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69. Initial fogs.—These are as a rule distorted as heretofore described,* 
and in a long fog-chamber with the bulb near one end they decrease in 
size from this to the other end, which is liable to be free from nuclei. Fre- 
quently, therefore, the nucleation must be estimated from the second corona, 
the cloud being precipitated on the nuclei not caught in the first exhaustion. 
The first nucleation may be three or more times larger. 

But it is the whirlwind character of this first fog to which I wish 
chiefly to refer. It is quite dissipated in a relatively short time, precisely 
as if it were under the influence of a point discharge. True, the X-ray 
tube, if in action, is liable to make the surrounding atmosphere strongly 
negative; but that any electrification should exist on the fog-chamber, 2 . 
or 4 minutes after exposure, is out of the question. In my apparatus the 
whole is kept permanently earthed through the metallic vacuum-chamber. 
Nevertheless, I most carefully jacketed the fog-chamber with tin during 
exposure, though the effect was obviously nil. I also supposed that the 
fog-particles precipitated on persistent nuclei might carry charge; but no 
evidence of this could be obtained. The whirlwind is, therefore, probably 
due to gravitational readjustment of very heavy fog-particles, precipitated 
on large persistent nuclei. 

Another characteristic feature observed in the production of persistent 
nuclei is this, that the number per cubic centimeter increases at an acceler- 
ated rate with the time of exposure, for a fixed ionization. In other words, 
the number produced per second by exposure to X-rays increases with the 
number present. The condition is thus an inversion of the case of the decay 
of ions, and it is probable that a similar quadratic law, but with positive 
coefficients, will be applicable. Again, the accelerated production specified 
is sufficient evidence of generation of nuclei within the medium and not at 
the walls of the vessel. 

Compatibly with this result, the number of the persistent nuclei caught 
increases, within certain limits, with the time elapsed after the given 
X-radiation ceases. Thus more are liable to be caught 2 minutes after 
exposure than 1 minute after exposure; and more 4 minutes than 2 minutes 
after. Observations of this kind were extremely difficult to make in a way 
quite trustworthy, because of the variability of the X-ray bulb, and I 
adduce the mean results of a large number of trials. 


70. Amount of ionization needed to produce persistent nucleii—The 
ionization, m per cubic centimeter, may be varied by placing the X-ray 
bulb at different distances, D, from the outside of the fog-chamber, and 
estimated at a sufficiently high exhaustion to catch them all, by aid of the 
coronas. The persistent nuclei (n per cubic centimeter) produced in fa 
given time (5 minutes) under the same conditions are determined, in turn, 
by a correspondingly low exhaustion, after the lapse of 1 minute after 
exposure to the rays. 


* Am. Journ., XIX, pp. 185-194, 1905. 
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The ionization thus must exceed at least 300,000 per cubic centimeter 
if a crop of persistent nuclei requiring scarcely any supersaturation to 
condense water-vapor is to be observable, within a few minutes of exposure. 
The number of these nuclei found, in view of the distorted coronas, etc., 
is, of course, an estimate; but it is none the less clear that here again the 
rate of production of large persistent nuclei increases at an accelerated 
rate with the ionization. 

One may note that in no case was it possible to obtain persistent nuclei 
on exposure through a glass plate 0.15 cm. thick. This glass plate, in 
case of the coil used, cuts off all influence almost as effectually as tin plate. 
I am at a loss to account for this result, as on an earlier occasion persistent 
nuclei were obtained in abundance through glass. The frequency of similar 
results might in fact lead one to suggest the possibility of a special kind of 
X-radiation as the cause of persistent nuclei. 

The radium used was sealed in aluminum tubes, so that chiefly the + 
rays are in question. The available amount of radium in my possession, 
compatibly with the ionization produced, is insufficient to generate per- 
sistent nuclei in any time. It is none the less important to actually 
demonstrate that if the ionization produced by radium is sufficient in 
amount, it will really produce persistent nuclei. Wilson,* indeed, assents 
to this, referring again to the point discharge. 


| | Persistent | Persistent 
a nle; fire 7 Sec- 
Radiation: D Ions nuclei, first “ 
nX10— | exhaustion | aE igs 
.<16—* 
x n X10 
cm my 
AGEN Cine Ree, cone I 700 108 16.0 
4 500 20 1.6 
te) 400 1.2 | fee 
; . : & 330 + | 
Radium, just outside.... eae 130 fe) 
within, expos- | | 
ure 3 min. ... rs at 270 .0 


Since there is no evidence that persistent nuclei of the present type are 
associated with some specific kind of mild radiation, the conclusion of 
the last chapter, viz, that these nuclei are ultimately solutional nuclei 
and that the solute is produced spontaneously in dust-free wet air by the 
X-rays, is plausible. It is merely necessary to admit that the difference 
in size of the nuclei of the preceding and the present cases is due to the 
greater penetration of X-radiation in the latter; 7.e., to the greater 
abundance of the soluble body in question for the case of larger nuclei. 


ary : a, ee aad 3 . ae ; 
. .. that such nuclei should, under appropriate conditions (the occurrence of 


chemical action giving rise to soluble products) grow into larger bodies is what might 
be expected; such a growth has for example been observed in the case of the ions arising 
from a point discharge.”’ (Nature, vol. 74, p. 620, 1906.) 
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This explanation fails to account, however, for one essential point: it 
does not easily suggest why the number of persistent nuclei produced per 
cubic centimeter increases at an accelerated rate with the time of exposure to 
X-radiation, caet. par., a fact long since conclusively brought out in my 
earlier reports.* The rate at which persistent nuclei are produced increases 
with the number present, which means that the nuclei or the ions present 
must take part in the production. If, however, it is granted (as I have 
also shown at length) that the number of nuclei or ions increases in marked 
degree as the lower limit of size diminishes, and (for simplicity) that the 
growth of any nucleus increases directly with the time of exposure to the 
X-rays, then an accelerated increase of persistent nuclei in the same time - 
may be predicted. For nuclei in continually increasing number must 
fall within the scope of the low exhaustion with which the persistent nuclei 
in question are to be caught. The coarseness and whirlwind character of 
the first corona are evidently pointed in the same direction. 


* Cf. Presidential address, Phys. Review, XXII, pp. 82-110, 1906. 
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CHAPTER X. 


THE RECTIFICATION OF THE SPECTRUM BY THE AID OF TOTAL REFLEC- 
TION, TOGETHER WITH A COMPUTATION OF THE SHIFT OF ELLIPSES 
IN ELLIPTIC INTERFEROMETRY. 


71. Introductory—In my work of last year,* the quantity n—r$t 
(u index of refraction of glass, \ wave-length) occurred in the reductions ~ 
and in the absence of direct data I temporarily made use of the corre- 
sponding quantity computed from standard data for a somewhat similar 
glass. In this way the amount of displacement of the centers of ellipses 
per centimeter of displacement of the micrometer was determined. It must, 
however, frequently be necessary to find du/dd from a small piece of glass, 
and I have therefore tested the following method in which a Kohlrausch 
total reflectometer slides along the graduated rail of Rowland’s adjustment 
for the grating, as modified for the plate grating by M. Barus and myself.t 

The method is then further modified, in a way that is applicable when 
a glass grating is given for investigation, as in the immediate problem, 
but not otherwise. It admits of some interesting applications, as, for 
instance, to the refraction of the material of film gratings. 

In all cases of solids, the refraction of the more strongly refracting 
liquid in which the solid is submerged must of course be known for all 
wave-lengths; but this is true for carbon disulphide. If the liquid indices 
are not known throughout, in terms of wave-length, they may be deter- 
mined by aid of an air-plate, using virtually the same apparatus and 
method. I shall give examples of all these measurements below. 


72. Apparatus.—In figure 45, AA and BB are the two fixed rails of 
Rowland’s adjustment at right angles to each other. KR, joining the verti- 
cal axes at a and 9, is the cross-rail, stretching from the slide D,which carries 
the grating g, to the slide C which carries the total reflectometer T. Slides 
C and D move at right angles to each other and the position x of C is 
measured along the brass millimeter scale ss by aid of the vernier 2. 

The rail BB is further provided with a slide F for the plane mirror m, 
by which white light is thrown upon the slit c on the slide S, through the 
condensing lens L’. L” is the achromatic collimating objective and the 
rod k (which may be grasped in front at h when necessary) is adapted for 
clamping S and L” together at the principal focal distance of the latter. 
The collimator SL” does not move with D. The grating g, fixed to a hori- 


* Publication No. 149, Carnegie Institution of Washington, Part I, 1911. The Pro- 
duction of Elliptic Interferences in Relation to Interferometry. 
+ American Journal of Science, XXXI, 1911, pp. 85-95. 
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nh /D=(%—m)/2R 
where D is the grating space and R the length ap. 


- 


Fic. 45.—Plan of Rowland mounting, adapted for a 
plate film grating and used for rectification of the 
spectrum of glass, by total reflection. 


The lens L’” on R is the objective of a telescope which focusses the colored 
image of the slit at the slide C, so that it may there be viewed by an ocular 
preliminarily. The latter is held in a standard placed on the table #’ revolv- 
ing on a common axis p with this end of R. When the ocular is replaced 
by the total reflectometer T, of which p is the plate of glass (properly 
centered) to be examined and q the telescope, the weak lens L’” is super- 
fluous; but as a rule it need not be removed and is rather advantageous 
in condensing light when sunlight is not used. 


IN RELATION TO INTERFEROMETRY. 113 


_ When sunlight is used, the lens L’” may be moved a trifle backward so 

as to put the colored images of the slit slightly in front of the cylindrical 

_ glass vessel T of the total reflectometer. If the adjustment is properly 

made the lines are adequately visible in the telescope g and the index may 

be found for a given Fraunhofer line without reference to the scale ss. 

- Without sunlight the scale ss is essential. Naturally the images seen in 

the telescope are not sharp, inasmuch as the cylindrical mantle of the 

bottle acts as one of the lenses; but they are clear enough for the purpose. 

It is usually more satisfactory, however, to ignore the lines and to deter- 

mine the index of refraction for successive positions x of the carriage C 
on the rail AA, given by the scale ss. 

With the total reflectometer revolvable, as a whole, on its axis, the two 
symmetrical positions of g relative to R give the double angle of total 
reflection, or 2y, for the given liquid (usually carbon disulphide) in which 
the glass plate p is submerged. The graduated circle of the instrument 
with which the telescope gq is rigidly connected is available for the measure- 
ment of angles. 


73. Methods.—When the air-plate is used for the measurements of the 
indices of refraction of the liquid, the telescope q is directed along the rail 
R and 2g; found by rotating the plate p until the two limits or ends of 
the visible part of the spectrum successively coincide with the cross-hairs. 
The spectrum is usually nearly homogeneous in color; but the ends are 
liable to show interference fringes. Simultaneously the position x of the 
slide C and the temperature t of the liquid are read off. Thus if 


N:=1/sin ¢ 
be the index * of the liquid at ?, 
No=N (1 +a(t—20))=(1 +a(t—20))/sin gy 
is the index at 20°. For carbon disulphide, at mean temperatures, a =.0008, 
nearly. 


Again, if the glass-plate is now introduced and similar measurements 
gy, t’ be made at x, the index of the plate will be 


n=Ny sin gy =No sin gy /(1+a(t’—20)) 
or 
n=sin gy(1+a(t—?’))/sin ¢: 

Two symmetrical sets of values are thus obtained, one for each of the two 
first orders of spectra at 1 and x2 on opposed sides of the undeviated white 
ray w. This method does not usually succeed very well, for it presupposes 
that in case of the air-plate and glass-plate, which are successively inserted, 
the total reflection occurs at identical parts of the spectrum for identical 
positions x along the scale s. But supposing the aguepment ks trustworthy, 


Mal Ci oneaity mich eonledusclt s notation, N and n are here oat as symbols oor 
index of refraction. They are replaced by /, below. 
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the wave-length corresponding to any given is found from the two posi- 
tions x and x2 at which the same u occurs, from the equation 


h=D(%2.—m)/2R 


In general it is preferable to use the air-plate first to find the indices of 
refraction of the liquid, if these are not known throughout the spectrum. 
There will thus be given two symmetrical curves for the two first orders 
of spectra, separately. Their distance apart x.—% for the given values 
of N determines the wave-length \ sought; z.e., if N is plotted in terms 
of x, the horizontal distance apart of the two curves is the %2—%x1 which 
determines the wave-length for the index N selected. Hence N is given 
in terms of \ and should be reduced to 20°. In case of many liquids, in 
particular carbon disulphide, N is well known in terms of wave-length at 
the outset, so that the air-plate is superfluous. 

The observations with the glass-plate are made in the same way. The 
symmetrical curves for sin gy at t’, reduced to sin g’ at 20°, as found from 
the two first orders of spectra, are first plotted in terms of x. Hence their 
distance apart for two equal values of sin y’ is x2—2%1, from which the wave- 
length \ is computed. This datum in turn gives the appropriate (known) 
value N of the index of the liquid, all at 20°, so that finally 


n=N sin ¢’ 


74. Examples. Liquids.—The circle of the Kohlrausch total reflectom- 
eter is only a little over 3 inches in diameter and the reading is just 
within o.1 degree of arc. The index of carbon disulphide, moreover, varies, 
relatively speaking, in marked degree with temperature; 7.e., 0.0008 per 
degree centigrade. Unless unusual precautions are taken, therefore, one 
can not expect the units of the third place to be quite trustworthy, as it 
corresponds to about 0.07° of arc. The apparatus in my possession was 
an old instrument, and a high order of precision was of secondary interest 
and not attempted. 

TABLE 25.—Air-plate between thin plates of glass in CS: Temp. £=22.2°. 


+ 


Noo = (I-+.00176) /sin ¢. 


x Mean Pi No | Noo Xe xX, AX 10° 
Yl pole ea | 
cm 
66.15 | 38.14° | 1.6220 || 1.6230 | 193.30] 67.20 | 62.82 | 
70 37.98 | 1.6278 || 1.6290 | 189.00 | 70.40 59.08 | 
75 37-69 | 1.6385 || 1.6340 | 185.60 | 73.10 | 56.04 | 
80 37-24 | 1.6553 || 1.6390 | 183.10 | 75.30 Si 7o 2) 
85 36.69 | 1.6766 || 1.6450 | 181.00 | 77.20 | 51.71 
175 36.99 | 1.6649 || 1.6500 | 179.10 78.80 | 49.96 | 
180 37.46 1.6471 |) 1.6560 | 177.40 | 80.10 48.47 
185 37.79 | 1.6347 | I 6610 | 176.00 |, 81.30 | 47.13 | 
| 190 37-99 | 1.6275 || 1.6670 | 174.50 | 82.60 | 45.78 | 
| 195 38.16 | 1.6215 || 1.6720 | 173.40 | 83.90 44.58 
1.6780 | 172.50 | 85.30 | 43.44 


7 oe 
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I will first take the case of an air-plate with carbon disulphide. A film 


_ of air was inclosed between two small plates of microscope cover-glass by 


cementing them at their edges with glue. In another case, plates of glass 


0.3 centimeter thick were similarly prepared. Examples of the results 


4 
TABLE 26.—Air-plate between thick plates of glass in CS,. Temp., #=18.3°. 


x Mean et Noo Neo X2 x1 AX 108 
cm. 
66.15 | 38.00° | 1.6220 |} 1.6180 | 193.10 | 64.30 | 64.16 
70 37-73. | £0318 I) 1.6230 180.705), 66.80 || 61522 
75 37-40 | 1.6441 |} 1.6290 | 186.70 | 69.00 | 58.63 
80 36.93 | 1.6620 || 1.6340 | 184.00 | 71.20 | 56.19 
85 36.15 | 1.6928 || 1.6390 | 181.50 | 73.30 | 53.90 
172 36.66 | 1.6726 || 1.6450 | 179.50] 75.10 | 52.01 
175 36.98 | 1.6601 |} 1.6500 | 177.80 | 76.90 | 50.26 
180 37-43 | 1.6430 || 1.6560 | 176.30] 78.50 | 49.71 
185 B7eia aL -O3L0 W L.O0L0: jal7 4.750579 18024 7in3e 
190 37-94 | 1.6241 || 1.6670 | 173.40 | 81.20 | 45.93 
195 Zoclo) Wel. OL5 5] 1.0720) 5172.00 162. 20m a4 Aes 
| 1.6780 | 170.90} 83.20 | 43.69 
1.6840 | 170.00 | 84.00 | 42.84 
| | 1.6890 | 169.30! 84.60 | 42.19 


are given in tables 25 and 26. In each table the position x of the total 
reflectometer on the rail AA is given, together with the corresponding 
angle of total reflection g;, of the air-plate and the value of No reduced to 


20°. 


1-63 
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Fic. 46.—Graphs showing index of refraction o° CS, for (a) different 
positions, x, of air-plate on graduated rail, and (0) different wave- 
lengths. 


The curves, figs. 46(a) and 47(a), show the value of Neo in terms of x. 
These curves should be quite symmetrical to the vertical, so that for any 
height Noo, (%1-+%2)/2 is constant. 


am = =4.98 X10~7 end, 


a ae he ceaiex "3037 X2 X 109-4 
- These values %, x1, 4, and Nop are also given in tables 25 and 26, for. the 

| successive values of Nx used, and figs. 46(b) and 47(b) show the corre- 
sponding dispersion curves for carbon disulphide at 20°, resulting. 


i 
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Fic. 47.—Graphs thesate index _ secre of for ‘s eee pees %, ~ air- 
plate on graduated rail, and (6) different wave-lengths. 

The curves for Nzo in terms of \, both for thick and for thin glass-plates 
holding the air-plate between them, are systematically above the standard 
values given by Kohlrausch.* The difference is 2 to 3 units in the third 
place, which would be equivalent to 2.5° in temperature, or about 0.06° 
of angle at the vernier, or else to some systematic error or to an actual 
difference in composition of the liquid. I did not consider it worth while 
to seek for the cause of this constant systematic difference of absolute 
results, seeing that the differential coefficients of the curves figs. 46() and 
47(b) would be correctly given, and these are chiefly in question. 


75. Examples. Solids.—The treatment of a solid medium is similar, 
except that the total reflections are observed by reflected light. If the data 
for carbon disulphide be taken at 20° 


n=Nay (x - a(t—20)) sin ¢ 


a Kohirausch, Lehrbuch der  Praltischin Phyaile op Pp. 712, I9I0. 


~~ = 
\ 


IN RELATION TO INTERFEROMETRY. LL 


Tables 27 and 28 contain the data for x, ¢, and (t—a(t—20)) sin g, which 
refers the case to 20°. Figures 48(a) and 40(a) show the values of the 
corrected sin yg in terms of x. The curves, as they should be, are nearly 
symmetrical to the vertical or (%1+42)/2 is nearly constant for the same 
sine. 5 


TABLE 27.—Refraction of the glass of the grating. Temp., 21.8°. 
n= No sin ¢ (I-.00144). 


os Mean ¢}| Sing | Sin @ Xe oF AX 108 Noo n 
: = | 
be | 
66.15 | 70.00° | 0.93834 0.9360 | 191.70 | 69.90 | 60.67 | 1.6245 | 1.5206 
70 69.60 -93592  .9340 187000) 727 Omi 57/034) |e teO2O2 amin S277 
75 68.96 -93199)| .9320 | 185.50] 75.00 | 55.04 | 1.6335 | 1.5224 
80 68.16 -92688| .9300 | 183.40] 77.30 | 52.85 | 1.6391 | 1.5244 
85 67.03 | .91937)| .9280] 181.40 | 79.10 | 50.96 | 1.6441 | 1.5258 
E72 65.70 .91008} .9260 | 179.70 | 80.60 | 49.37 | 1.6489 | 1.5269 
175 66.80 -91781)}| .9240] 178.40 | 82.20 | 47.92 | 1.6538 | 1.5281 
180 | 68.08 -92637|| .9220 | 177.20 | 83.50 | 46.68 | 1.6588 | 1.5294 
185 68.89 | -93153) .9200 176.10 | 84.60 | 45.58 | 1.6634 | 1.5303 
190 69.54 | .93556| .9180]175.00| 85.60 | 44.53 | 1.6682 | 1.5314 
195 79.03 | .93850| .9160| 174.10 | 86.50 | 43.64 | 1.6728 | 1.5323 
TABLE 28.—Refraction of the glass of the grating. Temp., 19.2°. 
n= No sin g (I-+.00064). 
x Mean g| Sing | Sin ¢ Xo oe \X10° Noo n 
'| 
cm. | | 
66.15 | 69.56° (0.93760 || 0.9360 | 189.20] 69.20 | 59.78 | 1.6254 | 1.5214 
70 | 69.19 | .93534 | .9340 | 186.10 | 71.80 | 56.94 | 1.6298 | 1.5223 
75 | 68.54 | .93124 || .9320 | 183.50 | 74.20 | 54.45 | 1.6350 | 1.5239 | 
80 67.55 | .92476|| .9300 | 181.30) 76.20 | 52.35 | 1.6404 | 1.5255 
85 | 66.28 | .91608 |} .9280 | 179.60; 77.80 | 50.71 | 1.6447 | 1.5263 
172 | 66.29 | .91615]| .9260|177.60| 79.40 | 49.08 | 1.6499 | 1.5278 
175 67.1r | 92182 || .9240 | 176.40 | 80.50 | 47.77 | 1.6540 | 1.5283 
180 | 68.11 | .92847|| .9220/ 175.10] 81.50 | 46.63 | 1.6588 | 1.5294 
185 68.84 .93316 || .9200 | 173.80 | 82.70 | 45.38 | 1.6641 | 1.5310 
190 69.38 .93650 || .9180 | 172.80] 83.80 | 44.33 | 1.6691 | 1.5323 | 
195 69.81 | -93913 || .9160 | 171.90 | 85.00 | 43.29 | 1.6747 | 1.5340 | 


If now the distance apart of equal values of the reduced sin ¢ be taken, 
1.€., if xx.—21 be found for nearly equal increments of sin gy, the former 
values determine \, from which the corresponding N2 for carbon disulphide 
is found in turn. 

In this way the data for the values of 1 to be computed are found, and 
m may now be expressed in terms of the \ used. Tables 27 and 28 also 
contain %2.—21, 4, No, for carbon disulphide, taken from Kohlrausch’s 
tables, and n for the glass. Figs. 48(b) and 49(b) show the final dispersion 
curves, index of refraction n varying with wave-length ) for the glass of 
the grating. The constants of these curves will be computed below and 
their character will then appear. 
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Fic. 48.—a, graphs showing refraction of glass submerged in CS, for different positions 
of totally reflecting plate on graduated rail; 5, dispersion curves for glass plate of 
grating. 
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Fic. 49.—a, graphs showing refraction of glass submerged in CS, for different positions 
of totally reflecting plate on graduated rail; 6, dispersion curves for glass plate of 
grating 
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76. Independent measurements.—As an example of coordinated work, 
in which the index of the liquid and of the solid are simultaneously found, 
the following experiment may be cited. The air-plate was inclosed between 
two thin plates of microscope cover-glass. In such a case the limits of total 
reflection are determinable both for the reflected rays and for the trans- 
mitted rays. The angle ¢ in the former case gives the index of refraction 
n of the glass, in relation to the liquid (carbon disulphide), since 


n=N sin ¢ 
whereas the angle g in the latter case gives the index of the liquid alone, or 


N=1/sin g 
Hence 
n=sin ¢/sin go 


needing no correction for temperature. 

In an experiment made at 18.3° with the plate of microscope glass in 
question inclosing the air-film, ¢ = 68.90° and gp = 38.02°, whence 1 =1.5108. 
Using ¢=68.90° as found and the tabulated data for carbon disulphide 
from Kohlrausch, N = 1.6291, 1=1.5199, which happens to agree accurately 
with the preceding n. 


77. Prism (liquid CS.) and submerged grating.—The present method 
for the above purpose makes use of the grating directly. This is inclosed 
in a suitable closed trough, preferably triangular in form, with windows 
of plate-glass and filled with carbon disulphide. If the grating is mounted 
with its ruled face coinciding with the axis of rotation, as in Kohlrausch’s 
total reflectometer, the angle of total reflection may be measured in all 
parts of the spectrum. The Fraunhofer lines which are simultaneously 
in focus are used for reference in succession. Parallel rays of sunlight 
from a collimator are thrown into one face of the liquid prism, normally 
to its plane. They emerge at the other face. The undeviated rays are 
ignored, while the telescope is directed toward the first order of diffrac- 
tion spectra, this emergence also being not far from normal. Like the 
first order of spectra, the second and third orders may often be used 
with advantage, the limit of total reflection being identical in all spectra 
on the same side of the undeviated ray. Fig. 50 shows the details of the 
apparatus. ABC is an equilateral hollow prism of wood, closed above 
and below, but provided with the plate-glass windows a, b, c. The whole 
interior, except the plate, is thoroughly coated with a thin layer of glue, 
which renders it impervious to carbon disulphide. The windows also are 
glued into place, while the top is merely screwed down and therefore 
removable. This is, moreover, centrally perforated, to receive a brass 
tube 1.25 inches in diameter, which carries the graduated circle ce, the 
alidade, and the axial clutches of the total reflectometer. The telescope 
T is fixed to ee by an arm (not shown), so that T, ee, ABC make a rigid 


in 1 the: Cane de. abe SSoad and third andes of spectra appear to 0 the 
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Fic. 50.—Hollow prism of wood with glass sides, con- 
taining CS,, in which plate of grating is submerged 
for total reflection. 


left of D, in succession. The spectra on the other side of R are not usually 
available. Moreover, the reading of these would be different than the read- 
ing for the case where the angle of diffraction @ is smaller than the angle 
of incidence 7. 

The limit of total reflection moves through the spectrum both with the 
rotation of the prism as a whole (which must therefore be on an axle) 
and with the independent rotation of the plate p, actuated by the alidade 
rotating within ee. In the definite adjustment this limit must coincide 
both with the spectrum line \ for which is to be found, and with the cross- 
hairs of the telescope T. Three lines, in other words, are to be brought 
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into coincidence; but after a little practice this succeeds fairly well, unless 
the limit of total reflection is too faint. As a rule, since T rotates with the 
prism, if the limit of total reflection is put on the cross-hairs in any part 
of the spectrum, it will remain there on rotating the alidade till the 
spectrum line selected is brought to the same coincidence by turning the 
alidade. The adjustment is then repeated in succession for greater 
precision. 

After taking the reading for the position in figure, the light is introduced 
through b and the symmetrical position of » found. The difference in 
angular reading is the double angle of total reflection, 2¢. The adjustment 
in the first spectrum holds equally for the second and third orders, and it. 
is in the latter that the phenomenon is liable to be particularly clear and 
the adjustment correspondingly precise. The beam of white light should 
illuminate the whole grating whose ruled face is very nearly on the axis 
of rotation d of the alidade. Sunlight is essential for these measurements, 
since the spectrum lines are to be used. This was not of course necessary 
in the preceding paragraph. 

The following example of results obtained in this way may be given: 


TABLE 29. 


nN 
I Ai from figs. 
ae 48(b) and 
49(d) 


Line. 


1.5215 
1.5206 | 
I 
I 


139-2500} £OLOv ete 5210 


.5240 | 
.5250 


ees eos 


E 136,53 | 18-7 | “1.5244 


which is practical coincidence within the errors of observation and thus 
verifies the above work as a whole. 


78. The dispersion constants of the glass of the grating.—To reduce 
these data for practical purposes it will be sufficient within the range and 
relatively to the precision of observations to assume the simplified form of 


Cauchy’s equation, 
n=A+B/ 


if np is the index for the E line and dg its wave-length 


I I 
n—na=B( Ss Nr ) 


from which B may be computed for each pair of values of » and d. The 
results are given in table 30. B was found separately from each of the curves 
(figs. 48(b) and 49(b)). The values of n—n and X are chosen as near the 


observations as possible. 
9 


¢ larger differences are errors, since they occur i 


ets gay des of releaction of glass n in terms of wave-length, \. 
; : n—nx=B(1/—1/z). Mean B=48 X10—”. 


| pererred xX 108 Mean |Computed | 


BX10%| n—mne 


58.880 

+ .0032 | 48.319 
-0090 | 43.338 
-OOII | 51.109 
—.0041 | 60.573 


may also be obtained for any wave-length \. This and the corresponding 
value* of 


needed in the reduction of the observations of the earlier papert will be 
computed by accepting the mean value BX10"=0.48. 


79. Computation of the shift of centers in elliptic interferometry.— 
In the preceding report,{ I showed that the path difference, y, correspond- 
ing to the centers of ellipses throughout the spectrum is 


I= coe (HAGE) (2) 
where e¢ is the thickness of the glass and yu its index of refraction, for any 
given color of wave-length \. R is the corresponding angle of refraction 
for light incidence at an angle J, or sin =ysin R. In the former experi- 
ment J=45°. In view of the oblique position of the grating, however, the 
micrometer motion N of the opaque mirror introduces an additional 
displacement. Let N be the codrdinate for this mirror. Then 


N=y-—e usin R tan R. (2) 


Hence the readings of the micrometer are determined by (subscripts ¢ 
referring to centers of ellipses) 


aEL AS, _> de 
Ne= oR (# o8R-2 5) (3) 


* The symbol u for index of refraction is resumed throughout the following paragraphs. 
} Publication No. 149, Carnegie Institution of Washington, I9II, p. 69. 


t Publication No. 149, Carnegie Institution of Washington, §44, p. 66 ef seq., IQIT. 
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For the present purpose it is sufficient to assume 
uw=A+B/™ 


and to take the E line as a standard of reference, whence 


ie 
rele 
w—mn= BCE ye) 
Table 31, then, gives an exhibition of the quantities here in question, com- 
puted both for light crown glass, ro"B =0.456, in accordance with the data 
for « and \ given in Kohlrausch’s tables, and for the glass of the grating 
actually used, 105 =o0.48, as measured in the above paragraphs. Ay, and - 
AN, refer to distances from the value corresponding to the E line. N., ye, 


and } are in centimeters and the angle of incidence is 45°. 
TABLE 31.—Light crown glass. 


10n=52.70. 10°B=0.456. Computed values of 


yand N. 
Lines B C 1D) E b F G 
a | 
10°X). .| 68.70 : 65 .63 58.93 52.70 51.80 48.61 43.08 
fines Seeiege | 1.5118 | 2 5128 1.5152] 1.5186] 1.5192] 1.5214 1.5267 
R........| 27° 53’ | 27° 52’ | 27° 49! | 27° 45’ | 27° 44’ | 27° 42’ | 27° 35’ 
du/dX....|281.26 (322.62 |445.62 |623.10 656.14 793.96 |1140.64 
Byte G aor tet 7 79a) tT 799 1) 1853 1 1O204 el 1940) eto 8 T 1.2091 
eV cleeons ats | —-O141 | —.O121 — .0067 @ | -+-.0021 | =4-. 0061 ae Ouiz/ 
Net anceeer| = 99235 .9257 .9315 .9390 .9412 .9456 .9578 
ANe. Eee 5) a OL33 Ie 0075 .0 + 0022 | +.0066} -+.0188 
Plate glass of the grating. 10°\:=52.70. 10°B=0.48. 
TOK: 68.70 65.63 | 58.93 | 52.70 51.80 | 48.61 43-08 
fie eelneareaagrecd | 1.5179 1.5179 1.5205) 1.5240) 1.5252) 1.5270 1.5326 
eer) 27-40 | 127 46-27" 41.7 (27 37-5°\ 27 37 | 27 34 | 27 27-3, 
du/dX....|296.07 339.60 | 469.08 |655.90 | 690.68 | 835.76 |1200.70 
LY sdPaehoe| ssa 1.1820| 1.1841) 1.1890) 1.1962} 1.1980) 1.2025 1.2140 
NS otek eiate..< SS OLA2) —_ OL2 1) 0072) .O +.0018) +.0063| +.0178 
Vigtcte cts « .9288 9309) 9367, .9447 .9464 -9516 .9643 
INS settee =P OLSOe— aI3% — .0080| Oi OON 7 OOOO NE OLOO 


Measurements of N. were now made with the aid of a Fraunhofer 
micrometer reading to a few ten thousandths of a centimeter. The opaque 
mirror was adjustably mounted on a slide and moved normally to itself, 
in order to put the centers of ellipses successively in coincidence with the 
B,C, D, etc., lines of the spectrum. At each coincidence a reading was 
made, care being taken to proceed in one direction only. As there are 
four spectra more or less in coincidence, it is easily possible to select the 
wrong line. By temporarily screening off the reflection from one mirror, 
however, and then marking the line desired of the remaining pair by the 
cross-hairs of the telescope, mistakes are usually avoidable. In the extreme 
blue and red it is often difficult to see the lines clearly in the superimposed 
spectra, so that the data for the B and G lines are not quite so trustworthy. 


r pe nage eg 
he case if parallel rays fall on the slit and the whole divergence 1 
tor is due to the diffraction of the slit. With optical p 
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Fic. 51.—Graphs showing displacement of opaque mirror 
(micrometer motion) to place center of ellipses in different 
parts of spectrum, for case of different angles of incidence, J. 


Apart from drawbacks of this nature, which require patience for their 
removal, the measurements are quite satisfactory as a whole, as may be 
seen in fig. 51(a@). 

In table 32 I have given the observed results, N’, being the arbitrary 
drum-reading of the micrometer and its equivalent in centimeters, from 
which AN, =N'.—(N'-)n is deduced, relatively to the position (N’.)z corre- 
sponding to the H line. Different values of (N’.)z in the two series of fig. 
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51(a) are due to the backlash in the micrometer, as the mirror traveled 
in opposed directions in these cases. 
In the last two columns of table 32 the observed mean data are compared 
with the computed data for AN, in table 31. The results are practically 
| 


TABLE 32.—Observed values of the shift of ellipses compared with the computed values 
of table 31 (B X10" =0.48). 


. - N’. N’. N', N’, Mean Mean 
Line.) 10% Drum} cm. aNa Drum} cm ANe AN; obs. |AN,comp. 
B....| 68.70, 18.6 | 0.0093) —0.0162| 9.6 | 0.0048) —0.0157, —0.0160| —0.0159 
C....| 65.63) 23.0] .OII5| — .0140) 14.4] .0072| — .0133| — .0137| — .0138 
D.. ..| 58.93) 34.6] .0173) — .0082] 25.5] .0127| — .0078] — .0080) — .0080 
eerste 257 Ol ee a .0255 .0 nee 0205) .0 .O ol) 
b....| 51.80] 53.3} .0267/-+ .oo12/ 43.6 0218) -- .0013| +. .0012|-++ .0017 
F....| 48.61; 65.0 | .0325| + .0070) 54.4 0272, + .0067/ + .0069) + .0069 

| G....| 43.08] 92.4°} .0462| + .0207) 80.7 0404, + .0199' + .0203)-++ .0196 


coincident, except at the G line, where the ellipses were too dark to be seen 
distinctly. Hence equation (3) for N. may be accepted as correct. If we 
write it 

e 


Ne ((u?—sin®T) — un %*) (4) 


ay p2—sin®] 
and put m?=,?—sin*/, «=log uw, the equation becomes 
dm 
eae «© 
On integration and reduction this may be written 


eu cos R=) (C— { N.dd/d’) (6) 


where C is a constant of integration. Unfortunately equation (6) is too 
complicated for the computation of » when JN, is observed in terms of 
throughout the spectrum; for the reference to the standard E line gives 
(sin J =constant) 


rere WSS eae eather dy 
V ue—sin®T/\—V whp—sin®l /kw= — > J ANey (7) 
If, however, J is very small, or R=o, 
= Ar AN (8) 
Let u=B(1/d—1/Nx) as above. Then either equation (3) or equation 
(8) for [=o, leads to 
(AN.)o=(N-e—Ne)o=3¢B (1/’—1/Mx) (9) 


This equation is to be tested in the following paragraph. 


aN fal: = Gin /dR) ne s al vy (2—sintl) 
dN./dI 

; 9 zero when I=o° and I=90° while at 45° 

3 (dN./dI) 4s = N-/(2u?—1) 


or the intermediate values are significant. The effect of R is thus marked 
for intermediate angles between 0° and go°. 


80. Continued. Case of I=0°.—The limiting values of J in equation 
(7) are interesting. They correspond to the form of interferometer ap- 
proached in figure 52, where gg is the face of the grating, J the incident — 
ray, M and N the two opaque mirrors symmetrically inclined relatively 
to the grating. Rays R are refracted and rays D are diffracted. In figure 
s2 the’spectra on the left of R are also available; but they are often com- 
plicated with the orders of spectra of the undeviated ray before it has 


Fic. 52.—Adjustment for elliptic interference, in case of small angles of incidence, J. 
Fic. 53.—Adjustment for elliptic interference, i in case of large angles of incidence, J. 


been reflected. To avoid these, one should observe between the spectra 
of the non-reflected ray, or else in the region of non-reflected spectra of 
the third or higher orders, as these are too faint to interfere with the 
reflected spectra. They often advantageously supply fixed lines in the 
spectrum when arc light is used. 

To realize the condition of small angle, a collimator J and the mirror 
N (micrometer movable parallel to itself) were fixed on the edge of the 
spectrometer plate, diametrically opposite to each other. The mirror M, 
the grating gg, and the telescope at R or D were revolvable around the axis 
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of the spectrometer. Grating and mirrors could be clamped. With such 
an adjustment all values of I, in fact, may be tested between about 10° 

and 80°, smaller and larger angles being excluded, because of the lateral 
dimensions of the apparatus and mounting. 

The present method of interference is often exceedingly convenient, 
inasmuch as the telescope at R is almost in contact with the micrometer 
at N, which may therefore be manipulated with ease by the observer. A 
typical form of instrument will be described below in § 83. 

The endeavor may now be made to compute B from the shift of ellipses 
as suggested in the preceding equation (9) or 


AN .=3¢B (1/N—1/)n) 
AN.=8 (r/\?—1/)*z) 


If we compute 8 in 


from the observed value of AN., the mean value for the B, C, D, F, G lines 
is found to be B=0.975 X10—™. Since e=0.68 cm. and B=o0.48X10— in 
table 30, 3eB=10-" X0.979, which agrees very nicely with the computed 
value of 8 just stated, particularly in view of the fact that I is not yet 
quite zero. 

Table 33 contains data computed for y, and N., etc., in case of [=17° 
and the glass of the grating (BX 10! =0.48) 


TABLE 33.—Computed values of y, and N, when [=17°. BX10!=0.48. 


| | | 
Lines. Boe peec. teat Ree Bg 08 beds F G 
| | 
NSC TOS OS. 70. 65.63 58.93 | 52. 70a 5b. CO | 48.61 43.08 
(DE AS 1.5179 1.5179 1.5205) 1.5240 1.5252, 1.5270 1.5326 
Rene IT 16. satel Te | iphey geallie e uney en dees II 
du/dx....|296.07 | 339.60 469.08 | 655.90 | 690.68 | 835.76 | 1200.70 
Tae eas ae 1.0660, 1.0677; 1.0728) 1.0799) 1.0815) 1.0860) 1.0975 
Pas enor — .0139| —.0122) —.007I <Or al + 0016) -+-.0061; +.0176 
IN se pegan spe 1.0269) 1.0287| 1.0338] 1I.0410| 1.0427) 1.0472| 1.0589 
De IN Geta o ees —.OI41; —.0123) —.0072 SOME eae OOL 7 11 0002 tari O70 
TABLE 34 —Observed values of AN,. [=17°. 
Lines. | B eae ff gr) Sf ee @ 
AX10°...| 68.70 | 65.63 | 58.93 | 52. 70 | 51.80 |48.61 43.08 
ad: . AG=3 | Gaz 2203 31.9 : 
We eine : ae : .0232 | ‘ere | "'0348 .0362 .O410 .0525 
Nowe oats — .0138| —.o116| —.0067| .0O + .0014| +.0062 | +.0177 
N’, drum.| 33.6 39.4 49.2 eas mrAcre wilt L528 25.1 48.0 
Ne erCiitie 2 .0168 | .O0197 .0246 | .0315 .0329| .0376 .0490 
AN,...---| —-0147| —.0118| —.0069| fe) | -+.0014| +.0061 | --.0175 
N’, drum. | 44.3 4 20.2 30.0 I 
N f (atlas we ate | .0222 0272 | 0337 | 0351 0400 0509 
AN Grea —.0140| —.O1I5| —.0065 0 | +.0014)' + .0063-7" 017 
ANo abs —.0142| —.O116| —.0067 .O | esata +=, 0002 |-=|.0175 
@ ae . ; rage a 
AN, comp. soz | — 0123 pee Sake = Ore + .0063 - .o178 
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Table 34 shows the observed results. Fig. 51(b) (upper curve, marked 
17°) distributes the observations on the computed curve for AN., when 
AN, for the E line is zero. Table 34 also contains the mean of the observed 
results, compared with the computed results for the same J=17°, in table 
33. The agreement is not quite as good as in table 32, the impression 
being that some of the lines (C, D) have been mistaken in the observed 
work or located in the wrong spectrum. But the general order of values 
for the small value of R is well brought out. 


81. Case of I=90° nearly.—The further case of interest corresponds 
to fig. 53, where the angle [=72° and as large as it could be made in the 
given spectrometer. The observations for N’. are given in table 35, N’. 
being taken from an arbitrary zero on the drum of the micrometer and 
(owing to backlash as before) the zero changes by a fixed amount with 
the direction of the rotation. The spectra were very fine and sharp, but 
too dark at the violet end and red end. 


TABLE 35.—Observed values of AN... J=72°. 


B Cc 1D. E b / F G 
.70 65.63 58.93 52.70 51.80 48.61 43.08 
2g 75-0 62.4 44.4 41.5 30.4 1.4 
.O4II JO378 | .O3F2 .0222 -0208 .O152 . 0007 
.O189 | —.0156 | —.0090 fe) +.0014 | +.0070 | +.0215 
2 | 83.8 70.4 52-5 49.5 36.2 5-4 
.0446 .O419 .0352 0263 .0248 .o181 .0027 
.0183 | —.0156| —.0089 fe) +.0015 | +.0082 | +.0236 
.0o186 | —.0156 | —.0090 .0 +.0015 | +.0076 | +.0225 
50177 |) —- Q1OL 5 — O0Or fe) + .0020 | +.0077 | + .0222 
| | | 
TABLE 36.—Computed values of y- and N., when J=72°. BX10"=0.48. 
Lines. B | We D E b F G 
AKIO’. . |) G8 70 | 65.63 58.93 52.70 51.80 48.61 43.08 
[Ope oorenior: 1.5179} 1.5179 1.5208) 1.5240 1.5252} 1.5270) 1.5326] 
Revoveeare) (ge 48" p38" a8 38°43") .). 38> 49" 38° 34" 438° 32") seh tas 
du/dX....|296.07 | 339.60 | 469.08 655.90 690.68 835.76 |1200.70 | 
isaac ata aay 1.342%} 1.3444) 1.3493) 1.3562 1.3578, 1.3625) 1.3738 
NUS mierh tty: — O41 —.O118] —.0069) me) +.0016, +.0063) +.0176 
(Nea ee . 8222! 8238 . 8308) .8399 8419 8476 8621 
ANe......| —.0177| —.0161| —.o0gT| me) +.0020 + 


The computed values of 7, and NV, are given in full in table 36 and AN, 
computed is also inserted in the last line of table 35. The agreement 
of observed and computed is satisfactory so far as the observations as a 
whole are concerned. Certain lines are more discrepant than others, but 
the errors are irregular. 

The computed graph with the observations located with reference to 
it is given in fig. 51(b) on the curve marked 72°. The two curves together 
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indicate the change of sensitiveness on passing from a very small to a 
very large angle, the slope of the curve, fig. 53, where [=45° being inter- 
mediate. The method of interference given in figure 53 is very useful 
when observations are made with polarized light (as in the examination of 
doubly refracting média) and the observer finds it convenient to be near 
the polarizer at the slit. 


82. Summary.—I conclude, therefore, that the observations made at 
angles of incidence J=45°, 17°, 72°, have verified the equation 
Keo, 2 
N.=ecosR (u--* 5 =x) =ecosR (uta 28 3) 
for the shift of the centers of the ellipses satisfactorily. To restore the 
ellipses from one spectrum line to another is equivalent to a motion of 
the micrometer over N,—N’.=AN,. This constitutes a second method 
of interferometry of relatively low sensitiveness, 7.e., a coarse adjustment 
on the number of fringes which pass a given spectrum line. Per fringe or 
per vanishing ring, obviously, the displacement of the mirror on the microm- 
eter will be a half wave-length of the part of the spectrum in question. 


83. Apparatus.—Interferometry by displacement has an advantage, 
inasmuch as the observer never loses the ellipses, even when the displace- 
ment is sudden. Their center may always be brought back again to a 
given spectrum line by the micrometer. Moreover, since 


en du 
Bee as B/cos? R 
AEN ecos R (u+2B/cos? R) 


where N, is the reduced micrometer reading, e the thickness, u the index 
of refraction of the glass-plate of the grating for the wave-length A, R the 
angle of refraction, and where »=A+B/)’, the sensitiveness may be 
regulated by decreasing the thickness of the grating, e, by aid of a com- 
pensator of thickness e’. For the virtual thickness is now e—e’. Hence, 
since for radial motion the sensitiveness per fringe across any given Fraun- 
hofer line is 


N.=eu cos R— 


dN /dn=x/2 


this may be combined with the shift of ellipses controlled by N., in any 
ratio. The limit of this procedure is conditioned by the size of the ellipses 
or the available size of the field of the telescope, since when e—e’ approaches 
zero the ellipses become enormous. 

Furthermore, it has been shown in the report cited* that the quantity 
du/d\ occurring in the value of N. may be computed preliminarily from 
observations of AN.=N,.—N’., between definite Fraunhofer lines, partic- 
ularly when the angles of incidence J and of refraction K are small. In 
such a case the constant 3eB = nearly, where (J =o) 

Au=B(1/d2—1/'n), ANe=B(1/02— 1/2) 


* Publication No. 149, Carnegie Institution of Washington, §44, IQII. 
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Finally, if AN is the motion of the micrometer to bring the center of 
ellipses back to a given line 


AN = (p—1)e’ 


where ¢’ is the thickness of the compensator. If e’ is large one may expect 
to distinguish between the indices of refraction of a birefringent crystal, 
when the source of light is polarized. Again, when the arms or the inter- 
fering beams of light are long, the index of refraction of a gas and its rela- 
tion to pressure and temperature are accurately determinable. 

In view of these advantages among others I have constructed a definite 
form of apparatus for elliptic interferometry, specially adapted for general 
observations, such for instance as I have in view with fog-particles. The 


Fic. 54.—Plan of displacement interferometer; A, collimator; M, N, opaque mirrors; 
G, grating; E, telescope. 


apparatus is to be light, portable, rigid, with relatively long distance 
between the opaque orthogonal mirrors M and N and the oblique mirror or 
grating, as well as height of mirrors above the arms, and with an easy 
adjustment for different angles of incidence J, large and small. As shown 
in figs. 54, 55, and 56, the distance between the center and either remote 
mirror is about 35 cm. It may easily be enlarged many times beyond this. 
The angles of incidence [=15°, 45°, and 75°, are available at once for 
the given braces, though of course other angles may be used. 

The long arms and feet of the apparatus, which in general form is nat- 
urally much like a spectrometer, are made of \-inch gas-pipe, and the braces 
are heavy strips of tin-plate, bent so as to be U-shaped in cross-section, 
much like umbrella steel, with the ends bolted down. In the drawing 
(of which fig. 54 is the plan and fig. 55 the elevation) the axles are cylin- 
dric or slightly conical. In my own apparatus sufficient rotation, 180°, 
of the parts was secured by ordinary well-cut gas-pipe screws. 
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The tripod (figs. 54 and 55) carries a standard Q of %inch gas-pipe, 
which is secured snugly by the cross-coupling R. From this the horizontal 
rigid arms a and c lead respectively to the collimator A and to the slide 
micrometer C and they are screwed into R parallel to the plane of fig. ss. 
The arm e which casries the telescope E must be revolvable around Q, a 
wide axle PP’ and braces b” diverging as they approach Q sufficing for the 
purpose. The telescope is used for reading only and need not be clamped. 
It must, however, be quite firm so as not to shake the instrument. 

The long arms of gas-pipe (a, c,d, e) are not only convenient for the 
attachment, by ordinary clamps, of objects to be examined, but they 
admit of a circulation of cold water (constant temperature), entering or . 
leaving at the feet, so that the lengths of arms are invariable, whatever 
be the temperature of the environment of air. 


Fic. 55.—Elevation of displacement interferometer. 


The standard Q is prolonged above the cross-coupling R as shown at 7 
and the graduated plate at K (for measuring the angle of incidence J) 
rotates around Q prolonged. The plate may be clamped by the set-screw 7’. 
Radially to K, the lateral arm d is bolted below the plate at f. D carries 
the opaque mirror N, which thus rotates around Q with K. 

The adjustment chosen is such that the parts M, N, the grating G, the 
telescope EL, and the collimator A may be displaced upward several inches, 
in the clear. It is thus possible, for instance, to place the fog-chamber 
between MG or NG. 

The inside of 7 or Q prolonged is ground and receives the hollow cylin- 
drical plug 7 of the table J and this may be clamped by the set-screws 2’. 

Upon J stands the grating G secured by the screw g to the ring-shaped 
support H which reposes in an annular gutter in J on three leveling screws. 
Moreover, a spiral spring (not shown) in the inside of the hollow conical 
tube 7 pulls down the ring H firmly upon J, so that nothing is liable to 
fall on transportation. The ruled surface of the grating G is toward the 
light or collimator A and in the axis of rotation. T he adjustment need 
not be very accurate. The rulings are parallel to the slit. 
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Certain details of the parts of the apparatus may now be pointed out. 
The collimator A may be raised or lowered on its vertical stem or clamped 
in any position by aid of the wing-nut, a’, on a longitudinally split tube. 
It may also be slightly inclined to the horizontal, either by the hinge 
indicated in the figure or by the special device shown in fig. 56, where the 
telescope or collimator reposes on Y’s made of strips of elastic brass aa. 
These are so adjusted that the end of T at a’ is naturally higher than at a. 
The ring b and the thumbscrew c then lower this end against the upward 
pressure of all the springs. Reading telescopes so mounted are firm and 
the device is very convenient if a slight inclination is to be imparted. They 
are removed by loosening c. 

The tube a ends on the left in the cross-coupling, which also admits the 
adjustable standard a” and affords an attachment for the braces bb (U- 
shaped in section), the other ends of which are bolted down to the nearer 
feet of the tripod. Thus A is held sufficiently rigid by the braced system 
aa" bb. An inch or a %-inch objective and a 6-inch focus is sufficient and 
by reason of its lightness perhaps preferable to a larger and heavier tube. 
The slit may usually be opened about o.5 mm. 


Fic. 56.—Details showing mounting of 
collimator and telescope. 


In a similar way steadiness, elevation, and inclination of the telescope 
Fare secured, the tubes e and e” (adjustable foot) and the braces b” termi- 
nating in the cross-coupling e’ as has been suggested. An inch objective 
and a 6-inch focus is adequate. Cross-hairs are convenient but not neces- 
sary, as the spectrum lines are available when sunlight is used. If the are 
light is used, strong sodium lines are usually in the field with the spectrum. 

The opaque mirror M is controlled by three leveling screws (horizontal 
and vertical axes) and a suitable spring in the capsule D. It is adjusted 
vertically like the telescope and kept firm by the tubes d and d” (adjustable 
foot) and braces 6’b’, all parts meeting at the cross-coupling d’. The 
braces b’b’ are of equal length. Hence they may be bolted down to two 
of the feet of the tripod in succession, while the tube d together with the 
plate A take the three positions at 30°, 90°, and 150° to the rod a. The 
grating G does not turn with A, but must be specially adjusted to corre- 
sponding angles of 15°, 45°, and 75°, as easily determined by the reflected 
rays. 

Finally, the slide micrometer is sustained by the tubes ¢ and c” (adjust- 
able foot) and the braces 6d, all parts meeting in the cross-coupling om 


IN RELATION TO INTERFEROMETRY, 133 


The latter carries the table L, to which the slide micrometer C with its 
drum at F is bolted down. WN is the opaque mirror adjusted by three 
leveling screws and a spring (horizontal and vertical axes) within the cap- 
sule B. The slide should have from 1 inch to 2 inches of clear play and its 
displacements should be determinable to about 0.oco1 cm. The opaque 
mirrors M and N may both be silvered on the back. They thus last 
indefinitely. 

Since the telescope E rotates both around its own axis e” and around the 
standard Q, elaborate centering of the grating G is not usually necessary. 
The latter is mounted between strips of cardboard or wood and secured 
by the screw g, the brass clutches being about twice as far apart as the ~ 
thickness of the grating. In other words, the grating may be slightly moved 
in a direction normal to itself. 

To adjust the parts, sunlight (preferably) is passed into the widened 
slit of the collimator, in a dark room, so that the spots falling on the mirrors 
M and N (the grating being suitably turned) and on the objective of the 
telescope E are seen and the different reflected images brought nearly into 
coincidence. A further adjustment is then made through the telescope E, 
two of the usual four images of the slit (now narrowed) being placed in 
coincidence horizontally and vertically by manipulating the leveling 
screws on B. Specks of dust, or nicks in the slit, greatly facilitate this 
adjustment. The telescope is then turned to the diffraction spectrum, 
preferably of the first order, and the drum actuated till the interferences 
appear. Naturally the distances GN and GM are to be approximately 
equal to begin with. The solitary ellipses are best for general purposes, 
and they usually correspond to undeviated yellowish and bluish single- 
slit images. The multiple-slit image is to be avoided. If the rings are 
not quite centered in the spectrum, they may be made so by cautiously 
adjusting the screws at B, which tip the mirror about a horizontal axis. 
The telescope should be moved with its foot sliding on a plane. The 
three possible positions of the mirror N (positive uncompensated, self- 
compensated, negatively uncompensated) are about 1 cm. apart on the 
micrometer, for a plate of glass 0.68 cm. thick. When the arc lamp is used 
the accentuated sodium lines in the spectrum may be used in place of the 
white undeviated images of the slit, both for adjustment of the two spectra 
for coincidence and as a fiducial mark, in place of the cross-hairs in the 
telescope. For a small angle of incidence the sodium lines of higher orders 
of spectra are also liable to be available. 

To measure the angle of incidence J the table J is turned in its socket 
until the reflected image of the slit coincides with the slit itself. A 
hole is cut in the top or side of the collimator tube near the slit (not shown) 
for this purpose. Thereupon the table J is turned back again until the 
images coincide in the telescope. The angle read off on the graduated 
plate K is I, the reflected ray traveling over 2I. The table I is provided 
with an index and vernier (also omitted in the diagram). 


134 THE PRODUCTION OF ELLIPTIC INTERFERENCES 


The apparatus described, being made virtually of hollow parts, is light 
enough to be carried about with convenience. In the case of the figure 
where the angle of incidence J is small, the distance from M to N is about 
70 centimeters. It may easily be increased to several times this, by insert- 
ing longer gas-pipes at c and d with appropriate braces. The fringes are 
very stable even when the instrument stands on a table fastened to a 
wall-bracket. They naturally quiver when the observer is manipulating 
the micrometer screw, but they return at once to quiescence when the 
hands are removed. To obviate the quiver, i.e., to follow the motion of 
individual rings, the usual tangent screw method may be employed. 

I may add in conclusion that in order to make the rings sharply black 
and color, a slit about a millimeter wide, placed vertically in front of the 
objective of the telescope E, may be employed. This may be supported 
by an ordinary clamp on the arm e, the clamp giving opportunity for the 
lateral motion needed in adjustment. 


84. Other interferences——The same apparatus may be adapted for 
observing the linear diffraction-reflection interferences described by Mr. 
M. Barus and myself.* The equations here available are 


6e=/2 cost de’ =)/2 cos 6 de” =/2(cos 8—cos 7) 


where 6e, de’, and ée” are the respective increments of the air-spaces between 
the face (rulings) of the grating and the parallel opaque mirror in front of 
it, per fringe passing the cross-hairs of the telescope or a given spectrum 
line, \ the wave-length of light, and 7 and @ the angles of incidence and 
diffraction in air. For the measurement of de, \, 7, @ should be known or 
determinable. 

For these observations let the micrometer C be removed from its plate 
and now bolted down on the graduated plate K (fig. 57), the tube J and 
appurtenances being discarded. This must be so done that the face of the 
opaque mirror N and the rulings of the grating g are in the axis of rotation 
with the lines of the grating parallel to it and the slit. Hence the mirror 
must be adjustable by aid of a capsule B with set-screws (horizontal and 
vertical axes of rotation) and springs. The grating g has its independent 
mounting with three similar set-screws and springs. In the figure the 
mirror N is stationary, 1.e., fixed to the rigid part C of the micrometer, 
while the grating is movable to and fro, 7.e., fixed to the slide D and actuated 
by the micrometer screw s and graduated head F. Usually N will be at- 
tached to some apparatus whose linear excursions are to be found, and for 
this purpose of attachment the cross-coupling R in fig. 55 is abundantly 
supplied with screw sockets (front and rear, not shown), so that such 
parts may be here attached. In fig. 57 the counterpoise H, for instance, 
has been added. 


* The grating interferometer, Science, XxxXI, 394, 1910; Phil. Mag. (6), xx, P- 45, 1910; 
Publication No. 149, Carnegie Institution of Washington, chap. 2, 1911. 
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To prepare for observation the plate K and the telescope E are turned 


_ until a suitable angle of incidence i=ANs and of diffraction 9=sNE are 


obtained. The fringes are seen when g and N are sufficiently near together 


(the distance apart may be as much as 1 centimeter), on condition that 


the direct images of the slit from the front face of N and the rear face of 


g are in coincidence horizontally and vertically. E may be revolved for 
this preliminary adjustment. To find 7, the angle of incidence, the gradu- 
ated plate K is turned from the given position of coincidence until the image 
of the slit falls upon the slit itself at the end of the collimator A, a hole 
(not shown) being left in the collimator tube near the slit for this purpose, 
as explained above. If the fringes are not sharp, they may be made so by . 


Fic. 57.—Modification of apparatus for diffraction-reflection interferometer. 


further adjusting the set screws of N or g by trial. This usually succeeds 
easily, remembering that the fringes move about a horizontal axis normal 
to the mirror when the mirror moves about a horizontal axis parallel to 
its face. For other details the earlier paper should be consulted. 


85. Other measurements: high temperature, adiabatic transformations, 
etc.—The displacement interferometer constructed with its arms made of 
gas-pipe is adapted for high-temperature investigation. For if a current 
of cold water at constant temperature be passed through the arms in ques- 
tion they will be kept at invariable length, however much the atmosphere 
about them may change in temperature. Furthermore, since the distance 
between the central grating and the opaque mirror may easily be increased 
to a meter or more, tubes of considerable length may be inserted in the 
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interfering beams of light. The displacement interferometer should be 
used with the angle of incidence nearly zero, in which case this angle is 
without effect on the micrometer reading and the observing telescope lies 
in a particularly convenient position side by side with the opaque mirror 
on the micrometer. This is thus immediately at hand. 

It seemed to me, therefore, that a particularly interesting subject for 
investigation would be the relation of temperature and pressure of the 
index of refraction p of air. According to Lorentz* the u—1 for air follows 


the equation 
p=C (u—1) 8 


(p pressure, C constant, 3 absolute temperature), coinciding in form to 
the intrinsic equation of a gas, since the temperature coefficient of u—1 
for air is very nearly equal to its coefficient of expansion. Mascart finds 
this not quite true. Pressures are to be corrected by (1+ 8p) where 8 is 
equal to 0.0000072 relative to centimeters of mercury and the tempera- 
ture coefficient is a=0.00382. 

At all events, the temperature coefficient a is so large that a method of 
high-temperature measurement is not out of the question on the one hand, 
while on the other the variation of a throughout long ranges of tempera- 
ture is of considerable interest. I have, therefore, made a few tentative 
measurements at low temperatures to test the apparatus and have found 
it trustworthy throughout. In table 37 the apparatus is adjusted with an 
angle of incidence of J=15°. The index of refraction is determined from 
the displacement of ellipses when the air contained in a longitudinal 
sealed tube in one of the component beams of light which interfere is 
alternately filled with air at pressure p and exhausted at a given tempera- 
ture t. This tube was 23.8 centimeters long and of brass surrounded 
with a close-fitting tubular temperature bath. 

The first column of table 37 shows the barometric height and degree 
of exhaustion (residual pressure). The second the micrometer displace- 
ment of the opaque mirror which brings the centers of ellipses back to 
their original position with reference to a given spectrum line. This read- 
ing is taken on the drum of the micrometer, the scale parts being 0.0005 
centimeters. When electric arc light is used the accentuated sodium line 
is always in presence in the spectrum and makes an excellent fiducial line 
for the centers of the ellipses. A single exhaustion is sufficient for two 
readings, as the displacement occurs on exhaustion (from red to green, 
for instance) and is measured by the turn of the micrometer to bring the 
ellipses back; while on readmitting air the displacement is in the opposed 
direction and is again measured by restoring the center of ellipses to the 
position of the sodium line. If this displacement of the opaque mirror on 
the micrometer is AN centimeters the index required is 


w=1+AN/e 


* See the admirable summary in Landolt and Boernstein’s Tables. 
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if e is the length of the tube. AN must be given in centimeters, as shown 
in the third column of the table, and from this the u of the fourth is found 
at the temperature ¢ in the last column. They refer to the wave-length 
of the D line, as this was taken as the fiducial mark. The absolute values 
of u are good, but here of relatively little interest, as no attempt was made 
to standardize the screw, etc., of the measuring apparatus, and the water 
circulation had not yet been installed. The temperature coefficient may 
be found without this. If, therefore, (u—r1) is expressed in terms of ¢ the 
result is a=0.0036, or of the order expected. 


TABLE 37.—Index of refraction of air from shifts AN of ellipses. 
e=23.8 cm. Angle of incidence, J =15°. 


Barometer. | Shift* Mean BEA aur t 
vacuum. | drum. | shiftAN | *~— 3” 
cm. 
76.95: 19° | 13.3 0.00663 | 1.000279 30°(?) 
13.3 
O25, cma) 1343 
E3n2 
13.5 
13.0 
386 
76.98 : 24° | 13.4 .00674 | 1.000283 23° 
13.6 
Ons Chie mult 323 
eracel 
eat ils wAKCl .00677 1.000284 2i- 
13.8 


OpAem 01323 


TLS 2K sit As CCl) 2 00727 I .000306 22 


Os4.em. 15. 


* These fluctuations are due to the absence of water circulation. 


From this datum the working conditions of the apparatus may be speci- 
fied. For a tube 23.8 centimeters long the micrometer displacement per 
degree centigrade is 0.051 scale parts or 0.0005 centimeter each; 2.¢., the 
micrometer displacement is about 0.000025 centimeter per degree centi- 
grade, or about 10-* centimeter per degree centigrade per centimeter of 
length of tube. Thus a minimum of about 2° C. is directly appreciable in 
the given case, or for a tube about half a meter long a minimum of 1° C, 
should be appreciable at all temperatures. This, moreover, would corre- 
spond to the evanescence of two rings in succession, whereas in the above 
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apparatus a little less than one ring vanishes per degree centigrade, at all 
temperatures. The displacement of ellipses for an atmosphere of pressure 
is roughly from the D nearly to the E line. 

In this method the arms need not be of invariable length except during 
the short period of exhaustion, as the data are obtained by differences. 

To turn to the second method for obtaining the same results: the 
displacement of ellipses is accompanied by the radial motion of rings to 
and from the center, and the number vanishing may be counted. If X is 
the mean wave-length between the initial and final positions of the rings 
and m is the number of rings vanishing, then the equivalent micrometer 


displacement would be 
AN =nx/2 


so that the micrometer reading AN need not be taken. Hence 
w=1+nd/2e 


To make use of the method, a fine screw stop-cock is to be inserted 
through which dry air may be admitted at any rate into the exhausted 
tube. In this way the motion of the rings toward the center may be con- 
trolled perfectly and their evanescence counted. The experiment is very 
interesting. Clearly the arms must be kept at invariable length while 
the rings are being counted, 7.e., until they cease to move, when the pres- 
sure is again normal. Fig. 58 contains an example of many results of this 
kind. Here the abscissas denote the number of rings which have vanished 
and the ordinates the corresponding pressure, the latter increasing from a 
few millimeters to an atmosphere. The line of observations happens to 
be nearly continuous. An interruption of the count is, however, of no 
serious consequence, as the slope of the line is alone in question when the 
initial pressure and final pressure are known. It is surprising to note how 
closely these observations lie on a straight line. They do so quite within 
the errors of observation. 

The slope of the line is 


1.€., 0.32 centimeter of mercury at o° C. per ring vanishing, or a little 
over three rings (3.125) per centimeter of mercury. The mean wave- 
length in question (between the D and E lines) is about \=ss5.8X 1075, 
Hence, as the effective barometer was 76.95 —.500=76.45 centimeters and 


the tube length 23.8 centimeters, 


s —6 
pm a aS Ora 
32423.5 


= 1.0002806 


The datum obtained from the displacement of ellipses at the same tem- 
perature (unfortunately not taken) was 1.000279. Inasmuch as the water 
circulation was omitted during the ring measurements and the exact 


| 
| 
| 
| 
| 
| 
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value of \ was not specially found, the agreement is as close as may be 
expected. 

The two data selected from many similar results show how easily both 
methods may be used for mutual corroboration. Clearly the ring method, 
since it involves the evanescence of about 236 rings, is more sensitive, but 
also less expeditious.” It is not, however, necessary to observe all the rings; 
the disappearance of a reasonable number, say 25 or 50, establishes the 
rate of evanescence per centimeter of mercury, or more conveniently the 
number of centimeters of mercury per vanishing ring. If this is determined 
at the beginning and end of exhaustion the mean result is adequate. 


Fic. 58.—Graphs showing number of 
interference rings, vanishing in case 
of increasing pressure of imprisoned 
ait, kept at constant temperature. 


If the air-tube of the apparatus is so modified that the air may be heated 
electrically the ring method should be equally available for temperature 
measurements. The results could be compared with a thermo-couple 
having its fine junction inserted in the tube and read simultaneously. 

As a method of pressure measurement, since for a tube 23.8 centimeters 
long, 3.12 rings vanish per centimeter of mercury, 7.¢e., about 0.1313 ring 
per centimeter of tube-length per centimeter of mercury pressure, the 
method is not very sensitive unless a long tube be used. A tube 1 meter 
long would, for instance, give 13 rings per centimeter of mercury, admitting 
of the measurement of pressure to 0.08 centimeter per ring. One might 
estimate to o.5 millimeter. 

The method of pressure measurement has the rare advantage, however, 
of being absolutely instantaneous, as reproducing, immediately, the state 
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of the gas. It is, therefore, remarkably well adapted for the study of adia- 
batic phenomena. Many questions relative to such transformation of 
gases are thus open to investigation. Since (u—1)=AN/e=nd/2e and 
p=C(u—1)8 
£ =C-AN/e=Cmn/2€ 

the variations of p/#? are directly given by the number, 1, of rings van- 
ishing. But the relation of p and # is also given either by the intrinsic 
equation of the gas or by its adiabatic equation, according to the trans- 
formation which has been imposed on the gas, so that » and # are each 
determinable. 


CHAPTER XI. 


4 


THE DEGREE OF ADIABATIC EXPANSION IN GASES RAPIDLY COOLED, AS 
OBSERVED BY DISPLACEMENT INTERFEROMETRY. 


86. Introduction. Apparatus.—In the present paper I shall make a first 
application of the displacement interferometer described in the preceding 
chapter of this report. The investigation is purely tentative, the endeavor _ 
being both to exhibit the interference method for a case in which it is put 
to a test lying near the limit of its sensitiveness and at the same time to 
measure the degree of adiabatic expansion attainable in fog-chambers of 
regularly increasing size. The paper is, therefore, not to be construed as 
purposing to actually measure the ratio y of the specific heats of a gas, 
but rather to determine the degree of adiabatic expansion in any given 
apparatus in terms of the value of y found for that apparatus. From this 
point of view y will increase from 1 to 1.41 in proportion as the expansion 
in question is more truly adiabatic. 

The adjustment adopted is shown in fig. 59, the angle of incidence I 
being as small as possible (about 15°), in which case the equation for the 
position codrdinate, N., of the movable opaque mirror (micrometer), 
when the center of ellipses is at the wave-length X, viz, 


(1) Ne=e'(u cos R-—, cH) =e'(u cos R+525) 

takes its simplest form, since the angle of refraction R approaches zero. 
In the equation e’ is the thickness of the grating, » its index of refraction 
for the wave-length \, and b the coefficient of Cauchy’s equation. If, as 
in the present paper, the centers of ellipses after displacement are brought 
back to the same spectrum line (D line for instance) again, immediate 
reference to change of wu with d is excluded and the equation for the dis- 
placement of the opaque mirror on the micrometer is then apparently 


(2) AN.=e (u—1) 


where ¢ is the thickness of the object placed in one of the interfering beams, 
p its index of refraction relative to air for the given wave-length X. 

This simple theory, however, is only approximately true, inasmuch as 
the ellipses change in size with the amount of compensation introduced 
by the object. The conditions reéstablished at the D line are thus not 
quite identical in the presence and the absence of the object. In fact, 
the grating as in equation (1) is alternately reinforced by a column of dense 
and rare air through which the beam travels at normal incidence. If AN 
be the difference of the micrometer readings for the two positions, equa- 
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tion (2), in which the dispersion of air is neglected, is to be modified in 
the way suggested for equation (1), so that for the D line of the spectrum 
as fiducial 

(2" AN /e=po—u—™ ($e) = y— n+ 25(b0—B) 

Here e is the length, yo and » the respective indices of refraction for the 
high and low densities of the column of air. Equation (2’) is, however, 
apparently too cumbersome for use at the outset, so that equation (2) 
has been preferably admitted for experimental purposes, the dispersion 
of air being disregarded. The values of AN so found are too large and the 
consequent values of y all too small. They will be corrected, however, in 
§ 97, in which the theory is to be developed in full. It will then be found 
that the data of the interference method agree with the data of the 
mechanical method as nearly as may be expected. 


Fic. 59.—Diagram of displacement interferometer, 
GM N D, and the air-chamber F. 


If AN, is equivalent to n interference rings of the mean wave-length X, 
(3) AN.=n~ 


In fig. 59 the pencil of light c enters from a collimator at C and en- 
counters the grating G at a small angle of incidence J. The reflected 
undeviated beam m is returned by the stationary opaque mirror N, the 
transmitted beam m by the movable opaque mirror M on the micrometer, 
after which both enter the telescope R. The arms m and m of the inter- 
ferometer are of gas-pipe and provided with a circulation of cold water 
at constant temperature, though in the present chapter this is not needed. 
The micrometer at M is graduated to 0.0005 cm. on the drum and easily 
read off by estimation or vernier to 0.00005, 7.¢., to the mean wave-length 
of light. The tests below show that the center of ellipses may be placed on 
a given spectrum line with about the same precision. Hence the displace- 
ment method is not much less sensitive than the ring method. 

The object F to be examined for change of index of refraction, 7.e., the 
air within a closed chamber, dry or wet, at any temperature, is conveniently 
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placed in the beam m. If its lateral extent is wide, the angle J must be 
increased; but it is obviously desirable, apart from the other reasons 
given above, to have the telescope as near the micrometer M as possible, 
in order that the micrometer may be manipulated with ease and expedi- 
tion. Though the telescope at R is needed for adjustment, the position 
at D is used for observation. Hence if the adjustment is made once for 
all, a much larger angle is available than for the undeviated beam. Inci- 
dental adjustment may be made after the fog-chamber F is inserted, by 
placing the two diffracted images of the sodium line used in coincidence, 
together with a simultaneous coincidence of the pairs of sharp shadows 
(horizontal black line) of dust-specks or a cross-wire at the slit. Finally, 
in the method used below the pencils m, R, D, etc., may all be made to 
pass through the plate-glass sides of the fog-chamber (see fig. 63). 

To obtain ellipses quite sharp (alternating black and colored bands), a 
part of the objective of the telescope should be cut off by a small adjust- 
able vertical screen about 1 inch square, or by a wide slit. More than 
one-fourth of the %-inch objective is rarely needed in the horizontal direc- 
tion. When this is done, undesirable beams of light are excluded and the 
stationary interferences are also liable to vanish, whereupon in the case 
of sunlight the Fraunhofer lines (to be used as fiducial lines) become 
unmistakably sharp and clear. In case of electric arc light, the sodium 
line from the silicate in the carbons is always strong and a number of them 
are usually available in the different orders of spectra. The ellipses, too, 
remain in the field, in spite of rough usage of the apparatus near at hand 
(air-pump, sudden exhaustion, etc.). The electric arc should be used 
directly, 1.e., without lenses or condensation, the arc being adjusted in 
height, etc., and at a distance of about one foot or less from the slit. The 
present method depends essentially on the use of narrow pencils. The 
sodium line is apt to be much higher than the spectrum band in the tele- 
scope. It is intersected by interference bands even in dark parts of the 
field of view. With the motion of the rings these move up and down the line. 

The use of the coincident sodium lines for reference reduces all the 
measurements to the wave-length of this line, as the centers of ellipses 
are invariably brought back to it. 

The fog-chamber in the present experiments is much too short for 
accurate measurements; but it is admitted (as suggested above) to test 
the details of the method. In definite experiments the component pencils 
of light should be made to pass (by reflection between mirrors) many times 
through the fog-chamber, in which case not only would the sensitiveness 
be increased proportionally but mean increments would be reached for 
all parts of the air-chamber. 


87. Equations.—It is convenient to test the present method of observa- 
tion by a determination of the ratio y of the specific heats of constant 
pressure and of constant volume, as has been suggested. This offers a 
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serviceable method of arranging results, even if an absolute measurement 
of y is not directly aimed at. The degree of adiabatic expansion reached 
in vessels of different sizes, by sudden exhaustion into a vacuum-chamber 
by the plug-cock method, is the chief point at issue, both when the ex- 
hausted chamber is dry and when it is wet. In proportion as the exhaus- 
tion is less adiabatic and more isothermal the value of y found will decrease 
from about 1.4 to 1.0. 

The normal equation of the transformation impressed on the gas is thus 


kA a: 

p* po” 

for approximately adiabatic expansion, in case of pressure p, specific 
volume v, and density p, for two different states. Similarly the intrinsic 
equation of a gas and the Lorentz equation (afterwards to be corrected) 
for the change of index of refraction of air with temperature and pressure 
(the temperature coefficient being approximately identical with the coeffi- 
cient of expansion), are 

(5) p=Rpd 

6) p=C (u-1) 9 


Here RF is the gas constant and 3 the absolute temperature. C for refraction 
thus corresponds to RK and (u—1) to p. To determine C, since 


(4) pe= 


Gdian Bias 
3 (io — 1) 
the data in Landolt and Boernstein’s tables are available. If Mascart’s 
or Kaiser and Runge’s data be taken 
Saal 4. het 
273 .000292 


=952.6 


Mascart’s equation differs from equation (6) by the appearance of two 
corrective members and may be written, if ¢ is temperature in degrees 
centigrade and the pressure p is expressed in centimeters of mercury, 


ye enbeo I+.ooo015 t 


I+ .0000072 p 


which is nearly equivalent to replacing C in equation (6) by 
C (1+10*X 150 t—10-*X7.2 p) 
The difference is usually within 0.3 per cent and thus easily allowed for. 


The full equation will be considered below. 
Returning to equations (5) and (6), we obtain by division 


G 
p=p(u—1) 
which in (4) gives 
(7) EN 4: 
(u—1)¥ (uo—1)? 
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If the air in the chamber F is partially exhausted from po to p, changing 
the index of refraction of air from pp to p and AN , the displacement of the 
opaque mirror at the micrometer, is needed to return the center of ellipses 
to its original position on the sodium line 


4 Moe = we-++ mo AN 


where é is the length, 7.e., the thickness of the exhaustion-chamber in the 
direction of the transmitted beam of light. Hence 
AN 
seat S31 Ae 
e 
since yo is practically equal to 1 in association with AN. This together _ 
with (5) and (6) inserted in equation (7) gives 


(3) P (1a : 

From (8) 4 fs ) 
lg (p/po) 

(0) Re 


where fo and % are the initial pressure and temperature in the air-chamber 
just before exhaustion. 
Furthermore, whenever the evanescence of 1 rings is observed 


AN =n(d/2) 


for a mean wave-length \ over which the center of rings passes. Equation 
(9), which may now be written 
0 arae(2-$ 
shows that AN depends simply on the change of density of the gas and not 
on its temperature and pressure separately. Hence AN does not change 
after exhaustion while the air in the chamber, with rise of temperature and 
of pressure, gets back to atmospheric temperature. For if the chamber is 
tight, p remains constant. This is true to the extent in which C is constant. 
Nevertheless in practice, during the short period of apparently stationary 
minimum temperature and pressure subsequent to exhaustion, it is easy 
to observe the evanescence of a number of rings in a sense equivalent to 
an increase of AN. This phenomenon will be discussed at length below. 
If in equation (8) corrected with reference to Mascart’s results the cor- 
rection factor is placed within the parenthesis and 6¢=t—t and 6p=po—p, 
the value of y is very nearly 


ae a lg (p/Po) 
Ig( 1— a" 59-+Bdp— ra (1+a"t—Bp) ) 


where a=o.0001s and B=0.0000072 relative to centimeters of mercury, 
Thus y is not quite independent of the individual pressures and tempera- 
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tures, but it is difficult to state at the outset what will happen. If an ex- 
pansion in series is to be made from equation (11) to include the correc- 
tion, 6p must be very small and the equation becomes 


e6p 

= Y= CHAN +0" (COHAN + epals) —B(COAN P+ €P*) 
which shows that y without the correction is too large. 

For the case in which 6p and AN are small, equation (9), if expanded, 
thus leads simply to 

__ 5p 

where 5p is the drop of pressure on adiabatic expansion. Here y depends 
on the percentage accuracy of 6p, e, C, %, and AN, while fo does not enter 
the equation. The sensitiveness is thus directly increased by elongating 
the chamber in the direction of the beam of light as suggested above. A 
similar approximation is obvious when y=1, very nearly. In such a case 
(13) also applies, or AN and 6p are here proportional quantities. 

In general, if ya=logi (p/ fo) 


AN 


int: teat al 
~ Cdo/epo 

When use is made of the combined air-chamber and vacuum-chamber 
(the latter having been taken as infinite in size in the above equations) 
and sudden expansion takes place from one to the other, the initial tempera- 
ture and pressure pp and % in the air-chamber and the initial pressure p 
of the vacuum-chamber are observed; but the final common pressure, 7’, 
when the chambers are in communication, can not as a rule be found by 
observation. The pressure p’ may, however, be computed from the 
initial pressure p of the vacuum-chamber before exhaustion as follows: 
Let v be the (small) volume of the air-chamber where y is observed and 
which contains a plenum of air and V the (large) volume of the vacuum- 
chamber. The functions of these chambers may, of course, be reversed, 
so that low pressure exists in the air-chamber and a plenum in the vacuum- 
chamber. Since the increase and diminution of volume v’ are identical 
for the two chambers 


git Ata Po | Ales {Alon 9 


and v’ may be eliminated; whence 


'\ Vy l/y V v C8 AN 
(9 (2) (2) V4 2, Onan 
V+o V+ 
and finally . : 3 2 
(a 6) BD = _ Ag(p/po) = 
1 (2 = Vehe ak) 
8 V epo 


so that the initial pressure, fo, of the air-chamber and p of the vacuum 
chamber need only be observed, if the relative volumes v/V are known. 
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If v/V=o, the above equation (9) is reproduced. From equation (16) 
the values of AN for y=1 and y=1.41 may be computed, 772, 


PAE Rel teb\ .5V 
(17) ANE SEES) 
and 4 

8 Fp a 5 a a SL 
as) aka tA 2)" 


where 1/y=.71. 

Finally, the fall of temperature appears as 

ve oe (2) ui 2 

(19) Igo’ =1g%+ (y¥—z)lg rs es 
where % is the initial and 8’ the final temperature in the air-chamber 
immediately after exhaustion. 

If the rdles of the air-chamber and the vacuum-chamber are exchanged, 
t.e., if the vacuum-chamber now contains a plenum of air, AN becomes 
negative, so that arithmetically p> po, 


= lg (p/po) 
(20) a pa veL SN 
g\t V po 


which, if v/V=o, or the atmospheric pressure, B, becomes the common 
adiabatic pressure, reduces to 
lg (B/(B—5p)) 
21 = 
a sees 
e(B— 5p) 

All the quantities needed in equation (9) are easily measured except 
AN, the micrometer displacement for so small a value of e as has entered 
into these experiments. The error made in AN due to the mere placing of 
the center of ellipses on the fiducial sodium line is not larger than .oo005 cm. 
But there may be further discrepancy owing to the flexure of glass win- 
dows or to their displacement. To compute it, the equation (v/V =o) 


Gs ar C%o/epo 
a(AN) (1 (ON) (, CO) 
8 epo epo 


may be used. 

Finally, we may add to these equations the value of the actual expansion 
vy’ which the volume v of the air-chamber undergoes on sudden change of 
pressure from pp to p’, when p is the pressure of the vacuum-chamber of 
volume V. From equation (15) on reduction 

y’ ~p 1/y —_ pyy 
(23) = Pee 
PMY Por” 
pelem x v! /v=(po/p)Y9—1 
which is identical with the adiabatic equation. 
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88. Small brass fog-chamber dry and wet.—The first experiments 
were tried with a small air-chamber of brass (fig. 60), flanged at both 
ends and provided with an exhaust-pipe E leading by way of a 1%inch 

rubber hose to a large vacuum-chamber. 
og This was kept at a definite low pressure by 
eke an air-pump. A cock (not shown) was 
available for influx of dry air into F. The 
ends of F are closed with glass plates g g’, 
secured by a ring and bolts which press the 
plates against the rubber gaskets r r’ with 
complete freedom from leakage. The di- 
mensions of the chamber F were: length, 
17 cm., diameter, 3.7 cm. The exhaust- 
pipe was 2.7 cm. in diameter and somewhat 
over 50 cm. long. The volumes of the air 
(v) and vacuum (V) chambers were thus 


v=183+442=625 cu. cm. 
V =12770+97 = 12867 cu. cm. 


a respectively, whence v/V=.049. Unavoid- 
uy ably the pipe comprised a greater volume 
Fic. 60.—Longitudinal sectionof than the air-chamber. The latter was lined 
ee air-chamber, 17 cm. with thick dry blotting-paper to be moist- 
ened with water at the end of the experiment. 
The measurements were made with this by placing the center of ellipses 
on the sodium line and noting the micrometer reading, then suddenly 
exhausting by opening the r1-inch stop-cock into the vacuum-chamber 
and closing it again by a single sweep of 180°. The ellipses were now 
brought back to the sodium line by moving the micrometer over the meas- 
ured distance AN from the first position. Table 38 gives an example of 
the mean results for drops of pressure between 20 and 60 cm. At each of 
these stages many measurements were made and the mean of the results 
taken. AN, so far as mere measurement is concerned, is correct to 0.00005 
cm. in a single reading. 
TABLE 38.—Experiments made with the small brass air-chamber attached to the arm 


m, fig. 59. Method by exhaustion into vacuum-chamber. Barometer, po =76.13 cm.; 
temperature, fo =20.7°, 4) =293.7°; length, e=17 cm.; C=952.6; v/ V=.049. 


PLOT eae a Ba 

p | r0°AN | ¥ | 

| 

| 

56.13 1250: | {G.97" 7 
SOuT3 2500 | .96 


Here y is so nearly 1 that the expansion takes place under virtually 
sothermal conditions, in view of the small air-chamber and in spite of 
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the rapidity of exhaustion. That this is not quite the case, however, is 
shown by the distorted ellipses immediately after exhaustion, indicating 
that the rays corresponding to different parts of the ellipses have passed 
through air at different temperatures; but the uniformity is soon again 
restored. It is also to be borne in mind that y for the case of equation 
(2) is inherently too’small. 

It is not impossible, however, that these low values of y which imply 
an excessive AN may in a measure be owing to some distortion of the arm 
m to which the chamber was attached during exhaustion. Strains intro- 
duced here are necessarily very serious and they would be largest at the 
highest exhaustion. 

The air-chamber was therefore detached from the arm m and supported - 
on an zndependent standard, screwed to the same table on which the inter- 
ferometer stood. The results are given in table 39, which again is a mean 
of many observations. 


TABLE 39.—Experiments made with a small brass fog-chamber attached to independent 
standard on table. Exhaustion into vacuum-chamber. Barometer, po=74.57; 
temperature, fp =21.2°, 4=294.2°; constants as in table 38. 


| p | 10°AN Y 
| 
| 
| 
| 54-57 a) (F250 0897 
345575 1 27.50 nO2 
| 14.57 | 4150 66 


These data for y are actually worse than the preceding, showing that 
distortion during exhaustion has been effectively increased. It is dis- 
concerting to find that the individual observations, corresponding to any 
given drop of pressure, are definite and consistent, z.e., apparently quite 
trustworthy; but this merely shows the subtle character of the strain error 
involved when transmitted through the table. If special tests are made 
they again prove that some adiabatic expansion does occur; for when the 
cock is left open, the rings continue to move outward, indicating a current 
from the air-chamber to the vacuum-chamber. This is nearly absent when 
the cock is rapidly closed. Moreover, by warping the table the effect ob- 
served is quite significant, being in part elastic and in part viscous. 

Hence the small brass fog-chamber was now detached and suspended 
from the wall on an independent bracket and clamp, so as to be entirely 
free from the interferometer and table. The data are given in table qo, 

These values of y are probably correct, subject to the final correction, 
for the conditions involved, 7z.e., for the degree of adiabatic expansion 
which can be reached in so small a chamber with the given means of ex- 
haustion and so large a drop of pressure. The inadequacy of the small 
tube for the present purposes is shown (as instanced above) by the dis- 
tortion of rings immediately after exhaustion, while their figures gradually 
become symmetrical again as the uniform temperature is regained, and 
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by the continuous exhaustion if the exhaust cock is left open instead of 
being swept rapidly from closed to closed over an arc of 180°. If the con- 
ditions had been isothermal, y=1, or quite adiabatic, y=1.41, the data 
TABLE 40.—Experiments with air-chamber suspended from wall on independent bracket. 


Dry air. Exhaustion into vacuum-chamber. Barometer, >=75-80; mean absolute 
temperature, %=291.8°; constants as in table 38. 


10°AN  10°AN ¥ 

P 10°AN if | fory=1 Jnthen Ss corrected ) 
= ) | 
55.80 1100 1.08 1170 868 | oe 
35.80 2250 1.06 2330 i? ie ee et 
15.80 3450 1.05 3500 2985 | 1.13 | 


of AN computed in the table should have been found. The error of mere 
measurement, being not much larger than AN = 5 X 10~*cm., can not explain 
any of these discrepancies, though it does account for the irregularities. 


TABLE 41.—Small brass fog-chamber remounted. Brass-tube connection. Fog-chamber 
exhausted. Barometer, p=75.26, 9=290° to 290.8°; v/V=.014; e=I7 cm. 


| | Comp. Comp. 7 
Po 10° AN | Y 10oAN 10°AN Gntocetees 

| | y=I y=1.41 

| | 
65.22 575 eel) £.O50gm 607 426 I.090 
55-17. | 1050 reIsShehe F214 826 L372 
45.13 | 1650 1.082 | 1816 1196 I.112 
35.08 2225 1.065 2421 1527 1.091 
25.04 2633 1.068 | 3036 1795 I.116 
15.00 3300 1.052 3632 1946 1.070 
4.95 4000 EO2T |) . 4237 1769 I .034 


Some time later experiments were repeated with the same chamber, 
using, however, a 2-inch brass exhaust-pipe (with the exception of the 
t-inch mouth at the chamber), a 2%-inch stop-cock, and a very large 
vacuum-chamber, v/V=.014. The new results are given in table 41. 


TABLE 42.—Experiments with fog-chamber suspended from an independent wall-bracket. 
Wet air. Barometer, :=76.00 cm.; absolute temperature, %=297.3°; constants 
as in table 38. 


| | Comp. | Comp. 

p 10°AN ¥ | rotAN | 108A NV 

| el | y=r41 
56.00 TO50, > oT. Th We aIAG 852 
36.00 2100" WV" "XV laries! 22002) | AE TOO 


16.00 3400 | 1.03 3430 2927 


The improvements have made little difference in the results for y. They 
are still of the same low order as in the preceding case. It is probable, 
moreover, that the transformation in the large exhaust-pipe unavoidably 
attached is more nearly adiabatic than in the small fog-chamber. 
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Additional experiments with dry air did not seem to promise new returns. 
The air-chamber was therefore converted into a fog-chamber by thoroughly 
wetting the blotting-paper within. The results obtained with air saturated 
with moisture are shown in table 42. 

These data are virtually the same as for dry air. The computed values 
of AN for y=1 and*y=1.41, compared with the observed AN, together 
with the values of y found, indicate the degree of imperfect adiabatic 
cooling. The glass faces at the ends of the chamber at first remained quite 
clear. Later they were apt to become cloudy, making observation exceed- 
ingly difficult. The film of moisture may be removed by heating the glass 
slightly, but this is not a trustworthy procedure, even if time is allowed 
before the next observation. 


89. Larger (wood) fog-chamber. Dry air.—The next experiments 
were made with an air-chamber, F, fig. 59, of wood with walls about 0.25 
inch thick, covered while hot, within and without, with an adhesive coat- 
ing of resin and beeswax. The ends were perforated with holes about 


TABLE 43.—Experiments with small rectangular wood fog-chamber, with wax and 
resin, suspended from independent wall-bracket, probably too loose. Exhaustion 
into vacuum-chamber. Dimensions 1410.7 X7.8=I1155 C. c. Barometer, po= 
77.08 cm.; absolute temperature, %=296.5°; C=952.6; effective length, e=15.32 
em.; v/V=.124. Fog-chamber slightly leaking. 


| | 
| Comp. Comp. 
p 10cAN Y 10°AN 10°AN t 
| y=I y=1.41 
5708. | 650 1.57 970 718 1251 
37.08 | 1550 T37 1930 1515 —26.40 
17.08 | 2500 E370) i) ©2900 2459 — 66.81 


1% inches in diameter and closed with glass plates cemented to the wood. 
The inside as before was lined with thick dry blotting-paper, subsequently 
to be moistened. The dimensions of the chamber (within) were: length, 
14 cm., breadth, 10.7 cm., thickness, 7.8 cm.; and the exhaust-pipe was 
over 3 cm. in diameter. Thus the volume of the chamber with its pipe 
as far as the stop-cock was v=1155+442=1597 c.c., while the corre- 
sponding volume of the vacuum-chamber and pipe was V=12771+96= 
12867 c. c. Hence v/V=.124. With a chamber of this size a reasonable 
degree of adiabatic expansion may be expected and the results obtained 
in table 43 show the improvement. 

We here encounter the curious result of a value of y larger than the 
normal value for air. From the above equations it therefore follows that 
AN is too small or y too large [equations (10) and (13)]. The values 
of AN computed for y=1.41 or y=1 are given in the table. The large 
result might therefore occur in consequence of leakage, but in view of the 
low drop of pressure it is probably to be referred to some residual distortion. 
If we consider the equation (9) for y, it will be seen that for a given dp, 
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y would decrease from « to zero, while AN varies from zero to Cfo/C8o, 
the maximum value (about 0.004 in the given work) consistent with a 
real value of y, in the absence of all leakage. AN must therefore be greater 
for isothermal than for adiabatic expansion. 


TABLE 44.—Experiments with wood-chamber as in table 43. Exhaustion into vacuum- 
chamber. Barometer, #:=76.65; absolute temperature, %=296.1°. 


Com Comp. | | 

p 10° AN Y Ie°oAN IeoAN t . 
y=!I y= JAE 

56.65 800 248 970 | 720 1.05° ) 

36.65 1750 1.16 1930 | 1520 —27.05 | 

16.65 2800 09 2900 2470 — 67.93 ) 


It is probable, as suggested, that the excessive y in question is due to 
some sort of distortion in the apparatus. Seeing that the efficient length 
of ray used is relatively small (15.3 cm.), a slight change of the inclination 
or of the optical properties of the glass plate through which the ray passes 
during the occurrence of exhaustion might be the cause of it. However, 
in table 44 the results were repeated with care (5 to 10 observations for 
AN, the means of which were taken), with the apparatus practically free 
from leakage. The table as before contains the values for AN which would 
obtain when y=1 and y=1.41, as well as the reduction of temperature 
in degrees centigrade, due to adiabatic cooling, when y=1.4r. 


TABLE 45.—Experiments with wood fog-chamber as in table 43. Suspension laterally 
braced. Exhaustion into vacuum-chamber. Barometer, )=76.14; absolute tem- 
perature %=295.5°. 


| Comp. Comp. 
p 10°AN ¥ | ro0eAN IAN | t 
y=I y=1.41 | 

= 
66.14 | 400 23 480 350 | +11.99° 
56.14 810 eee 970 720 a 
AG. TA £200 r23 1450 II1o 12.86 
36.14 1690 1.22 1940 1520 28.03 
26.14 2290 ca TT 2420 1970 46.18 
16.14 2760 1.14 2910 2480 69.46 
6.14 | 3315 1.12 3390 3090 102.96 


The adjustment was now further improved by additionally bracing the 
wall-bracket from which the fog-chamber was suspended. This resulted in 
a much more definite fiducial reading at the micrometer. The results are 
given on the same plan as above, in table 45. Readings were taken sys- 
tematically in series, the drop of pressure 5p varying in succession by 
intervals of ro cm. 

These results are throughout as near the true value as may be antici- 
pated for the case of so short an apparatus. 


Soap 
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Another more detailed series of experiments was now made, with the 
drop of pressure 6p increasing in steps of 10 cm. as far as 70 cm., and then 
decreasing again. These results as a whole are about the same as in the 
preceding table, except that y at the beginning is relatively high. The 


PAGO RD E30 40 = 50e 2160". 70 


Fic. 61.—Charts showing relation of y to )p=pfo—p 
(approximately the drop of pressure) in case of small 
wood fog-chamber. Curve a corresponds to table 45 
and curve } to table 46. Mean result shown above 
these curves. 


two series of table 46 together give a good account of the actual degree 
of adiabatic expansion reached. The mean results are shown graphically 
in fig. 61. A few other experiments were incidentally made, showing values 
of about the same order, and may therefore be withdrawn here. 


TABLE 46.—Experiments with wood fog-chamber as in table 43, well braced. Exhaus- 
tion into vacuum-chamber. Barometer, pf) =75.75; absolute temperature, %=291.7 


to 292.3°. 
I. Pressure drop 6p increasing. 
| Comp. Comp. 
| p | r0°AN Y | r0°AN 10° AN t 
| | | vy =I V=T At 
= = 
65°75. | 360 1.39 490 | 360 +8.27 
ERC ieran | 759 1 || 980 | 730 | -=-3.26 
| 45.75 1280 1.20 | 1470 | 1120 16.25 
anes 5e75 1710 Lue, te 1960 = .- 4340 | *31.27 
25.75 2230 1.18 | 2450 | 2000 | 49.31 
15.75 2820 Lett YW 2040 2510 | 72.57 
52750) 4 3400 1.06. i 3430 3140 | 108.07 
II. Pressure drop 6p decreasing. 
—108 .02 
Tog 3400 1.06 3430 3140 108. 
AEE 2750 1.17 2940 2510 72.43 
eese75 2170 i238 2450 1990 49.01 
35-75 1700 T.23 1960 1540 30.85 
45.75 1230" "| 1.26 1470 1120 T5075 
55-75 780 5-30 980 730 2.61 
65.75 370 1.35 490 360 + 9.24 


11 
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90. The same. Wet air.—The endeavor was now made to obtain the 
corresponding data for the same (wood) fog-chamber respectively dry and 
wet in succession. Tables 47 and 48 contain the results given on the 
same plan as in the preceding tables. Neither of these series, either the 
dry or the wet set, is satisfactory. In the latter case, in particular, the 
clouding over of the window, which occurs in the lapse of time, is a constant 
TABLE 47.—Experiments with wood fog-chamber as in table 43, well braced. Exhaus- 


tion into vacuum-chamber. Barometer, p> =76.90; absolute temperature, %= 
203.2°. Dry air: 


}} 


p 10°AN oY t lj p | 10°SAN | Y t 


66.86 450 I.10 | +12.97°|| 26.68 2090 | 1.30 |—20.15° 
56.81 800 1.26 5.57 |} 16.64 2700 | 1.20 20.27 
46.77 1150 1.36 — 6.07}| 6.59 | 3200 1.28 33.51 
36.72 | 1750 1.18 10.25 | | / | 


TABLE 48.—Experiments with wood fog-chamber as in table 43, well braced. Exhaus- 
tion into vacuum-chamber. Barometer, o>=76.90; absolute temperature, %= 
293.3°. Wet air. 


p 10°AN ¥ | p 10° AN Y 
66.86 350 i hey } 26.68 2330 / I.09 
56.81 830 TL2E Ws 36.G4t esas 1.08 
46.77 1280 1.19 6.59 | 3450 | -97 
36.72 1680 Lae | 

1 | 


annoyance. On the other hand, it is curious to note the essential trans- 
parency of the fog produced. The observer at the telescope scarcely notices 
any difference in the sharpness of the ellipses so long as the windows 
remain clear. If the wet data are compared with the mean results of tables 
45 and 46 above, they show about the same order of behavior, though the 
wet values for y are as a rule below those for dry air, as they should be. In 


TABLE 49.—Experiments with wet air as in table 48. Barometer, p:=74.64; 
absolute temperature, &=291.5°. 


| p | 10°AN 


| | y t 
| 1 ; fe Pe a ———_ 
| | | 
54.55 1000 | .98 | — 3.90° 
34.46 1850 1.10 | 32.66 
| 14.38 2720 1.21 | 75-53 


general, however, no very marked difference in character has been detected, 
and it was a disappointment to note that the presence of fog-particles 
contributed almost nothing to the experiment. The further trials of the 
wet chamber became more unsatisfactory, owing both to the lack of trans- 
parency of the glass and the gradual development of leakage in the chamber. 
The values in table 49 are of the same order as the preceding and lead to 
no new conclusions. 
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In some of the experiments radium was placed on top of the chamber 


to increase the density of the fog at low exhaustions, but no definite effect 
was detected. 


91. Copper fog-chamber. Exhaustion. Dry air.—A larger vessel of 
thin copper well braced within, with large glass windows, was now con- 
structed with a special view to an increase of the size of the efflux-pipe 
and stop-cock. The dimensions of this chamber were 20.4 X15.6 X18.7 = 
5937 c. c. In the first experiments the inch exhaust-cock with the wide 


TABLE 50.—Adiabatic expansion in copper air-chamber, 20.4X15.6X18.7 cm., well- 
braced. Exhaustion into vacuum-chamber. v/V=.496; barometer, po=76.55; 
absolute temperature, %=291°; e=20.89. 


Obs 10°AN 10°AN i i 
a omp. 

p 10°AN 2 pe a y=1.41 | obs. 7 
66.51 400 1.29 500 370 TPO.) | Sati oy? 
56.46 775 1.36 1010 750 1.9 2522 
46.42 1200 1.34 1510 1150 — 7.4 — 4.32 
36.37 1650 133 2020 1580 17.9 12.61 
26-33 2280 T= £9 2520 2050 29.9 8.56 


rubber tubing was directly attached, increasing the volume by 442 c. c. 
Hence the total volume was v=6379, while that of the vacuum-chamber 
(as above) amounted to V=12867 c. c.; hence v/V=.50 to be used in the 
reduction of initial pressure ) and temperature of the air-chamber 
and the initial pressure » and temperature % of the vacuum-chamber to 
the values when momentarily in communication. A very careful series of 


TABLE 51.—Adiabatic expansion in copper air-chamber as in table 50. Exhaustion 
into vacuum-chamber. Barometer, p)-=74.60; absolute temperature, 4 =294.5°. 


10°AN 10°AN 
2) Obs. y comp. comp. : : 
10° AN sppelys Ween 7=1.41 y obs. 
64.56 380" 72534 498 362 riges | eae a 
54.51 800 1.29 996 742 9 8.6 
44.47 1316 Lo 1490 1140 SAO Teal 
34.42 1738 ees 1990 1570 16.0 — 2.9 
24.38 2125 eee 2490 2040 28.8 20.6 


experiments was now made with dry air, the vacuum increasing in steps of 
pressure of 10 cm. each as far as 6p=50 cm. Exhaustion, as above, took 
place from the air-chamber to the vacuum-chamber. The results are 
summarized in table 50, experiments being made both for increasing and 
decreasing exhaustion. 

A comparison of the observed AN which should be correct to 5X107° 
cm. and the computed AN both for y=1 and y=1.41, shows the degree 
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to which the observations may be trusted. The difficulties are naturally 
most serious at the low and the high values of 6p. Neglecting these, the 
values of y are as a whole higher than in the mean case of tables 45 and 46, 
for the small wood fog-chamber. The table, moreover, contains the fall 
of temperature both for the case of y=1.41 and the actual fall, as computed 
for the mean values of y observed. The experiments were now repeated, 
using an uncompensated interferometer with smaller ellipses. The results 
are given in table 51, the method being the same as in the preceding case. 

These data are lower in general value and correspond to tables 45 and 
46. The three causes of discrepancy are (as before) the relatively long 
interval of communication of the chambers, the distortion of the air- 
chamber and its effect on interference, and the same in its effect on the 
volume and density of the gas contained. The mean result of these two 
tables may be compiled for reference. 


op = Io 20 30 40 5° cm. 
yy (mean) = Ft 1.32 1.26 1.28 1.25 


Curiously enough the mean curves so obtained are similar (see fig. 62), 
showing that the larger chamber is more favorable to adiabatic expansion, 
as would be anticipated. 

If in table 51 instead of equation (16) the corresponding equation (12) 
correcting the temperature and pressure coefficients is taken, the values 
of y are scarcely changed. 


a” = .00015; B=.0000072; dt=h—t; bp=po—p 


6p = 10 20 30 40 50 
Y = T.G2 1.28 L.£7 L.27 1.30 
ot = ra” r4° 24° 42° 
(a"t—Bp)X108 =1710 898 +798 — 683 —3270 
(a”dt— BSp) X 108 = 978 1790 1884 337° 5950 


In the present experiments, therefore, this correction may be neglected. 

In view of the evanescence of two or more rings after adiabatic expansion 
or compression, always in the same sense as the expansion or compression, 
1.€., corresponding to an increase of AN, it is worth while to compute the 
possible effect of the Mascart correction on a gas kept at constant volume 
or density, while p and @ change subject to the intrinsic equation of a gas. 
If the latter passes from ¢ and p through fp) and # and AN is the corre- 
sponding displacement of the micrometer, we may write very nearly 


— BN =FF(a"(e—1) +8(po—p)) 


Hence in table 51, where efo/C@=.00555, the following values would 
hold, 6p=fo— p, 


bp =I0 20 30 40 50) Call 
6N X108= «5.4 9.9 10.4 18.7 33-0 
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quantities too small to be measured, and even in the latter extreme case 
equivalent to the evanescence of only a single ring in the sense opposite 
to the motion of those observed. Thus the observed phenomenon is not 
due to the present correction. It might be due to slight leakage through 
the 24-inch stop-cock, from the initially colder to the initially hotter 
vessels, as these regain atmospheric temperature. In such a case, however, 
it would not stop with a few rings while the pressure difference remained. 


92. The same. Compression. One-inch stop-cock.—An inversion 
of the method was now made, in which the air-chamber was exhausted, 
while the former vacuum-chamber contained a plenum of air. The latter 
may therefore be removed with advantage, and the atmosphere used ~ 
directly, in which case 1/V =o and equation (9) is applicable in the form 
(21). The results are given in tables 52 and 53. These data for y are 
surprisingly small, much below the mean results for the preceding tables. 
The reason for this will presently appear. 


TABLE 52.—Adiabatic compression of air in copper fog-chamber (as in table 50). Dry 
air. Interference method. fo<B. One- inch stop-cock and pipe. Barometer, 
p=76.74; absolute temperature, %=296.5°. 


| | 
One | Comp. Comp. | i t 
Po OY 10°AN I0o°AN = 

10oAN | | sa rem 1.41 ¥ obs. 

| | 

| 
46.61 1868 Loe a) | 2220 1465 69. 80° 53.78° 
36.56 2553 i,11- 1) \2960 1874 94.88 69.36 


TABLE 53.—The same. Barometer, p=75.40; absolute temperature, / =298.3°. 


| | | 
| OSs. od Comp. CosiDs i 
Po | 108A N | yy, | att! | yanat Merk “sis 
| | 
| | | 
45.27 T78r  “t.19 | 2210 1455 72.59° 50.2° 
5.22 PHS oh at) | 2940 1853 99.75 53.0 


93. The same. Compression. Two and one-half inch stop-cock.— 
The endeavor was now made to raise the value of y by replacing the rubber 
tube and inch stop-cock previously used with a 2)s-inch brass stop-cock 
and a 2-inch brass tube. It was necessary, however, to make use of the 
very large vacuum-chamber to which the cock was attached, so that a 
small ratio of volume enters, as in equation (20) above. The volumes 
were 0=5037+1374=7311 c.c., V=103,908-+393 =104,301 C. C., whence 
v/V=.o70. The experiments are given in tables 54 and 55. These data 
are virtually identical with the preceding set by the same method, in spite 
of the larger stop-cock used. Supposing that the inevitable leak in the 
large stop-cock is practically negligible, a sufficient explanation for the low 
results in the compression method is the inrush of relatively cold air which 
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at high exhaustion introduces an additional and very serious error, to 
which the exhaustion method is obviously not subject. 


TABLE 54.—Adiabatic compression of dry air in copper fog-chamber (as in table 50). 
Interference method. po<B. Two and one-half inch stop-cock; 2-inch pipe. 
v/V=.07. Barometer, p=76.44; absolute temperature, %=297°. 


| 
Comp. Comp. | 
Obs. | 6 T t | t 
Po 10°AN x bea | — mie y=1.41 | yobs 
| 
46.31 1786 yan’ 13 2070 1366 | 67.88°  40.8° 
36.26 2400 TLE 2760 1747 QI .89 |. 45- 6 


TABLE 55.—The same. Barometer, p=75.43; absolute temperature, %=294.7°. 


| | 
| Comp. | Comp. | 
| Obs. 6A AT t t 
Po | 10AN * det | Mecha: | Y=1.41 | yobs. | 
65.39 | 595 1.16 694 486 33-4° 27.2° 
45150 | L783 1.14 POSE) 1, 453740 1 G6 ss 39.8 
35.25 | 2407 1.11 27750) Vass 90.6 43.6 
25.21 3050 1.09 3469 | 2064 126.5 48.5 


94. Clement and Desormes’s apparatus.—It now seemed desirable to 
compare the above results for the copper air-chamber with the value of 
y directly determinable by the classic method of Clement and Desormes. 
For this purpose the vacuum-chamber was completely removed, so that 
the partially exhausted air-chamber instantaneously communicated with 
the air at barometric pressure. To determine the adiabatic temperature 
an accessory mercury column, h, was considered sufficient, as no great 
accuracy was aimed at. Thus if po and be the initial pressure and tem- 
perature of the air-chamber and p and 4 those of the atmosphere, while 
6 is the adiabatic temperature, 


do 
—_- = — } 1 /; 

oP 
or no temperature measurement is necessary. Thus if B be the height of 


the barometer 
___lg (o/P) 
(24) = 1g(po/ (BW) 


quite generally, if po and are the pressures in the air-chamber and the 
vacuum-chamber, if at hand. The results are given in tables 56 and 57. 

It was not possible to quite overcome the slight leakage of the large 
2¥-inch plug stop-cock. Hence the final h is too small. In general these 
results are of the same order of value, though somewhat larger than the 
corresponding results (air-chamber exhausted) by the interference method. 
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It is difficult to suggest any reason for this, since any leakage in consequence 
of the long waiting for h necessary, in the present method, should decrease y. 


TABLE 56.—Clement and Desormes’s method for y. Copper fog-chamber. Exhaustion 
into air-chamber. Barometer, p=76.12; absolute temperature, 0 =293.8°. 


po h OY 
66.12 2,00 1.257 
56.12 4.28 1.234 
46.12 6.07 1.199 
Bo 779 1.169 
26.12 9.33 1.139 


TABLE 57.—The same. Barometer, p=75.89; absolute temperature, §=295°. 


po h a 

| 55.89 4.28 1.234 

| 45.89 6.08 1.199 

| 35.89 7.63 1.165 
25.89 9.18 1.136 


Hence the experiments were repeated with the large vacuum-chamber 
attached, so that both the reciprocal cases of an exhausted air-chamber 


TABLE 58.—Clement and Desormes’s method. Copper fog-chamber. Air-chamber 
exhausted. v/V=.070. Barometer, p=75.08; absolute temperature, 6 =290.8°. 


| p' 
| Po approxi- h oY 
| mate | 


G5 OA mae 452 8s 03 


1.315 
| 54.99 | 73-58 5.59 1.253 
| 44-95 | 72.93 8.05 1.215 
| 34.90 7233 10.10 tel) 
1.135 


24.86 fez a 3 11.95 


TABLE 59.—Clement and Desormes’s method. v/V=.070. Vacuum-chamber ex- 


con 
hausted. Barometer, po= her ; absolute temperature, 4= eee 
Poa 
p approxi- h ¥ 
mate 


64.95 65.59 7-19 1.367 
55,05.) od 730 14.32 | 1.359 
45.03 | 47.08 22.20 1.344 


# First observation, 2—=r0. 
po<B=p and a full chamber p<B=po might be compared. The data 
are given in tables 58 and 59, where p’ is the approximate adiabatic ex- 
pansion as read off on the gauge of the large vacuum-chamber. 
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To compute these results, equation (24), if p’ is the adiabatic pressure 
in question, 


ens (p'/ Po) 
lg ((B—h)/po) 
may be modified to read 
- lg (p/Po) 
(25) = B-hV+0 9 


where ) and # are the initial pressures of air and vacuum chambers and 
v/V the volume ratio of their contents, respectively. If equation (24) be 
differentiated with respect to h, 


ho I 
oh B-h 
(B= hy Ug—<= 
Po 


Hence ¥ increases with h, if B—h> po or when the air-chamber is exhausted, 
and vice versa. In the former case h is followed to a maximum and in the 
case of leakage is too small; hence y is too small. If the vacuum-chamber 
is exhausted, h continually decreases and is liable to be observed too large; 
hence y is again too small. 

The results of table 58 are slightly larger than the similar case of tables 
56 and 57, and they show a definite tendency to reach y=1.41 when 6p 
the exhaustion of the fog-chamber vanishes. Possibly the leakage of the 
large stop-cock was under better control and the diminution of y with the 
exhaustion 6p is probably a trustworthy exhibit of the actual state of things. 


TABLE 60.—Clement and Desormes’s method. Copper fog-chamber. Vacuum-chamber 
exhausted, v/V=.070. Barometer, po=75.58; absolute temperature, #=295° 


(about). 
p approx | lion te Y 
mate 
64.58 64.98 | 8.2 1.316 
55.03 | 56.18 14.7 Payee 
45.08 47.08 | 21.6 - | © 5.406 


Since reaches a definite maximum y can not be too large. The results 
of table 59 have not the same certainty, since h must continually decrease, 
and the expansion after adiabatic exhaustion is indistinguishable finally 
from the small permanent leak into which it eventually passes. Hence 
his too small and the results for y are thus probably too large in proportion 
as dp increases. 

The data of this method (vacuum-chamber exhausted) tend to approach 
the order of values of the corresponding interference data, though the 
latter are again small since equation (2) enters. In all cases, therefore, a 
full air-chamber shows large nearly normal values of y, whereas the ex- 
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hausted air-chamber shows the reverse or small values of y. True, this 
is in the same sense as the discrepancy of the leak in the large stop-cock, 
but it is not probably due to it. The actual value of the error in question 
per centimeter of / is shown in each table and its magnitude proves that 
the discrepancy can not be due to the leak. 

Nevertheless it was thought advisable to actually evaluate the leak of 
the stop-cock in case of the latter method. The results so found are given 
in table 60, which may be regarded as free from the effects of leakage. 

These results curiously enough show an increase of y with the drop of 
pressure, the value for 6p= 40 cm. being actually excessive. It is extremely 
difficult to account for this erratic behavior. The experiments were 
throughout made with great care. In the latter table in particular y is 
reduced to the lowest value possible. Under these circumstances the mean 
values of y for each method may be taken for reference. They are compared 
with the corresponding data for the interference method in fig. 62. 


0 0 20 30 40 50 60 7 
Fic. 62.—Charts showing relation of y to (p= po —p, for 
different fog-chambers and methods. Mean results. 

95. Large wood fog-chamber.—The experiments were concluded with 
the aid of a large wood fog-chamber coated while hot with the mixture of 
wax and resin. The dimensions in centimeters were 15.6 X11.5 X45, 
being those usually used in my experiments with coronas. This chamber 
was quite dry at the outset and throughout free from leakage. The volumes, 
including the 2-inch pipe for exhaustion and the 2/-inch stop-cock (the 
vacuum-chamber being the same as before), were 


v= 8073+1374 C.C. V = 104300 C.c. 


so that v/V=.o91. Allowance was made for the very slight leakage of air 
from the fog-chamber to the vacuum-chamber through the stop-cock (as 
above), for each observation. In the chief experiments the plenum of air 
was in the fog-chamber. Table 61 shows the results obtained with dry air 
by Clement and Desormes’s method. They are reproduced in fig. 64. 
These results appear to be more trustworthy. The value of y decreases 
but slightly up to the highest exhaustion, 6p=40 cm., which it was safe 


to apply. 
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The same chamber was now used for the measurement of 7 by the inter- 
ference method. The adjustments differed slightly from the above, as 
shown in fig. 63, where C is the light from the collimator incident on the 
grating G at an angle J, M and N the opaque mirrors, the latter on the 
micrometer. Both the component beams m and m and the reflected and 
diffracted R and D pass through the fog-chamber FF, the front and rear 


TABLE 61.—Experiments with Clement and Desormes’s method. Large wood fog- 
chamber, v/V=.091. Vacuum-chamber exhausted. Barometer, pp =76.22; absolute 
temperature, %=296° (about). 


Besar inp ate | 


66.09 6.89 | 1.374 
56.22 13.63 | 1.403 
46.69 21.14 1.361 
36.02 29.60 | 1.361 


sides of which are thick plate-glass. E is the 2-inch exhaust-pipe leading 
through the 24-inch stop-cock to the vacuum-chamber. Other cocks (not 
shown in the figure) are at hand for influx of air, etc., together with a large 
hole for cleaning. The thermometer dipped into the fog-chamber. In the 
adjustment chosen not only the diffracted beam D (angle of diffraction, 
6>), but another on the inner side of R (@<J), was available for measure- 


“0 0 2% 30 40 


Fic. 63.—Diagram of displacement interferom- Fic. 64.—Charts showing relation of 
eter, CG M N, and large wood fog-chamber, yand )p=po—> in case of large 
FF, with 2-inch exhaust at E. wood fog-chamber. 


ment. In the latter case @ was nearly zero, but though this is more lumi- 
nous there seemed to be no advantage of one over the other. In view of 
the thick glass sides of the fog-chamber, it is preferable to put compensator 
plates in the component beam to counterbalance those of the beam m. 
Otherwise the ellipses are too small and move too slowly. The method 
throughout worked admirably. Even when the inside is wet and a thick 
phosphorus fog is produced, measurement is still possible through the fog, 
a very unexpected result. In the course of time the glass becomes cloudy 
and must be rubbed clean. In such a case the observations are much 
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more difficult, unless the glass plates are very slightly heated by a moving 
Bunsen burner to evaporate the film of moisture. This procedure would 
not, however, be favorable to the occurrence of the nearest approach to 
adiabatic expansion which the chamber affords. From the different beams 
of spectrum light which pass through the fog-chamber, a number of sodium 
lines are available as fiducial lines, to which the center of ellipses is to be 
brought back. But the coincident ones for which the interference is adjusted 
are necessarily the most convenient. The construction of the interferome- 
ter did not permit the beam m to pass near the middle of the apparatus 
as would have been desirable. The results for y are given in tables 62 and 
63 and in fig. 63. They are as usual below the data of table 61 in case 
of Clement and Desormes’s method for the same chamber. The reason ~ 
for this has frequently been stated and is due to the assumption of the 
approximate equation (2) for experimental purposes. 


TABLE 62.—Wood fog-chamber. Interference method. v/V=.o91. Vacuum-chamber 
exhausted. Barometer, o-=75.92; absolute temperature, 4=299.0° to 298.6°; 


e=15.6. 
| 
Y 
| p | LOAN | Yu corrected 
| 65.52 | 425 | 1.247 1.2919 
} ee 87 | 813 | 1.280 I .3292 
A504 Me eI3 355m re LOd | 7 .2139 


TABLE 63.—The same. Barometer, po=75.52; absolute temperature, 4=293.4° to 
293.1°. Vacuum-chamber exhausted. 


| | | 
ay 
P ees a | corrected 
| 
Spyz | ik) 1.344 | 1.3950 
45.92 1200 1.339 1.3953 
35-52 1733, | 1.270; 1 .3289 


An inverse series of experiments was now made by compressing the air 
in the exhausted air-chamber, but it was not completed, owing to an 
accident to the chamber. The data so far as available are shown in table 
64. and figure 63. The tendency here is to fall below the data for the exhaus- 
tion method, consistently with the earlier experiments. 


TABLE 64.—Wood fog-chamber. Interference method. Fog-chamber | exhausted. 
Barometer, p=75.62; absolute temperature, /=287.4" to 290.6. 


| Vy 
begs ImIGoNa x corrected | 
65.68 400 27 Sap eB LOS | 
55-43 | 833 1 205 a) elo 24s 
45.41 1300 1.157 1.1888 | 
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Finally, water was introduced into the fog-chamber so as to provide 
saturated air and the value of y was redetermined under these conditions. 
In the first measurements, as stated, no difficulties were encountered, even 
in the case of a very dense phosphorus fog. Later the glass became per- 
manently cloudy and could only be cleared by slight heating. The data 
are given in table 65 and figure 63. As a whole these results lie somewhat 
below the data for the dry chamber, but they are not sufficiently regular 
to admit of very definite statement. 


TABLE 65.—Wood fog-chamber. Interference method. Air saturated with water- 
vapor. Vacuum-chamber exhausted. Barometer, $.=76.17; absolute temperature, 


6=20901.5°. 
| 
a 
p AN | 7 corrected 

65.92 438 | Fe22% 1.2653 
56.09 goo 1.175 1.2204 
45.92 1325 1.229 1.2803 
36.09 1950 1.087 1.1406 


At 6p=30 certain tests were made by precipitating a very dense fog 
with phosphorus with results as follows: 

Without phosphorus: 10° XAN=1350, 1350, 1300. 
With phosphorus; dense fog: 10°XAN=1300, 1250. 

Thus no effect of the very dense fog could be detected. 

The phenomenon of rings vanishing jerkily in the same sense as an 
increase of AN was apparent in all the experiments, immediately after 
exhaustion. Three or four such rings were counted. The observation is 
referable as before to some sort of strain in the solid parts of the apparatus, 
and probably not due to any thermo-dynamic transformation of the gas. 
The behavior of these rings suggests the properties of a solid under strain 
and not those of a gas. 

In general it is curious to note that whenever any part of the interferom- 
eter is strained a succession of rings gradually vanishes, after the strain 
has been imparted. They vanish too soon to be referable to solid viscosity 
in the ordinary sense. They rather show that full strain does not follow 
the stress instantaneously. 

The same chamber was now used in order to find y by Clement and 
Desormes’s method, using all the precautions to guard against leaks, etc. 
The data are given in table 66. Owing to precipitation of fog, these results 
are as usual distinctly below the results for dry air and the same chamber 
(table 61). In both tables the value of y is constant for drops of pressure 
between 6p=20 and 4o cm., a very unexpected result, as one would fancy 
that the data for y would be more trustworthy (apart from measurement) 
as 6p is smaller and there is less adiabatic cooling. The constancy of these 
values makes it possible to state a mean value of y for each individual 
case apart from 6p. 
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; It is clear, moreover, that the difference of values for y in wet and dry 
_ air suggests a practical method of determining the amount of water pre- 
cipitated per cubic centimeter, seeing that Yay—Ywee is sufficiently large 
_ for such a purpose. The equation, however, is yet to be deduced. 


TABLE 66.—Wood fog-cHamber and saturated air as in table 65. Clement and De- 
sormes’s method. Vacuum-chamber exhausted. Barometer, )=76.81; absolute 
temperature, %=297°; v/V=.09. 


p h y 
66.45 7.5 1.29 
56.61 14.93 1.28 
46.81 22.4 T2720 
36.81 30.6 E29 


96. Air-chamber of vanishing thickness.—To test the adequacy of 
the interference method it is necessary, in conclusion, to construct a cell 
of plate-glass, in which the thickness of the layer of air in the direction of 
the component beam of light shall be negligible. AN in this case would 
therefore reveal the discrepancy due to the chamber itself, and y, from the 
small volume of air contained, should be nearly 1. The cell constructed 
was e=2 cm. thick (within), in the direction of the interfering ray m, 
fig. 63. It could not be made thinner, seeing that an exhaust-pipe had to 
be introduced. Its volume was 2X12X9.5 cm’. Thus v=228+245=473 
‘and V=12867, so that v/V=.03676. The glass walls were of the same 
plate-glass used in the preceding wood fog-chamber, being 0.870 and 0.854 
em. thick, respectively. 

The results are given in table 67. The drop of pressure was eventually 
as high as 70 cm. Below 6p=40 cm., no effect could be determined, as 
the ellipses scarcely moved. 


TABLE 67.—Flat fog-chamber, e=2 cm. in direction of beam of light. Dimensions, 
2X12X9.5=228 c.c. Dry air. Exhaustion method. v/V=.03676. Glass plates 
.870 and .854 cm. thick. Barometer, po. =76.58; absolute temperature, #=293.5°. 


dp | ANX10°| vy || 6p | ANX108 | y | 
aro fo) ae | 50 400 0.75 
("20 oO | 60 450 8I 
| 30 0 70 | 550 78 
| 40 fo) + | ~. 


The value of AN for a column of air only 2 cm. long is near the limit 
of measurement, and the results for y, to be interpreted, are necessarily 
crude. AN is again distinctly excessive, even in this limiting case, and the 
- data for y (which can not be less than 1) are deficient in the same manner 
as above. Something has therefore entered consistently into all these 
interference experiments in virtue of which AN is too large and y too small 
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throughout. The value of this discrepancy, the real nature of which is 
inherent in the use of equation (2), may be considered as given in table 
67. It will be seen that it is sufficiently large to increase the mean data 
for y found by the interference method to the values obtained by the 
Clement and Desormes method for identical methods of expansion and 
air-chambers. As in the case of tubes, the expansion in this thin chamber 
is practically isothermal. 


TABLE 68.—Interpolated data for the dispersion of air. Practical table, “u—1=B/r* 
B=.0002101, « =.0341. 


Line. B. eo eae E. | RF | 

| | | 

TOPs cca ges ciate arene one 68.70 65.63 58.93 52.70} 48.61! 
Observed 10°(u—1I).. 291.4. 291.8 292.7 293.9 ) 295.0 | 
Computed ope 291.4 |) 291.8) | 292.9 293.9 294.8 | 
Difference. . a al ae) me) | — 2 ele 2 | 


97. Conclusion.—As a whole the results of this long and laborious 
series of experiments, made with a view to determine the actual value of 
y in such particular apparatus as was described, have been unsatisfactory, 
in spite of the care which was taken with the individual measurements. 
This is not, however, to be ascribed to the interference method applied; 
for, in so far as the method is concerned, its sensitiveness could be increased 
at pleasure by passing the component beams between mirrors and one of 
them many times through the fog-chamber. The difficulty is rather due 
to the shortcomings of the fog-chamber itself, which even in the final case 
was not sufficiently voluminous, nor sufficiently rigidly mounted, and pos- 
sibly not provided with an exhaust-cock of sufficiently rapid or sufficiently 
constant action. 

Furthermore, the adiabatic expansion is throughout better, 7.e., y is 
larger, as the chamber is more bulky. In the small brass tube or the shallow 
cell, for instance, the expansion as actually produced and determined by 
the value of y is nearly isothermal. In all cases the method by compres- 
sion gave very low results, owing clearly to the unavoidable influx of rela- 
tively cold air during compression. 

The mean results for y useful for practical purposes are sufficiently 
given in figs. 62 and 64, when corrected with reference to equation (2). 

As the micrometer can be set to 5 X10—* cm. on restoring the center 
of ellipses back to the fiducial sodium line selected, the displacement 
method is not much less sensitive than the ring method (sensitiveness 
limited by half a wave-length, or about half the given datum) and the 
former has the advantage of never losing count. This feature of the experi- 
ments was eminently satisfactory. 

A curious result is the evanescence of several (2 to 5) rings subsequent 
to the adiabatic expansion. They vanish in the sense of an increase of 
the micrometer displacement AN. This phenomenon is apparently refer- 
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able to a non-instantaneous appearance of strain for the given stress in 
solid parts of the air-chamber. It ceases too soon to be called viscous in 
the A sense, and it probably has an immediate bearing on Kelvin’s 
“ fatigue ”’ of elasticity. 

For the coronal fog-chamber (the largest one used rey it is then 
possible to write for ‘dry air, y=1.37, and for wet air, y=1.209, in case of 
all the experiments usually made with coronas (drops of pressure exceed- 
ing 10 cm.). The data are the mean results obtained with Clement and 
Desormes’s method. 

This large difference in the values of y for dry and for wet air, cet. 
par., suggests a method for the measurement of the quantity of fog pre- 
cipitation per cubic centimeter of nucleated air, when suddenly cooled. An — 
equation for this purpose will be considered elsewhere. 

In conclusion, it is necessary to endeavor to account for the excessive 
values of AN and the correspondingly low values of y given by the inter- 
ference method as compared with the method of Clement and Desormes. 
Equation (2), assumed for experimental purposes, it will be remembered, 
contains no correction for the dispersion of air. It remains, therefore, to 
resume equation (2’), in which the constant b between the C and E lines 
has the mean value of b)>=10—"X1.64 for a plenum of air. Equation (2’) 
may be written 


(24) po(r +28) =u(2 +23) +5 


where bp and b correspond to an air-column of length e at high (po) and 
low (p) pressure, respectively, and AN is the displacement of the microme- 
ter. The simplified Cauchy equation .=a+b/?, however, is inconvenient 
for the expansion of equation (6) above 


(6) p—r=p/Cd 

at a fixed wave-length i, since the constants a and b both essentially enter. 
It is quite sufficient, moreover, to use an equation of interpolation of the 
form 

(25) u—1=B/d* 

and to compute x for known values of » between the B and F lines of the 
spectrum. When this is done 


B=.0002101 4% =.0341 


are mean values applying near the D line, as the table shows. 
Equation (1) now takes the form 


AN duo d a maid 
(26) A= wo n= (GPE) = ow 
or from (6) and (25) 
AN Xx Po p 
Gf) worn HP —1) 


om ranmatie ee (ey) mi 


yi ‘Furthermore, in view of adiabatic expansion, equation (7) above 
3 \ ees 
ay G1 w= 

and after inserting equations (6) and (7), equation (28), when solved for oY; 

becomes 


leah ___lg(/po) 
; Cd9 
Ig(2— e(1 ae 
or solved with respect to AN, it is 
Vy 
(30) AN= (+x) Ap(x+(2) °) 


The last equation follows at once from (26), (7’), and (25). If p and po 
refer to the pressures of fog and vacuum chambers, the coefficient (V+2)/V 
must be inserted before AN as in the corresponding equations above. 
The results obtained in this way are computed for the small tube fog- 
chamber (tables 40 and 41 above) and for the large coronal fog-chamber 
(tables 62, 63, 64, 65) and marked corrected. 

The mean value of y obtained by the interference method on exhausting 
the coronal fog-chamber is now 


y =1.33 (dry air) Y =1.23 (wet air). 


These values are still below the data obtained by the Clement and 
Desormes method, but the reason for this may possibly be due to the | 
different conditions involved. The latter refer to the mean volume of 
air, whereas in the interference method the pencil passes through a definite — 
layer of air, in the present experiments unfortunately too near the bottom 
or walls of the chamber. The interferometer did not at the time admit 
of the introduction of bulky chambers, large in their vertical dimensions, 
though such alterations have since been made with success. 
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PREBACE. 


The accompanying report contains a variety of investigations made at 
widely different times, but in all of which the displacement interferometer 


_ was used as a basis of measurement. It is thus a continuation of the work 


in the Carnegie Publications No. 149, 1911 and 1012. 

In Chapter XII, the distance apart of the doublet interference patterns, 
obtained with plates of doubly-refracting crystals, is used for computing 
the corresponding ordinary and extraordinary indices of refraction of these 
crystals, in the case of light traveling through them in different directions. - 
As quartz gives particularly beautiful and well-placed images, measure- 
ments were made in greatest number by means of it, though other bodies 
were also studied. It is an essential feature of the method that the center 
of ellipses is never lost, but may be brought back into coincidence with the 
fiducial sodium line of the spectrum by the proportionate displacement of 
the mirror on the micrometer. Hence plates of glass or crystal of any 
thickness, or indeed columns of any length, are available for measurement. 


_ These wide limits of application are peculiarly favorable to certain accurate 


measurements. For instance, if a glass column 1 meter long is inserted, 
and the micrometer reads to but 0.5 x10-‘ centimeter, u—1 (where p is 
the index of refraction) would be measurable to one part in a million. The 
method should therefore be useful to answer refined questions in refraction. 

Chapter XIII contains a number of miscellaneous measurements made 
with the displacement interferometer, or bearing upon it. Thus the ease 
with which it lends itself to the comparison of screws of any length is 
illustrated by many trials; a simple type of long screw micrometer is de- 
signed and investigated; a method for the measurement of very small incre- 
ments of angle, consisting essentially of mounting two small mirrors in 
parallel and symmetrically to the axis, is tested; advantages in obtaining 
elliptic interferences when the reciprocating opaque mirrors are concave 
are discussed, etc. Furthermore, investigation is made of the availability 
of the interferometer in measuring certain acoustic displacements, such as 
occur in the Dvorak and Mayer experiments and telephone plates. It is 
then shown that by replacing the opaque mirrors of the interferometer by 
mirrors attached to the synchronized and reciprocating plates of modified 
telephones an induction balance of a peculiar kind may be constructed. 
If, for instance, one of these mirrors vibrates synchronously with the other 
towards and away from it, the ellipses remain in the field without displace- 
ment; if, however, the mirrors move in the same direction, the ellipses neces- 
sarily vanish. Hence, if there is a gradually increasing retardation in the 
electric circuit of one telephone only, the ellipses will alternately appear and 
vanish for identical intervals of retardation. The experiments attest the 
feasibility of so mounting the telephone mirrors on the interferometer that 
the balance may be realized. Finally, by the above method, an attempt is 
made to study double refraction resulting from dielectric polarization, in 


solids and in liquids, while in allied sections the prismatic spectrum is 
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studied on a Rowland spectrometer and certain peculiar results are shown 
in the resolution of interference fringes resembling the elliptic type. 

Chapter XIV treats briefly of the interferometry of highly exhausted 
air carrying electric current. The adjustment used is that originally pro- 
posed by Mach, in which the rays do not retrace their path, but move 
along the sides of a parallelogram. The long exhaustion tube carrying 
current is placed in one of these sides, the light passing from end to end, 
and the effect of presence and absence of current on the interference pattern 
is determined. Thus far the exhaustions available were insufficient, so 
that the experiment in its final developments will be resumed at some time 
in the future. It is worth an inquiry to ascertain whether the motion of 
the cathode rays in a given direction may not produce some preponder- 
ating modification of the properties of the ether in that direction. 

Chapter XV deals with the refraction of air at high temperatures investi- 
gated by the displacement interferometer (provided with water circulation), 
by comparing the refraction of a vacuum and of a plenum of air at each 
given temperature. As the system is not very sensitive to pressure, very 
perfect exhaustion need not be reached, but the need of sealed apparatus 
makes the experiment difficult at high temperatures. This chapter is but 
a beginning of experiments of this kind, which are naturally very difficult. 
It is curious that the refraction of a Bunsen flame through which a beam of 
light passes symmetrically may be approximately found by this means. 

Finally, in Chapter XVI the displacement interferometer is applied to 
the electrometer. A Jarge number of forms of the instrument are designed 
and the results of each are tested in detail. All of these are comprehended 
by the closed cylindric electrometer, in which a closed cylindric charged 
needle is capable of displacement along the axis of a closed cylinder, con- 
sisting of two symmetrically insulated halves, oppositely charged. The 
suspension of the needle is of the pendulum type. If the ends of each 
cylinder are removed, the instrument reduces to the cylindrical pattern, 
in which the movable cylinder may be within or without the fixed cylinder. 
If the cylindrical mantle is removed, the instrument is of the disk form, the 
simplest case of which is the absolute electrometer. All of these instru- 
ments may, with less sensitiveness, be used idiostatically. None of them, 
however, are exceptionally sensitive, the disk form, which is most so, and 
at the same time most treacherous, being characterized by a displacement 
of about 10 centimeters per volt, in favorable cases. 

Far greater sensitiveness is therefore secured by adapting the device of 
two small light parallel mirrors for the measurement of angle (as referred 
to above) to the needle of the quadrant electrometer. When this is prop- 
erly done, an instrument capable of measuring 10 to 20 millionths of a 
volt per vanishing interference ring may be constructed, provided a satis- 
factory environment is at hand. The chapter contains a great variety of 
experiments with each of these forms of apparatus. 

My thanks are due to Miss A. I. Burton for efficient assistance both in 
the observations and in the editorial work and drawing. 


Cart Barus. 
Brown UNIversity, February 1, 1914. 
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CHAPTER XII. 


4 
THE INDICES OF DOUBLY-REFRACTING CRYSTALS, DETERMINED BY 
DISPLACEMENT INTERFEROMETRY. 


98. Introduction. Method.—In the following paper I shall make a 
further application* of the displacement interferometer, in endeavoring to 
investigate a method for the determination of the two refractions of a 
crystalline plate, with a degree of accuracy approaching the spectrometer _ 
and eventually to exceed it. The work is to be extended to all directions 
of the ordinary and extraordinary ray within the crystal. Inasmuch as the 
center of ellipses is never lost, but may always be brought back again to 
the fiducial and coincident sodium lines by moving the micrometer, how- 
ever remote the center may be, a crystal (or indeed a column of any thick- 
ness) may be placed in one of the component beams and the micrometer 
equivalent of the difference resulting from presence and absence of the 
crystal may be ascertained. This makes the method quite sensitive; for the 
two micrometer readings for the presence of air and crystal, respectively, 
may differ by many centimeters, if desirable, and each reading may be taken 
to 0.00005 centimeter. If it were easily possible to determine the thick- 
ness of the crystal with the same degree of precision, the conditions would 
be enhanced; but this is not at once attainable, for ordinary plates, to more 
than o.ooo1 centimeter, even apart from the errors of the two micrometer 
screws involved. The case of columns is more favorable. 

Furthermore, the method in its direct applications requires an accurately 
plane parallel plate, however thick. If the faces are at even a slight angle, 
the beam passing through them will be deflected by the introduction of 
the crystal and will not be returned in its own path. This requires a re- 
adjustment and therefore a correction for the displacement of the mirror 
difficult to estimate without special appliances. It is to be accentuated, 
however, that the method for normal incidence admits of a plate of any 
thickness, 7.e., of a long column of glass with plane parallel end faces, so 
that this method of measuring the index of refraction must ultimately 
exceed in sensitiveness the method of the spectrometer, while even the 
importance of the readjustment in question becomes of less consequence. 
It will thus be available for answering refined questions relative to this 
index in glass, etc., under conditions where the spectrometer fails of appli- 
cation. It is in this direction that the results are to be prosecuted as soon 
as the preliminaries discussed in the present paper have been clarified. 

It is also probable that if the deviation of the ray mm due to non-parallel 
faces in the crystal is corrected, not at the micrometer mirror M, but at 


* The earlier papers on elliptic interferometry will be found in the Carnegie Publi- 
cations, No. 149, 1911, Part I, and 1912, Part II. 
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the ie NN, beyond the grating, the dis cre} 
7 tion will vanish. For in this case, on restoring the interferences t 
N, the air path of both component beams mm and mn is equally inci 

The plate crystal X is mounted on a horizontal axle ab, normal to | 
interfering beam mm in question. The angle of incidence of the bee 
changed by rotating the plate in definite steps and the amount of ro 
read off on the attached fixed graduated circle C, with its plane para 
to the beam and its axis normal to it. Angles of 0°, 10°, 20°, 30°, 40°, 2 
even so° were usually available on either side of the normal position. 
crystal, mounted in a cork plate, was at first conveniently held by a sp 
clip; but later* more elaborate means for mounting the plate parallel to” 
the axis of rotation were adopted. The normal position is found with 
certainty by slightly rotating the crystal around the horizontal axis in — 
either direction, until the interference rings in the field of view change ~ 
their direction of motion. This is the 
minimum thickness e. The same opera- 
tion is then performed around the verti- 
cal axis, both adjustments being usually 
easy and the result satisfactory. 

With the angle z given, the corre- 
sponding angle of refraction 1, 7.e., the 
angle of the ray with the optic axis of 
the crystal cut normally to this axis,may FI. a for rotating 
be computed when the index of refrac- a 
tion for the given case is known. Hence the refraction in different direc- 
tions r, both for the ordinary and extraordinary rays, follows, as far as 
about r=30° from the optic axis, in the above apparatus. Plates are not 
usually large enough for a larger internal angle on the one hand, while the 
errors of measurement multiply on the other; but by selecting a plate cut 
parallel to the axis, the final 30° of the quadrant may be found. To obtain 
the intermediate 30° a plate cut obliquely to the axis or else a plate of large 
area would be necessary. 

When the plate is cut parallel to the axis and the difference of the refrac- 
tive indices (as in quartz) is not too large, the two interferometer ellipses, 
corresponding to the ordinary and extraordinary rays, are in the field at 
once, making an exceedingly beautiful design. Their distance apart may 
then be found micrometrically in terms of the refraction of the ordinary 
ray, giving an acceptable datum even in case of an imperfect, 7.e., slightly 
wedge-shaped, plate. In other words, the ordinary and extraordinary 
rays encounter the same conditions and their difference of path remains — 
practically unimpaired. 

To distinguish between the two families of intersecting ellipses it is 
necessary to polarize the incident beam in the vertical and horizontal 


* It will be shown below that the eccentric mounting of the crystal, as in fig. 65, is 
not, as a rule, advisable. 


er 
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planes respectively, seeing that the crystal is revolvable about the horizon- 
tal or vertical axis. When the plate is true and the mounting trustworthy, 
there need never be difficulties due to elliptical polarization, for the vertical 


_ and horizontal vibrations pass unchanged. If, however, rotary polarization 


occurs, the case of the oblique path is more complicated, but it does not 
interfere with the measurement. 

The present method inherently presupposes a knowledge of the dispersion 
of the crystal; but as this term is of the nature of a correction, the coefficient 
in the simplified Cauchy equation of two terms may at the outset be in- 
serted. For accurate work Cauchy’s equation as far as the fourth power 
of wave-length must be used. It will be shown, moreover, that the method. 
is self-contained, by affording means for determining the coefficients of the 
equation in question. Initially, no more than a measurement of the refrac- 
tion of the extraordinary ray in terms of the ordinary ray will be attempted. 
The dispersion constant found for these rays from data for two Fraunhofer 
lines may then be used for all wave-lengths lying between. 


99. Equations.—If e’, J, R, »’, denote the thickness, the angles of inci- 
dence and refraction, and the index of refraction of the grating, and e, 7, 7, u, 
the corresponding quantities for the plane parallel plate inserted in one of 
the component beams of the interferometer; if, furthermore, b’ and b denote 
the corresponding coefficients in the 
simplified dispersion equation of 
Cauchy, n=a+b/d?, so that 

—)du/dd = 2b/» 
the codrdinates of the micrometer in 
the absence of the plate will be, if yu, 


is the absolute index of refraction of 
air, 


N'=e'p! (cosR+ 7 


2b’ 


Ry! rook) t ee C) 


where e/!, is the air path coextensive 
with the thickness of the plate in its 
cen aes A ilearge Fic. 66.—Diagram showing path 
the incident beam of light. If the plate epee at 

is inserted at an angle of incidence 1, 

in the position given by BB, and the center of ellipses is then returned to 
the same fiducial line D of the spectrum, by moving the opaque mirror of 
the micrometer over a distance AN, nothing has been changed at the 
grating and the first term of the right-hand member of equation (1) remains 
unchanged. It therefore vanishes so far as AN is concerned. Hence we 
may write 


pa(e-+AN) =—2-( +22) +opa(1- SS S—) (2) 


COS r COS 7 


a. Chay : ——- 
Be ts pcm rere 


In this equation the quantities y, 7, refer to the same fiducial spectrum line > 
of wave-length A, to which the center of ellipses is always to be resto 
by moving the micrometer. Whenever the incidence at the plate is normal 


naa roan 


an equation more generally useful and particularly so in case of long — 
columns. ; 

If the dispersion of air can not be disregarded, ny. must be replaced by 
ta(t+2b"/Mua), Ma and b” referring to a plenum of air. Thus if all quanti-_ 
ties are to be considered, the equation is 


pa pa( ASST + cos (i—r) \- 2 bv) (s) 


The value of b for the crystals is usually of the order of 4X 10-", whereas 
the value for air is of the order of 1.6X107'4, so that the dispersive effect 
of air is usually negligible, being not more than o.occee1. Again, the value 
of AN for a plate about 0.6 cm. in thickness is usually of the order of 0.3 
to 0.6 cm. and a single reading should be correct to o.oo0c05 cm. The 
error should not be larger, therefore, than a few parts in 10,000, so that 
the minimum error of u should not exceed 5 units in the fourth place. 

Finally, the last term 2b/)? is of the order of 0.02 and if it is determinable 
by the method of $100 to about 1 per cent, this error also can only affect 
the fourth place. There remains the case of cos r, which in the most un- 
favorable case of large incidence can not be wrong by more than 0.4 per 
cent per degree misread, and the effect would even then be but 2 units in 
the third place of u. Whenever i=r=o, 7.e., for normal incidence, the 
values of u are acceptable at once. Table 69, for instance, gives data 
under varying conditions. 


2b 


(4 a 


TABLE 69.—True plate of quartz cut normal to the axis. e=0.5996 cm. i=0° (normal 
incidence). 4) =MatAN/e—2b/d. D line fiducial. Sunlight. 10° X b=0.421 


Method. ANxX108 Lo 


Short collimator. Ellipses centered. ...............e0.eees5- 0.3402 1.54350 
No collimator. Sunlight and slit: Ellipses not centered. ...... ee oe 
Ellipses centered. but distorted ocs«.4s dacas cae ROMea eee et -34020 | 1.54342 | 


(Bi msesuQemtered ...<.iaia wsccesasel seth Gee ieee be ese -34040 | I. 6 
Weak objective as collimator: Ellipses less distorted.......... Siete eee 

Wath: large telescope... ¢ sass cate actuate cen ine emer eee -34050 | 1.54392 
more columator, Sharp ellipses... ..\G yess ueeucn ewe eee .34040 1.54376 


Concave lenses added to collimator 


Se Te ee eo ke -34060 | 1.54408 
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In this table the absolute value of « depends upon the value of e (which 
was calipered), on the relation of the two screws of the micrometer and of 
the caliper, on the alignment of the micrometer screw which is difficult to 
adjust, on the value accepted for the dispersion constant b, etc. The fact 
that it is here appreciably different from the normal value, 1.54423, has 
therefore no significance. The values of AN are the chief exhibit. They 
possibly show some difference with the obliquity (convergence and diver- 
gence in the vertical plane) of the incident rays of light. It is probable, 
however, that the slight difference of values of AN found is due simply to 
the distortion of ellipses in the different cases. In some of these it was hard 
to define the center. One may argue that in case of a clear center the 
obliquity of rays is without influence on the result. 

The beam, in case of sunlight, is sheet-like, with its long dimension ver- 
tical. Much of it is apt to be lost on successive reflection. Results ob- 
tained with the arc lamp and a collimator objective which places the focus 
relatively to the vertical plane on the opaque mirrors M and N furnishes 
a rapier-like beam, which may easily be made to penetrate tubes and 
columns. It is thus far preferable and the results better. The sodium 
line is invariably present as a line of reference for measurement. 

Since cos 7=+/p2—sin’/p, equation (5) is essentially of the fourth degree 
and can be solved only by approximation. If AN/e=x and sin 7=y the 
equation reads, when b” is neglected, 


Pa COS (t— 1) =Xpayr—y?/p?— 2b/#? (6) 


The approximation is therefore rapid, since w—1 (nearly) is computed 
successively in terms of yu, which is always relatively much more accurate 
than w—1. 


100. Dispersion constants.——In the equation in the normal form (4) 
for two wave-lengths \ and ’, b may be eliminated or determined; for if 
y=o (normal incidence, detected with certainty by the inversion in the 
motion of the rings, as described above) and »= A+b/)? is assumed for a 
sufficiently narrow range of the spectrum near the D line, 


A= pa(t +x? — x A’)/(?— 4) 3D = pak?(x—21)/(t-(A/A)?) (7) 
If the value of x is restored, since for the two wave-lengths AN =N’—N and 
AN,=N;/— Nui, where N’ refers to glass and N to air, 

e(%1— x) =N,/—N,- (N’—N) =N,/—N’— (Ni—N) 


or briefly 
e(a1— x) =0N’—ON 


whence 


ts (8) 


Here dN’ and éN are the differences of micrometer readings for the two 
spectrum lines and )’, for glass in place and for glass removed, respectively. 
AN, and AN need not therefore be known, 7.¢., the glass plate need not be 


“once in 2 ie erserbnde the equivalent SY BL re the two spectrun 


Table 70 gives a series of data obtained in this way. 7 


“wy 


fe 


TABLE 70.—Data for the dispersion constant b in 4=a+b/) for a series of me 


16.55 7.80 


‘Flint glass....| .6720 24.05 | 7.90 
; 18.97 6.70 


| Crown glass..| .6946 15.95 7.90 


12.35 6.70 


Granting the approximate form of Cauchy’s equation, the error of 5 
thus obtained should be well within 1 per cent. Its influence on yp should 
not exceed one unit in the fourth place. Unfortunately, however, the 
equation in question is not warranted to this extent, when the lines of the 
spectrum are as far apart as D and E, for instance. The question relative — 
to b will be resumed in §107. Meanwhile I may observe that the equation — . 
with three constants, »= A+b/\?+c/M, leads to 

= = 
38(ti- Ga) +50 (Ga-Fa) =e (8’) 
and would need three spectrum lines for the determination of 6 and c. 
This is a cumbersome procedure, but from the nature of the problem is 
nevertheless probably the only resort, particularly in the case where a long 
column of glass, crystal, or liquid is to be investigated, for exceptionally 
accurate indices of refraction. ; 

In conclusion, it is worth while to determine the value of u, in terms of 
Mo found from the normal position, when the difference of these indices 
(as in quartz) is not large. In fact, since d(A NV) =edx, 

due iL COS r . 
d(AN) ~— eucosr/pa—AN sin? re sin r sin (¢—r) (9) 
Equation (9) may be reduced, with questionable advantage, by replacing 
# in the denominator by its value from (3) to 
GA fe cos? r 
d(AN)  (e+AN) cos 2r—2eb cos r/ttar® 


If 1=r=o, this reduces to 


dit fla 


aan) € (10) 


If in equation (9) the value of mo is introduced, the corresponding value 
of te may be computed from the AN and AN’ which put the two ellipses, 
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respectively, on the fiducial sodium line. The result gives a fair value for 
Me, even when po varies with the incidence 7 due to errors of adjustment, 


‘seeing that wo must be constant and is found from the normal position. 
- See equation (rr). 


101. Oblique incidence.—In the first experiments no distinction was 
made between the ordinary and extraordinary rays, and these data may 
therefore be waived here. 

In table 71 the object used was a plate cut normal to the axis, e=0.6100 
cm. thick, but not sufficiently plane parallel. In other words, it required 
angular adjustment of the opaque mirror when the plate was inserted and 
again when it was removed. This introduces an indeterminable error, as- 
plane parallelism is a prime condition for the accurate application of the 
present method. The incident light was polarized in the vertical plane, 
before reaching the slit, the D line being as usual fiducial. When viewed 
through an analyzer, the light reaching the telescope in case of the more 
oblique positions of the plate on its horizontal axis was elliptically polarized 
in one of the superimposed spectra, the latter showing the usual channeled 
structure with more dark bands as the effective thickness increased. With 
obliquity decreasing through zero, moreover, the black bands between 
crossed Nicols moved in opposite directions when the normal position was 
passed. For the polarizer at 45° both families of ellipses were in the field 
at once. Either one or the other set could be excluded by rotating the 
analyzer. In the absence of this, the field showed the ordinary or the 
extraordinary set of ellipses separately, on rotating the polarizer 90°. In 
the further absence of the polarizer, one frequently observes dislocated 
rings, the dislocation being in multiple along equidistant vertical planes. 
In such loci the ordinary and extraordinary rings, therefore, successively 
passed into each other. In general, a figure which is blurred without polar- 
izer is resolved into two clean figures by the aid of it, one being definitely 
displaced with reference to the other. 


TABLE 71.—Double refraction of normal quartz. Rays not parallel in vertical plane. 
Opaque mirrors silvered on back. Plate thick, oblong, and slightly wedge-shaped. 
e=0.6100 cm. Horizontal axis of rotation for 7. mo = 1.54423; Me =1.55338; 
bX 10% =0.421. 


Com- 

Corrected 

i é AN Observed AN. Observed roesceut ae ste 

Ho He 6 6 
ed 6 fod 
a3 

0 o 0.34855 | 1.54759 | 0.34855 | 1.54759 ie) oO 1.54423 
10 6.47 .35140 | 1.54671 .35158 | 1.54684 13 29 1.54436 
20 12.80 .36103 | 1.54545 .36130 | 1.54588 43 43 1.54466 
30 18.88 .37868 | 1.54485 .37935 | 1.54588 103 104 1.54526 
40 24.60 .40300 | I.54100 .40405 | 1.54258 158 157 1.54581 
50 29.73 .43833 | 1.53820 .43978 | 1.54027 207 207 1.54630 


Seeing that the plate was not quite plane parallel and that in addition 
to displacement AN, a slight rotation of the micrometer mirror was needed 


restore the ellipses on inserting the plate (equiva en t to a: 
increment of AN), the large value of u for the normal position is to b 
pated. Ihave not thus far tested the way to correct this discrepan cy 
would have to evaluate the rotation of mirror horizontal or vertical in tern 

of the displacement AN or else make the compensation instrumentally. _ 
The second feature is the very rapid increase of AN and therefore of » 
with the angle of incidencez. The reason for this has yet to be succin ly 
stated, but it is due to the slightly wedge-shaped plate. When this is 
rotated on an eccentric axis, as in fig. 65, even if the axis is parallel to the 
plate, different parts of the crystal, of successively increasing thi 
« are penetrated by the beam of light. Nevertheless both wo and py, may be 
: found, since the former is constant and would be given for a plate, while 


the latter is determinable from equation (9g). Hence 
Me = pot cos? r(AN.—AN»)/(eu cosr—AN sin?’ r+esinrsin(t—r)) (12) 


Again po and yw, may be computed as in the table and u, found by adding 
the difference for a given 7 to the constant value of uo. Values of éu found 
by both of these methods are frequently instanced in the tables, the one 
found by equation (11) being called computed 6u. 


30 010 =30 


Fic. 67.—Observed indices of refraction and variation at different incidences. 


The difference is slight and due to the fact that the direct computation 
of w,, as compared with the method by way of equation (9), has not been 
carried to a sufficient degree of successive approximation. 

If in table 71, mo, be, 5u=Me—KMo, be constructed as depending upon 7, 
the angle between the axis and the ordinary ray (or more directly upon 2, 


*It is probable that if the adjustment for non-parallel faces is made, not at the 
micrometer mirror M, but at the distant mirror N, no appreciable discrepancy will be 
pete enced, But the distant mirror is not easily accessible at the position of the 
observer. 
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the angle of incidence), the data appear as in fig.67,a. The irregularity in 
# at 30° is due to some error in the adjustment; nevertheless the values 
of éu are not appreciably influenced by it. The results are naturally less 
trustworthy as 7 is larger. 

It will be seen that the observations for du as such make a satisfactorily 
smooth series, even beyond the fourth place of decimals. If v refers to the 
velocity of light in the crystal, and o and ¢ refer to ordinary and extraordi- 
nary rays, 

V0/Ve=1+5u/pH0 


The observed order of change is apparently sufficient. As a whole and for 
large r the interpretation is complicated because of the occurrence of rotary 
polarization along the axis. 


102. Oblique incidence. Round quartz cut normal to the axis.— 
This plate was 0.3100 cm. thick and cut approximately normal to the axis. 
Like the preceding plate it was slightly wedge-shaped. It therefore required 
rotation of the micrometer mirror, as well as the displacement A N on being 
inserted into the beam of light, in order to bring the ellipses back to the 
fiducial line. Table 72 shows the results on the same plan as the preceding. 
The second series is reproduced in fig. 67, b. 


TABLE 72.—Thin quartz plate, round, cut normal to the axis. e=0.3100 cm. 
Horizontal axis of rotation. yo) =1.54423; bX10!=0.421. 


LE. II (later). 
4 Yr ANo Obs. Lo 1 fe ANo 
0 o 0.17280 | 1.53360 0 oO 0.17450 | 
10 6.47 .17470 | 1.53427 20 | 21.80} .18128 
20 12.80 -17995 | 1.53436 40 | 24.60} .20331 
30 18.88 .18855 | 1.53289 BO} | 20.73.|).2210k 
40 24.60 .20210 | 1.53307 


II (later). 

| 10° | Comp. Corr. 
Obs. po | ANe Obs. pe Ou PAS, we = po + Sft| 

| uae, 
1.53910 | 0.17450 | 1.53910 fo) fe) 1.54423 
1.53855 .18141 | 1.53895 40 41 1.54463 | 
1.53662 .20385 | 1.53819 157 159 1.54580 
1.53330 | .22218 | 1.53657 | 327 329. | 1.54750 


This plate was at first supposed to be too thin to admit of the determina- 
tion of the difference of wo and y,, satisfactorily; in fact, the ordinary ray 
in the first series shows the usual increase of index with 7, regarding which 
the remarks of the preceding paragraph apply. However, the second series 


iCuld PL 
—6u. ~The oat are aiouel and consistent, even as 5 iar: as 5 i=50° 
: ‘not the case in table 71. This is probably owing to the large surfac 
- present plate. 


103. Oblique incidence. Quartz rouge, cut normal to the axis, rl 
boidal.—This is the only quartz plate found to be adequately pla: 
parallel to admit of both of the measurements for AN (presence and absen 
of plate), without readjusting the mirrors by rotation. It would thus h 


in table 73. 


TABLE 73.—Thick (rouge) quartz, lozenge-shaped, cut normal to theaxis. e=0.5996 cm. 
Plane parallel plate. Rays not parallel in vertical plane. Opaque mirrors — 
silvered on back. po=1.54423; 6 X 10%=0.421. 


Obs. bo 


| Obs. we 


-54385 
54448 


0° | 0.34059 | 1.54422 I 
I 
-35389 | 1.54385 
11 
I 


: 10 | 6.47 | .34395 | 1.54431 
Be zontal 6x13! 20 |12.80, | 25379.) 3.54909 
30 |18.88 | .37011 | 1.54150 


40 |24.60 | .39543 1.53993 


0°} 0.34049 | 1.54406 
IO | 6.47 | .34404 | 1.54445 
III. Verticalaxis of) 20 |12.80 | .35414 | 1.54426 

rotation. 30 |18.88 | .372I1 | 1.54465 
40 |24.60 | .39825 , 1.54422 
50 |29.73 | .43781 | 1.54827 


54239 
-54183 


54439 
34434 | 1.54495 
pete | 1.54466 
1.54575 
"39925 | 1.54575 
I 55063 


0° 3 0° 0.34065 | 1.54433 0.34065, 1.54433 

ccalaxic of (12 | O47 | -34388 | 1-54419| .34388 | 1.54419 

CEA axis of! 50 [12.80 | .35371 | 1.54356| .35407 1.54414 
30 |18.88 | .37153 | 1.54375] .37217 | 1.54475 

40 |24.60 | .39750| 1.54309] .39818 | 1.54412 


0.34048 | 1.54403 
-37248 (1.54525 
43583 | 1.54540 


0.34040 | 1.54390 
35400 | 1.54402 
-37208 | 1.54462 
-39870 | 1.54490 


0.34040 | I.54390 
35394 | 1.54393 
-37183 | 1.54422 
-39823 | 1.54418 


0°| 0.34048 | 1.54403 
V. Vertical axis of 18.88 | .37198 | 1.54445 


rotation. 30 


50 |29.73 | .43423 | 1.54308 


re. 0°} 0.34040 | 1.54390 
VI. Vertical ae 12.80 | .35400 | 1.54402 


° ° 


of rotatlon. Sun- 
light. 30 | 18.88 | .37153 | 1.54375 
24.60 


39779 | 1.54339 


0°} 0.34040 | 1.54390 
20 | 12.80 | .35360 | 1.54338 
30 | 18.88 | .37109 | 1.54305 
40 | 24.60 | .39723 | 1.54268 


° 
VII. Vertical axis 


of rotation. Elec- 
tric arc. 


Line of separa- 
tion horizontal 
Vertical axis of 


oO 0°| 0.42503 | 1.54442 
20 |12.80 | .44233| 1.54497 
30 | 18.88 | .46425 | 1.54472 


0.42503 | 1.54442 
44248 | 1.54515 
-46468 | 1.54525 


rotation. e=0.748 
Small face. 
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A variety of normal values was adduced in table 69. The earlier results 
of table 73 are constructed in fig. 67 under c. In case of the third series 
(fig. 67, d, and fig. 69), fourth series (fig. 68, a, and fig. 69), and fifth series 
(fig. 68, b, and fig. 69), the apparatus used had been totally changed. The 
quartz plate was now rotated around a vertical axis and a more accurate 
circle was installed for the measurement of the angle of incidence, 7. Fur- 
thermore, the endeavor was made to mount the crystal parallel to the axis 
of rotation, by providing the axle with a fine axial perforation. A straight, 
snugly fitting steel wire could be sunk into this, against which the quartz 
plate was to be pressed, before fastening it. The wire was then removed. 
The position normal to the ray of light was found as before, by horizontal 
and vertical rotation, until the motion of ellipses changed sign. It would 
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Fic. 68.—Observed indices of refraction and variation at different incidences. 


have been a further improvement to mount the crystal so that the axis, 
instead of passing through one face, would pass symmetrically between 
the faces. The spot of light would not then move along the face appre- 
ciably. The data as a whole are of the same order of value and show the 
same character as the preceding results, obtained with a horizontal axis of 
rotation. No effect is therefore to be ascribed to the adjustment, though 
from a theoretical point of view one might be inclined to look for a differ- 
ence. Practically the vertical axis, being parallel to the slit, is in some 
respects advantageous, as less surface of glass is required. The circle for 
measuring 7 was accurately graduated. 

In Series III the change of » as far as i= 40° is but one unit in the fourth 
place; beyond this, for 7=50°, light passed partially outside the crystal 
and the data are approximate. Series IV and Series V show similar be- 
havior, even as far asi=50°. In fact Series III to V, both as to wo and w,, 
are a marked improvement over Series I and II, in so far as the indices 


oe are concerned. It is curious that the correspondin va 
‘bu, obtained by difference, did not come out as smoothly as in th 
tables, though the order of value is throughout the same. Probably s! 
dislocations of the parts of the interferometer itself in an agitated 
tory are the cause of these discrepancies. ‘ 
Final measurements, Series VI and VII of table 73, were made with 
apparatus further modified, as stated in §106. In particular the mi 
used were silvered in front, so as to obviate discrepancies (though such an 
effect is here probably negligible, since the spot of light does not move on 
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the plane of the mirror) from the two wedges of glass which lie in front of 
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Fic. 69.—Observed indices of refraction and variation at different incidences. 


the silver surface in the former case. The axis for varying 7 was vertical. 
A contrast is made between sunlight (using no collimator objective) and 
the electric arc. 

The new results for » are smoother, but in general not much of an 
improvement on preceding work. They represent the average limits of 
the method and show that the mounting of the crystal parallel to the 
axis, preferably with the latter passing symmetrically between the faces, 
finally becomes the chief obstacle to further development. The direc- 
tion of this axis is immaterial. The results are given in fig. 68, c and d, 
and fig. 69. 

Finally, certain measurements, table 73, VIII, fig. 68, e, made with a 
biquartz “rouge,” may be inserted here. The right and left turning 
crystals were identically thick and respectively above and below the hori- 
zontal plane corresponding to the center of ellipses. The crystal was too 
small for satisfactory work, but no difference could be detected in the 
ellipses corresponding to right-handed and left-handed rotation, the 
biquartz behaving like a single homogeneous crystal. 
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104. Oblique incidence. Quartz cut parallel to the axis—Table 74 
and fig. 70, a, b, c, give the results for the parallel quartz. The index of 
refraction should, therefore, in the normal position, i= 0°, show maximum 
difference, du. The only available plate was not quite plane parallel and 
rotational adjustmént was required between the two readings for AN. 
This again throws the absolute values out. The mean thickness of the 
plate was e=o0.4918 cm. The surface was too small for much rotation. 


TABLE 74.—Rectangular quartz plate parallel to the axis. e=0.4918 cm. Rays not 
parallel in vertical plane. Opaque mirrors silvered on back. Horizontal axis of 
rotation. wo=1.54423; we =1.55338; b X 10%=0.421. 


z r ANo Obs. po AN. 
fe) (0) 0.27919 1.54388 0.28431 
10 6.47 -28165 1.54336 .28653 
20 12.80 .28930 1.54193 -29395 
30 18.88 -30315 1.54069 -30785 
35 2. 80 -31260 1.53991 -31730 


The differences 64 between the corrected ordinary and extraordinary 
index are somewhat in excess of the true value, the observed ordinary 
index being about 4 units in the fourth place too large and the observed 
extraordinary 6 units too small. Apart from these absolute differences, 
however, the values of 64 make a smooth curve to the fifth place of decimals, 
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Fic. 70.—Observed indices of refraction and variation at different incidences. 


as shown in fig. 70, a, and 6u decreases with the obliquity, i.¢., from the 
maximum difference of uo and p,, as it should. Unfortunately the need of 
readjustment for air and the quartz medium leaves an uncertain element 
in these data. 


The w a es ae re this with t 1e results | 
et fig. 70, b 


TABLE 75.—Quartz plate parallel to the axis. Conditions as 
in table 74. po=1.54423; Me =1.55338; bX108=0.421. 


ANo Obs. po 


0.28193 1.54946 
.28468 1.54949 
-29038 1.54408 


-30425 1.54280 


*Readjusted. 


This series is poor in relation to uo and pu,, as it was necessary to readjust 
the mirror twice. The values of du, however, are nevertheless in accord 
: with the data of the preceding table. 
a In the following experiments, table 76 and fig. 70, c, with the same plate of 
quartz, the lens of the collimator was removed and sunlight thrown directly 
on the slit. Light rays parallel in the vertical plane thus pass through the 
plate; but the ellipses in this case were neither sharp nor easily identified. 


TABLE 76.—Quartz plate parallel to the axis. Sunlight and slit without a 
collimator lens. 0 =1.54423; He =1.55338; 6 X 10” =0.42I. 


1.55549 | 0.28965 


In view of the difficulty of observation, these results are not easily inter- 
preted in so far as the corrected absolute values are concerned. The data 
for e—o are too low as compared with the preceding series, but they come 
nearest to the true value, while the individual indices of refraction uo and 
Me are much too high. As a whole, the results for the plate cut parallel to 
the axis have failed to turn out well, owing to the fact that this plate was 
appreciably wedge-shaped. 


105. Data for crown and for flint glass——To exclude the peculiarities — 
due to double refraction a few experiments were made with rectangular 
plates of crown and of flint glass. Neither of them was adequately plane 
parallel and separate adjustment (rotation of the micrometer mirror) for 
the air and for the plate medium was necessary. 

To determine the dispersion constant, it is necessary to use the method 
of equation (8), §roo, since the total reflectometer, in case of flint glass at 
least, is quite unavailable. The results, which were also discussed in §100, 
were crown glass, 10% =0.470; flint glass, rob=0.952. ‘ 

The results of table 77, like those for the ordinary ray in the preceding 
table, show the same variation of « with r, the cause of which has been 
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ascribed to the appreciably wedge-shaped glass plates. Furthermore, a 
dispersion equation with three constants would have been preferable, if 
not necessary. 


_ TABLE 77.—Plates of crown glass, e=0.6946 cm., and of flint glass, e=0.6720 cm. 
b X 10" ¢crown glass) =0.4698; b X 10% (flint glass) =0.952. 


Crown glass Flint glass 


M AN ue 


1.53307 0.42965 1.58501 


1.53306 43355 | 1.58482 
; 153225 .44672 1.58600 
1.53125 -46880 1.58698 
1.53157 -50103 1.58764 


106. Apparatus remodeled.—The change in the direction of the axes of 
rotation for 7, from the horizontal to the vertical, seems to be without 
effect, as has already been tested in table 73. Hence the vertical axis is 
to be preferred throughout the measurements. Being parallel to the slit, 
it requires a smaller face of crystal for a corresponding variation of 7 and 
none of the rays need be cut off on rotation. In any case, the axis should 
pass as nearly as possible through the line of symmetry of the crystal, 2.e., 
midway between the faces, to avoid the wedge-effect. The plate is made 
parallel to the axis by the device of the perforated axle and normal to the 
beam by aid of the motion of the interference rings for two planes of rota- 
tion. Errors introduced by inequalities of the screws for the measurement 
of AN and e will here be disregarded, as they are not significant and their 
effect may be corrected at the end of the work. (See Chapter XIII, p. 192.) 

The first improvement consisted in providing all the mirrors and plates 
with a firmer spring, so that a tremor of the table might effect no permanent 
disadjustment, however small. Flexure of the table due to a weight must 
be scrupulously avoided during the measurements. The feet of the microm- 
eter should be provided with vertical and horizontal (parallel to the mirror) 
adjustment screws, so that the final placing of the mirror may be made 
elastically, straining the arm which holds the micrometer to a very small 
extent. This secures much finer and easier adjustment than is possible 
by actuating the three leveling screws of the mirror. The ellipses may 
now be placed with certainty in the center of the field and they appear 
with maximum sharpness. Moreover, if the support of the micrometer is 
under strain, it is clutched more securely, so that the micrometer screw 
may be manipulated with the hand with less tremor to the image. 

The opaque mirrors, which in the above experiments were silvered on 
the rear, were replaced by a similar set silvered on the front face. In this 
way the possibility of a sharp edge of glass at either mirror is avoided, 
care being taken to obtain a specially even coat of silver. Finally, tests 
were made with parallel rays of light, the objective of the collimator being 
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removed and the slit used alone either with sunlight or a distant arc light. 
The rays are then parallel in their projection on a vertical plane, but not 
in relation to a horizontal plane, because of diffraction of the slit. 

Results so obtained are given in table 78 and fig. 70,d. The measure- 
ments were made with a selected piece of crown glass cut from a large sheet 
of common plate, which had been tested throughout its length and a suitable 
part taken. For this purpose it is merely necessary to examine the white 
undeviated slit images. If they are not displaced appreciably in any direc- 
tion by the introduction of the plate into one of the component beams, the 
part of the plate used will probably be serviceable. The final test may be 
made with the ellipses themselves, which must be clear for both positions 
of the micrometer N and Np, in the presence and absence of the plate. 


TABLE 78.—Selected plate glass. e=0.7641 cm. 6b X10%=0.453; 26/2? =0.2609. 


I. Sunlight. II. Electric are. 
Horizontal axis. Horizontal axis. 


III. Electric arc. 
Vertical axis. 


t r AN LM r AN u AN LB 


° ° °o 


O20 O°42235 4)" 1.52713 1" 0 0.42265 | 1.52749 o- 


0.42250 | 1.52729 


20-|Srwncal ldecscac{ chess se 12180) 649885 92.5264 12 Rol S-43030 eee 
30 | 18.88] .45965 | 1.52481 | 18.18] .46006 | 1.52530 | 18.88 | .46125 | 1.52679 
40 | 24.60] .49033 | 1.52194 | 24.60) .49184 | 1.52374 | 24.60) .49403 


1.52634 
29.73 .53586 | 1.52134 an ee 


In table 78 the first series was obtained, as already intimated, with 
parallel rays of sunlight, the objective of the collimator being removed. 
The ellipses in this case are liable to be small and cramped, so that this 
method (without lenses) is otherwise much inferior to that of the series in 
which the arc lamp was used in the usual way. The axis of rotation for 
varying z for the plate was eccentrically horizontal, even here an undesirable 
adjustment. 

The values of « obtained in the first series with sunlight are definitely be- 
low the second with electric light. They agree more nearly as 7 approaches 
zero, so that the effect is probably not due to obliquity of the rays, but to 
the eccentric axis. At 7=o0° and as far as 30° the indices of refraction are 
alike to four units in the fourth place, which would be satisfactory. 

In the belief that the marked variation of u with 7 in Series I and II is 
referable to the eccentric axis of rotation, even in nearly plane parallel 
plates, the experiments were repeated with a carefully constructed vertical 
axis adjustable parallel to the faces. The graduated circle, moreover, was 
much finer, showing the values of 7 to tenths of a degree. 

The new facilities in adjustments for rotation to secure different angles 
of incidence, taken as usual on both sides of i=0°, the mean value being 
used, have so much improved the values of u (see fig. 70, d), that the suspi- 
cion aroused against the eccentric horizontal axis of rotation is verified. 
In fact, in the latter case different parts of the plate are successively put 
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into the beam obliquely when i changes. Any variation in thickness of 
the plate thus enters the data as a systematic discrepancy. In Series III, 
the values of u at i=0° and 7= 20° differ by less than one unit of the fourth 
place, which is an altogether satisfactory result. Beyond 20° the error 
increases rapidly, ag is to be expected. 

It thus appears, in conclusion, that for very long columns of glass the 
values of the index of refraction should be obtainable with any refined 
degree of accuracy desirable, as suggested in §o8. 


107. Results for different spectrum lines.—In $100 the method for 
computing the approximate dispersion constant b was indicated. There is, 
however, a difficulty inherent in this method, inasmuch as for the case where 
#is to be found for four or more places of decimals the abbreviated Cauchy 
equation is insufficient. It is necessary, in other words, to use the more 


extended form w= A+ a + a 


Leaving this for the present, it is interesting to compare the results 
obtainable by the interferometer with the standard data of Mascart, de 
Lépinay, and others.* For this purpose the quartz of table 73 was mounted 
at normal incidence and the micrometer readings for the C, D, E, b, F 
lines of the spectrum taken in succession, both for the presence and absence 
(air) of the quartz plate. The differences of corresponding values (quartz 
and air), 6N for the same line, were then reduced to the value of AN for 
the D line in table 73, so that the AN for each spectrum line was obtained 
in succession for the computation of w. In other words, the values of 6N 
are shifted so that for the sodium line 6N,=o. 

The table shows that the value of » thus computed differs from the 
value of Mascart u,, by 14 units in the fourth place in case of the extreme 
C and F lines. The reason of this is the approximate value of b taken. 
To find what the value of b should have been in each case put p,,=M and 
Mg(MN /e+1) =S; then 

(M—S) = —2b (12) 


These data are also given in the table and show a very appreciable variation 
in the march of b from the C to the F line. 

Table 79 contains three series of values made at different times. The 
agreement of the first two is very good, but the difficulty in recognizing 
the Fraunhofer lines among the stationary interferences has not been quite 
overcome. 

If the mean value of b is computed from Mascart’s data between the 
GC and D and the D and E lines and compared with the computed mean 


of the table, the results are 


C to D DtoE 
INIASCa iG dec atpine 6 7n9 b X10 =0.421 0.407 
Interferometer........ bX 10% =0.433 0.412 


* See Landolt and Boernstein’s Tables. 


ference of about , Te 

terferometer is “iftcatt to <i sili san tationary int 
are very prominent in the red. Between D and E, however, nage 
is as close as the method warrants. 2 


TABLE 79.—Values of b as compared with the data of ee Quartz as in» 1 
ANp = 0.34059 cm. i=r=0°. w=ya(AN/e+1)— 1s 
bX10"=0.415. 


C |0.01079 | —0.00353/0.33706 |1.56259 
D| .01432| .0 -34059 |1.56847 |1.54457 |1-54423 
- IiE | .01897 |+ .00465] .34524 |1.57623 |1.54635 |1.54718 |+ - 

b | -01995 -00563| .34622 |1.57785 |1-54697 |1.54770 |+ - 
F | .02325 .00893] .34952 |1.58337 |1-54825 1.54966 | + 
C]} .01008 |— .00362| .33697 |1.56243 |1.54316 |1.54188 |— . 
D| .01370|  .o -34059 |1.56847 |1.54457 |1-54423 |— - 

IL; E | .01838 |+ .00468] .34527 |1.57628 |1.54640 |1.54718 |+ .- 
b | 01940 .00570| .34629 |1.57798 |1.54710 |1.54770 |+ . 
F | .02255 .00885] .34944 |1.58323 |/1.54811 |1.54966 |+ . 
C} .00317 |— .00353] .33706 |1.56259 |1.54332 |1.54188 |— . 
D| .00670 xe) -34059 |1.56847 |1.54457 |1-54423 |— - 

TIT) E | .02515 |+ .00437| .34496 |1.57577 |1.54589 |1.54718 |+ . 
b | -02725 |— .00535| .34594 |1.57739 |1-5465I |1.54770 |+ - 
F | .03550 -00855| -34914 |1.58273 |1.54761 |1.54966 |+ . 
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Fic. 71.—Variation of the dispersion coefficient with wave-length. 


The results of b so found show the difficulty encountered in using the 
method of §100. The equivalent of the distance apart of Cand D and D 
and E on the micrometer is too great to warrant the simplified Cauchy 
equation there used. It also shows, however, that the outstanding error of 
the above results is referable to the approximate value of b used. For the 
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D line in table 79 the mean result for b is 100.421. This value was 
therefore used in reducing the quartz data above. 


108. Conclusion.—The above results, taken as a whole, bear out the 
surmise that it must be possible to determine the refraction of solid and 
liquid media by means of displacement interferometry with any degree of 
accuracy desirable, depending ultimately on the length of the refracting 
column employed. The center of ellipses is never lost but may be brought 
back to the fiducial Fraunhofer line if the micrometer screw is sufficiently 
long and the end faces of the medium are plane parallel. If the latter is 
not the case, and the angle of wedge is not too large, the discrepancy may 
be corrected by compensation. For this purpose the distant mirror N 
and not the one at the micrometer M and controlling the beam passing 
through the medium is to be rotated to restore the ellipses. 

The coefficient du/d\ may be obtained by the same method with an 
adequate degree of accuracy, by using successive Fraunhofer lines. In 
the case of work of precision, the Cauchy equation as far as the fourth 
power of wave-length is necessary and three Fraunhofer lines are needed 
to determine the two essential constants. For this purpose it is immaterial 
whether the plate is slightly wedge-shaped or not. 

If the optical constants of doubly refracting media are to be observed, 
the plates are to be mounted for rotation around an axis parallel to the 
slit and passing symmetrically between the faces. Otherwise the wedge 
effect is liable to produce excessive distortion in the results. If columns 
are to be used, plane parallel faces are to be cut at a definite angle to the 
optic axes, as the columns can not be rotated. 

The position of minimum thickness of the plate or crystal may be recog- 
nized from two rotations at right angles to each other, and the reversal of 
the motion of the interference rings. It is thus easy to place the axis of 
rotation at right angles to the beam. 

The interferometer used in the above experiments was an improvised 
apparatus, made of 14-inch gas-pipe, through which water continually 
circulated. The angle between the component or interfering beams being 
but 30° or less, the micrometer was sufficiently close to the observing 
telescope to admit of easy manipulation. The arms have since been in- 
creased to over 1 meter in length, each, and the available free depth below 
the beam is 15 cm. There seems to be no difficulty of increasing these 
dimensions in any degree. In spite of the lightness of the apparatus, 
tremor of ellipses does not seriously hamper the observations. Suppose 
now a glass column 1 meter long with plane parallel end faces is placed 
in one of the beams. The micrometer displacement which restores the 
center of ellipses to the fiducial sodium line will be of the order of 50 cm., 
measurable, so far as the interferences are concerned, to 5 X 10-* centimeter. 
Hence »—1 must be measurable with an accuracy of 1 part ina million. 


* Described in Am. Journ. of Sci., XXXIII, 1912, pp. 109-219. 


CHAPTER XIII. 


SUBSIDIARY EXPERIMENTS. 
THE PRISM SPECTRUM ON THE ROWLAND SPECTROMETER. 


_ 109. Introductory. Apparatus.—Having certain experiments to make _ 
Ww h the spectra of prisms of small angle, I attempted to find the indices 
in terms of wave-length on a modified Rowland adjustment, as described 
ina preceding paper.* In such a case the wave-length of the grating spec- 
trum would at once be given in terms of the position of the carriage which 

_ supports the ocular. The refraction of the prism is found in terms of the aa 
same data, provided the Fraunhofer lines are available for adjustment. 


Fic. 72.—Adjustment of prism. 


In fig. 72, ss’ and CC’ are the two fixed rails, symmetrically normal to 
each other, and R the sliding oblique rail of fixed length, swiveled at the 
axles a and x. If the grating were placed at a, normal to CC” or to R, the 
wave-lengths would be computed from 


A=D(x2—%1)/2R (1) 


which is either D sin 6 or Dsinz, respectively. I may therefore insert a 
slight digression here. In the figure the light is supposed to come from a 
_ white source beyond C, and to be collimated in the direction CC’. L is 
- a weak achromatic lens carried by the rail R and placed so that Lx is the 
_ principal focal distance. For a transmission film grating of about 15,000 


* American Journal of Sci., C. and M. Barus, xxxi, pp. 85-95, 1911. 
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ines bs. i inch, such as eal made by hr. hae Srney 
jus ed to a suitable length, while at the same time equation (: 


=i , 10°\ = (%2—%1) /2 


This is a great convenience in practice. The rail in such a case is sli 
less than 167 centimeters long. For a grating of 10,000 lines to the i 
it would be about 250 centimeters long, while about half this length w 
make 10°A=%2.—%. 

* By providing the ends of the rail aR with a right and left screw respec- > 
= tively or a stiff turnbuckle, the adjustment is secured with conside: able : 
precision. Table 80 shows a few measurements with the spectrometer so 
adjusted, sunlight being used. 


TABLE 80.—Data for #2—x1 and X 


10®XA | 10® XX 


X21 | approx.| comp. 


The successive series show a different degree of approach to the true © 
value and in the last the requirements have been met quite adequately. 
The parts of the apparatus were improved from available laboratory furni- 
ture and the scale was read to 0.1 mm. by estimation. For the identifica- 
tion of unknown lines, an approximation of this kind has proved invaluable. 

Suppose now the grating is removed and the prism P placed on the hori- 
zontal table T, so that the plane bisecting the prism angle contains the axis 
a, at one end of the rod R. Let the prism be placed so that the angle 6 may 
be the angle of minimum deviation for the given color, or the ray within the 
prism be normal to the place ay. Finally, let R’ and 6’ be the correspond- 
ing position on the other side of the undeviated ray Cb, the prism having 
been suitably reversed and being again at minimum deviation. Then 


sin 6=(*,.—4%)/2R (2) 

For comparison, since \= D(x_,—.)/2R would be the corresponding wave- 
length of the grating spectrum, 

D=X/sin 6 (3) 


is the grating space of the normal spectrum, coincident at the given Fraun- 
hofer line \, with the prismatic spectrum. Naturally the two spectra are 
turned in opposite directions. 


ier tretaieus is rotated until the plane ga of the prism ce 
ith the direction C’C and the positions x,’ and x’ of the rays 
from the two faces of the prism, respectively, are taken. Then 
same way is 
3 sin = (x/—%’)/2R (4) 


Fi om equations (2) and (4), which give 6 and 9, respectively; the index of 
_ refraction u is as usual 


= E _ sin (e+68)/2. (<) ae 
on , ee re cots oe 
w sin g/2 : 
110. Data.—The following observations were made to illustrate this "i 
- equation. a 
=i 
Taper 81.—Refraction of a prism. g=30°; R=168.3 cm. 10°D (computed) =176.55; 
ee T/ Di oh lines /cm?, 
I 1 
; Line 2 
10°XA | 2-H 6 | be 10°XA | x2. — 4X1 6 Me 
J = 
B noe ihe eae ceed Sick 68.7 TIT. 25) 4 19-2050 1.000 
Cn O5-02 eILI-35 a srOG2 ie Tore 65:63) || sLD1-65) |) 10.37, told. 
DP 58:93 112.35 19.50 | 1.618 58.93 | 112.45 19.52 | 1.618 
a E 52.70 113.55 19.72 | 1.624 52.70 113.75 19.75 | 1.626 
4 b 51.84 | 113.80 | 19.76 | 1.626 51.84 | 114.00 | 19.80 | 1.627 
Sever oPtee 114.609 19.909) 1.630 (48.61 |9114.85\ | 19.95 | 1.632 
G | 43.08 | 116.70 | 20.28 | 1.641 43.08 | 116.90 | 20.32 | 1.643 


III IV 


65.63 LLPE35 19.32-] 1.012 65.63 II1I.05 19.26°| 1.610 
58.93 112.50 EQ:53. |) 1:619 58.93 112.25 19.48 | 1.617 
113.65 LO. 7Z ale l.025 52.70. |, 113.00 LO. 725 02d. 
51.84 | 114.00 19.80 | 1.627 51.84 | 113.90 19.78 | 1.626 
48.61 114.80 | 19.94 | 1.631 || 48.61 114.80 | 19.94 | 1.631 
43.08 | I17.00 | 20.34 | 1.643 AZO) LEO: 70m) 20.28) ie LOA 1 


le lomeslwl@ les) 
on 
iS) 
~sI 
fo) 


The chief difficulty here was the arrangement of ocular until the lines 
in the small spectrum of the 30° prism could be distinctly seen for measure- 
ment. This was finally accomplished by suitable magnification, as is 
shown by the successive series in fig. 73, in which Series II and IV are 
raised to keep them apart. The curves show the uncertainty in identifying 
the fine lines of the spectrum. 

No attempt has here been made at accuracy, the scale being a milli- 
meter scale on brass and the fractions of a millimeter estimated. Obviously 
the precision could now be increased at pleasure by sharper scale-reading. 
The difficulty in the work as a whole will ultimately be the measurement 
of R, the length between axles; but here, as this is about 169 centimeters, 
a reading of a little less than 0.2 millimeter would be needed to vouch for 
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hand whose space D is known, R may be found indirectly 
"Fraunhofer lines of the solar spectrum. a 

Usually x2—2%1 is inconveniently large for so large a value of R, aa ; 
is particularly true when prisms of large angle are to be treated. : 
a smaller value of R is in general preferable, so long as its accurate ler 
is still determinable. All this applies in an even greater degree to h 
measurement of the prism angle ¢, in which case x.—%, is still larger th 


Fic. 73.—Dispersion and wave-length. 


for 6. A plausible suggestion that an adjustment like the above might suffice 
without sunlight for the rectification of the spectrum does not seem feasible. 


THE COMPARISON OF TWO SCREWS. 


111. Introductory.—In work like the above, where two lengths are to 
be compared, a displacement AN measured with one micrometer, for in- 
stance, and a thickness e with another (a caliper screw), it becomes of 
importance to codrdinate these data directly. This may be done with 
facility by mounting the opaque mirrors M and N on the two screws in 
question, shifting the ellipses away from the spectrum line with the first 
screw at N and returning them to the identical line with the other screw 
at M, through successive consecutive steps of their length. The screws 
must now be identically reversed in relation to the fixed beam of light and 
a similar series of complete data investigated. The true relation is the 
geometric mean of the two results at each step. 


112. Method.—In fig. 74, let M and N be the opaque mirrors, actuated 
by the micrometer screws at angles a and a’, respectively, to the beams 
of light m and n, 7.e., the normals of the mirrors. Cis the collimator, G 
the grating, and T the telescope. Let the latter be clamped, so that the 
direction TG is fixed throughout the experiment, as is also CG. It must be 
possible to remove the mirrors M and N, together with their micrometer 
screws, without changing the angles @ and a’, in order that they may 
be identically reversed. 
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: Let S be the pitch of the screw at M, for instance, s the corresponding 
_ equivalent (approximate pitch) at N. Then 


S cos a=s cos a’ (z) 


4 Now let the mirror’ be reversed, the angles a and a’ and the beams m 
] and u being reproduced, in virtue of the fixed direction GT. In this case 
b S cos a’=s cosa (2) 
4 Hence 

. S?=ss’=5?(1-+b). (3) 
Since k is very small, : 
4 

S=s(x +k/2) == (s+s'), nearly. (4) 


7 
\ 


E In order that the reversal may be properly made, the tablets carrying 
the micrometers M and N with the attached mirrors should be truly 
horizontal, so that merely an adjustment of each in azimuth is necessary. 
The sharp white line which is the direct reflection from the mirror N is 


Fic. 74.—Interferometer for comparing screws. 


first restored to the cross-hairs of the fixed telescope, after which the 
reflection from M is restored to the same image, the two lines merging 
into a single vertical sharp line. The slit images should now also coincide 
horizontally in the field, z.e., the two images of any specks of dust or cross 
lines in the slit should cover each other. If this is not the case the tablets 
carrying M and N must be provided with three adjustment screws, so that 
condition of mirror normal to the beams of light may be reéstablished 
without changing a and a’. In other words, the adjustment screws of 
the mirrors on the micrometer must be left untouched. 

When this is done, the ellipses will be seen in the direction of the diffracted 
rays Ras soon as the proper distances m and n have also been reéstablished, 
by moving either mirror alone. The arrangement of mirrors on the tablet 
should therefore be as nearly as possible symmetric, even when different 
forms of screws are compared. 

A simple type of micrometer screw, or attachment suitable to any screw 
to be tested, will also be used below and may be described here. S, fig. 75, 
is the micrometer screw in question, with its graduated head at H, revolva- 
ble in the socket R, this being adjustable with three screws as usual, on 


se ee is ee ee at Ps The whole doris eae 
to the end of the screw S. In this case the mirror rotates with 
as it advances and the latter is therefore necessarily normal to the 
‘nent beam m, an adjustment secured by the set screws at s in the usua 
the effect of the operations being observed in the telescope T in fig 
The approximate adjustment is conveniently made with sunlight 
by reflection from the mirror to a screen 20 or 30 feet distant. Sup 


fig. 76, the mirror is nearly normal to the screw; let the intersection of 1 
incident ray, the screw axis, the normals, and the reflected rays with - th he 


Fic. 75.—Simple screw micrometer with slide. 
Fic. 76.—Diagram for adjustment. 


screen, all lines prolonged if necessary, be at L S N’ and R, respectively. 
If the screw is rotated 360° the normal will trace a circle N’ to N’’, the © 
reflected ray a similar circle R’ to R'’. If the normal N’ coincides with 
the axis of the screw S, the reflected ray will be at the center R of the circle 
R’ R". Hence the center is to be sought by rotating the screw. The mirror 
is now adjusted so that the reflected ray is at R. Then N is at S, as 
required. With successive trials this succeeds very well. 


113. Data.—Table 82 contains a comparison of the screws of two slide 
micrometers, one of them old but with an excellent slide, the other with a_ 
good new screw but an imperfect slide. Asa result of this it was impossible 
to keep the ellipses adequately sharp throughout the whole motion of the 
screw. In fact, it was necessary to make a readjustment of mirrors M and N 
from time to time, 7.e., to take a fresh start, so that the comparison pro- 
ceeded rather in sections. Moreover, the motion of the slide not strictly 
parallel to itself appears in the data as an error of the screw, and virtually 
it is so. 

The discrepancy may, however, be corrected without reéstablishing a 
fresh zero, by removing the effect of any slight rotation at one mirror (due 
to an imperfect slide or other causes) by the adjustment screws at the tablet 
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of the other mirror, until the sharp lines of the ellipses are quite restored. 
This is, in fact, a method of compensation by which the excess of length 
due to incidental rotation of one mirror (at M) is manually imparted to 
the other (at N). Care must be taken to keep the angles w and a’ unchanged. 


4 
TABLE 82.—Comparison of two micrometer screws. 


New. Old 
cm. cm. 
0.00 | 0.0 
.05 .04910 
.10 .09850 
15 -14870 
.20 -19890 
25 .24860 
.30 -29855 
35 -34905 
-40 -39900 
-45 -44875 
.50 -49860 
55 -54870 
.60 -59820 
.65 .64790 
.70 69765 
75 -74790 
.80 -79755 
85 .84740 
.90 -89675 
95 94645 
1.00 99625 | 
1.05 1.04610 
I.I0 | 1.09515 
1.15 1.14500 
1.20 | 1.19440 
1.25 | 1.24405 
1.30 | 1.29370 
1.35 1.34270 
1.40 | 1.39235 


I. Clockwise. 


| 


Jor 
E 
| 
| 
| 
| 
} 
| 
| 
| 
| 
| 


Diff. 


0.04910 
-04940 
-05020 
.05020 
-04970 
-04995 
-05050 
-04995 
04975 
04985 
.05010 
-04950 
-04970 
04975 
-05025 
04965 
04985 
04935 
.04970 
.04980 
04985 
104905 
104985 
.04940 
104965 
.04965 
-04900 
104965 


II. Counterclockwise. 


New. Old. Diff. 
cm. ne cm, 
1.35 | 1.34645 

1.30 | 1.29705 } ae 
ras | nadnss | O87 
1.20mi l.197770 | or 
1.15 | 1.14760 Meone 
I.10 | 1.09760 mre 
1.05 | 1.04780 | ae 
1.00 -99765 1 aot 
95 94830 \ 04960 
-90 .89870 \ ee 
85 84835 } ated 
.80 -79815 " Rete 
75 -74800 

-70 .69810 j sa 
re 06 } .05020 
III. Mirrors reversed 
0.75 | 0.74790 

.80 .79970 ieee 
85 .85000 Aas 
.90 .89970 Whigs 
95 94945 

1.00 99940 He 
1.05 | 1.04905 1 aces 
I.10 1.09890 1 oes 
1.15 1.14885 acre 
1.20 | 1.19885 |) oe 
1.25 | 1.24900 ae 
1.30 | 1.29910 |} chore 
1.35 | 1.34925 |! 


In other respects the comparison, so far as the experiment iS concerned, 
was satisfactory (see fig. 77), very little difficulty in adjusting and reversing 
being encountered. With two good slides the work would have proceeded 
smoothly from end to end of the screws, which were several inches long. 


oi leet 


oe e first screw had a pit of 0.05 em., then oe 


Ciuc the ponies of spe faba Soo coincident wall nee ae rau 
-_hofer line, back to coincide with it, was read off on the finer screw. — 
a - In table 82 the successive sections have to be codrdinated, as a 
= fiducial mark was determined in terms of the preceding whenever 
ellipses lost adequate clearness. To find the relation of the two screws, 1 


mean of the initial and final halves of each series was computed by deduct- 
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Fic. 77.—Comparison of screws. 


ing the corresponding observations from each other and averaging the 
result. In this way the ratio r of the old appears in 


Series I clockwise r’ =0.9962 
“III mirrors reversed r’/’=0.9997 


Thus the true relation is finally 
r=(r’+r’’)/2=0.908 


Usually a large part of the difference of values of the two screws is to 
be ascribed to the angles of alignment a and a’, if no special means are 
taken to orientate them accurately. With the ratio r=S/s given, the ratio 
of the alignment angles would follow, but this is of little value. In fact, if 
a’=a-+da, then 
2—az 


da= (1-1) — 


where a? may be neglected in comparison with 2. Hence da increases as a 
decreases, numerically. The real problem of finding a for the measuring 
micrometer is naturally not touched by such a method, in case of two 
slide micrometers. It is given at once, however, when one of the microm- 
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eters is of the form of fig. 75, where a’ (say) is necessarily zero. Hence if 
the screws are identical cosa=1/r. Virtually, however, S cos a=s is the 
effective absolute value of the micrometer screw calibrated in this way in 
terms of s. This is a particular reason for the development of such an 
apparatus, fig. 75, to serve the purposes of comparison and standardization. 


114, Conclusion.—The advantage of the present method is that steps 
of any size, quite arbitrarily, are admissible and there is no danger of ever 
losing count. A rigorously linear slide is presupposed. I£ the slide is 
slightly circular, even with very large radius, the ellipses are soon blurred 
and lost. To restore the ellipses by rotation of mirror is possible, but in 
any case precarious. 


OBSERVATIONS WITH THE SIMPLE SCREW MICROMETER. 


115. Apparatus.—The screw micrometer without slide of the type of 
fig. 75 was made out of an old millimeter micrometer screw, which I used 
many years ago in determining the expansion of molten magmas. The 
screw was somewhat worn, though, held in place by an adjustable lock nut 
(not shown in fig. 75), it was still serviceable. The tripod of the micrometer 
was first adjusted, so as to bring the nearly normal reflected ray in the 
direction through the grating, roughly. Thereafter the final adjustment 
was made at the rotating mirror (special screws) at the end of the screw. 
Calling this mirror N, the corresponding mirror M (Fraunhofer slide) of the 
interferometer was placed so that the spot (cross-wire) in the direct image 
of the slit from M fell at the center of motion of the corresponding spot of 
the image from N, when the micrometer screw of the latter was rotated. 
The mirror N was now adjusted for coincidence of the two spots, using 
its adjustment screws for horizontal and vertical axes. The operation 
was then repeated. It is difficult to keep the spots from N quite stationary. 
One has better success on merely endeavoring to let the image from N 
rotate in a very small circle in the field of the telescope and return to its 
initial position after a complete rotation. In this way the following data 
were found, an example of many similar results sufficing the present pur- 
poses. The screw at N was turned in steps of about 1 mm. and their value 
found at the micrometer at MV, by shifting the displaced center of ellipses 
back to the sodium line. In fig. 78 the observations have been raised to the 
same line at the points between which fresh adjustment was made. This 
line, curiously enough, is not horizontal, as it should be, but inclined by the 
amount of about 0.0037 cm. per centimeter of length of either screw. The 
explanation of this seems to be that the trial screw is not straight but 
slightly bent, so that at each turn slightly more of the screw is needed to 
bring the reflected image again into coincidence in consequence of flexure. 
The amount of this superposed error is 0.0037 cm. per centimeter of length. 
Otherwise, coincidence of the reflected images would ensue after each 
complete turn of the trial screw. 


198 THE PRODUCTION OF ELLIPTIC INTERFERENCES 


The object of the present test was in the main an endeavor to find some 
means of replacing the slide of a micrometer, as these slides are difficult 
to grind sufficiently true for interference work. In fact, the results obtained 
are encouraging enough to suggest that a screw mounted not on one but 
on two supports, a and b, fig. 79 (the sockets of the latter to be adjustable 
by being horizontally split), would probably meet the severe requirements 
of the interference problem, in the complete absence of a slide. The parts 
of this screw SabS, if of metal, must of course be ground together. The 
endeavor will therefore presently be made to avoid metal sockets. The 
effect of errors in the obliquity of faces of the grooves of the screws, or 


Fic. 78.—Comparison of screws. Fic. 79.—Simple screw micrometer with 
two lugs. 


a residual wobble such as appears in fig. 75, would thus be minimized. 
Naturally the mirror N should be a good plate and reflection take place 
from the central part opposite the axis of the screw. 


116. Observation.—A large number of experiments was now made with 
a screw of the type fig. 79, principally with brass screws, carefully cut but 
not ground in the laboratory and at first running in brass sockets. 

The results with these screws were only moderately successful, so long 
as an unbroken socket was used. With the tools at hand it was not possible 
to cut the screw sufficiently loose to move easily 
for micrometer purposes, and at the same time 
sufficiently tight to be free from wobble. A «923 
single result (fig. 80), among many, may be 
shown as an example, obtained with the same  -va/ BS 
screw as above, but readjusted on two sockets, oO 
the abscissas denoting the individual turns de- -0/9 Lams 
termined by one rotation as seen in the tele- 0 i 3% 6 
scope, the ordinates the difference of value read Fic. 80.—Comparison of 

Screws. 
off on the two drums of the screws. Here again 
the difference of reading of the drums of the screws is not constant, but 
diminishes by about 0.0038 cm. per linear centimeter, due to some super- 
imposed error, attributable (as above) to flexure of the screw axis. The 
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reflected images do not register a complete turn for successive coincidences, 
Though the above datum is somewhat smaller, the difference is probably 
referable to the total change of mounting needed in the second case. 

Success was eventually reached by slotting the sockets (no longer of 
metal) parallel to the axis of the screw on one side and drawing the two 
halves of the nut together or pushing them apart by a set screw. This 
slot at s should run nearly across the lugs ab in fig. 79 so that the two 
parts are held together elastically. The first experiments were made with 
screw No. 5, in which the lugs are of indurated fiber. Screws so cut (each 
nut one-quarter to one-half inch thick) are usually too tight at first, but 
they cling admirably. The necessary ease of motion was secured by the set 
screws at a and 8, fig. 79, which here slightly push the socket apart. The 
ease with which a brass screw ro inches long and a pair of sockets of the 
kind in question may be cut and mounted and their admirable precision 
of motion when tested by the interferometer are astonishing. 
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Fic. 81.—Comparison of screws. 


Fig. 81 shows a comparison of screw No. 5 with the Fraunhofer microm- 
eter, using about 3 inches of the former. The adjustment of the mirror of 
the latter (No. 5) was left incomplete, so that the directly reflected ray de- 
scribed a small circle in the telescope. The coincidence of images of the 
two mirrors M and N was secured at the beginning of each of the turns, 
by the initial adjustment, so that the ellipses reappeared with each complete 
turn, after the Fraunhofer micrometer had also been displaced. Owing 
to the length (3 inches) of the new screw used, it was necessary to use the 
Fraunhofer screw four times in succession, by introducing thick glass 
compensators into the ray coming from the new screw. These were made 
with thick plates of glass and added at the places indicated by a, a’, a”, in 
the figure. The total thicknesses of the piles of plates were: at a, 2.10 cm., 
3 plates; at a’, 5.60 cm., 8 plates; at a’’, 8.60 cm., 12 plates. 

Owing to the number of reflections (24 faces in the last case), the image 
gradually became more colored and less intense, so that the adjustment 
was gradually less certain. At the same time the shift of ellipses was less 
sensitive. It was, however, wholly due to dimness of the interferences that 
adjustment was more difficult, a result which could have been avoided by 
using a single plate of thick glass (about 9 cm.); but this was not at hand. 


“returning in full strength after each complete biel 

The fluctuation of the curve which represents the equivalent of ete 
inch in centimeters (i.¢., 0.0705 cm.) is largely within 0.0005 cm. at the 
beginning of the work, when seeing was good. This is about one division 
of the drum of the micrometer screw, or about 1/141 of the pitch of the 
screw No. 5 and is largely referable to the difficulty of setting the head 
of the new screw at zero, the disk and graduation having been improvised. 
It furthermore contains all errors of the Fraunhofer screw, and finally all 
errors in judgment in bringing the centers of ellipses back to the sodium 
line. Nevertheless, throughout the whole length examined the new screw 
retains a satisfactory mean pitch. The whole operation of comparison 
can easily be completed in one afternoon. 

A similar screw with the two lugs but 14 inch thick and about 3% inches 
apart was now tested. The mirror mechanism was made lighter and the 
adjustment screws finer (56 threads to the inch), the object being to quite 
eliminate, if possible, the circular motion of the reflected ray. This was 
not quite accomplished, owing perhaps to an insufficiently plane mirror; 
but on rotating the screw in successive arcs of go° the ellipses were avail- 
able in three of the positions, though they were too blurred in the fourth 
for use. For final adjustment, besides a more perfect mirror (which need 
be only % inch in diameter), finer adjustment screws than the above 
would be desirable. The new comparison as a whole is given in fig. 82 
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Fic. 82.—Comparison of screws. 


in the same way as above. The fluctuation is on the average within about 
0.0003 cm., or half a scale part of the drum of the Fraunhofer micrometer 
and 1/236 of the circumference of the drum of the new screw. This un- 
certainty is almost wholly due to the difficulty of setting the latter with 
this precision, as the head was improvised in the laboratory for the pur- 
poses here in view. 

To summarize: There seems to be no doubt, therefore, that a screw, 
satisfying the requirements of the interferometer and trustworthy to 
about o.coor cm. and a length of even a foot or more, could be constructed 
by the above method. It is necessary to begin with a straight rod for this 
purpose (or preferably with a tube) of a larger diameter, say I or 2 cm. 
The adjustable mirror at the end should be light, which was not the case 
in the above apparatus, ordinary thick plate glass 114 inch square being 
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used. The adjustment screw with orthogonal axes must be of very fine 
pitch if the image is to be stationary. Such a screw of low pitch, carefully 
cut in brass and running in sockets of indurated fiber, can be made in 
almost any laboratory. 

The final advantage of this type of micrometer is the fact that the normal 
to the mirror is necessarily a prolongation of the axis of the screw and also 
coincides very nearly with the incident and reflected ray. There are thus 
no unknown angles between screw axis and normal to the mirror and 
exchange of screws at M and N is no longer necessary. 


THE RESOLUTION OF INTERFERENCE FRINGES. 


117. Experiment.—The following remarks apply to interference fringes 
produced preferably by the bi-prism, though Young’s slits and the other 
methods of course show the same results. The experiment is straight- 
forward, as is given in fig. 83, but the effect obtained is at first quite 
unexpected. 


Fic. 83.—Adjustment of bi-prism. 


In fig. 83 the arc light A passing the condenser C and the slit S, falls on 
the bi-prism B and then upon the direct-vision spectroscope S’G (prefer- 
ably of the grating form like that of Mr. Ives), where S’ is the slit, G the 
grating with attached prism, L and L’ the collimator and eyepiece, respec- 
tively. Both slits S and S’ must be as fine as possible, the spectrum seen 
being just short of darkness to obtain the sharpest effects, though the 
results are perfectly distinct, if more washed, for wider slits. 

What one would expect to see as the spectroscope S’G is moved across 
the field from left to right is the usual form of channeled spectrum, with 
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Fic. 84.—Spectrum with circular interferences. 


the fringes moving horizontally from end to end of it. What actually 
appears, however, is a succession of intercepts between an upper and a 
lower horizontal, of broad concentrically circular or oval absorption bands, 
all of a very large radius, the displacement being on the plan shown in 
fig. 84, or the reverse. In other words, the spectroscope reveals the simi- 
larly intercepted arcs of large absorption bands. The arcs if essentially 


‘move up and down, if e s¢ ati: vel tical oa 
er quite vertical, and they become thinner and more c 
1e ends of the spectrum. The groups 1, 2, 3 appear in successi 
Ct The phenomenon is exceptionally sensitive to changes in the ; 
mate verticality of the slit, so that if the spectroscope is slightly 
on its axis, all the groups may reappear in turn. 


a . 118. Explanation.—To interpret this phenomenon it is convenient to 


C plot the order of a given fringe in terms of its distance x from the cen ei 
ile of fringes, where n= (c/r(A/2))x, r being the virtual distance of the fring eS 
; og on the screen, here the slit of the spectroscope, from the virtual position 


= a of the two slit images for the wave-length . There will be dark bands © 
em ; for a given color X, as fig. 85 shows, whenever n=1, 3, 5, etc. The two lines 


oa drawn show the limits of the spectrum for any distance of fringe x and the 
3 heavy horizontal lines the number of dark bands to be expected. Thus | 
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Fic. 85.—Diagram showing color distribution. 


for the value of x corresponding to vr, there will be three black bands in 
the spectrum, their color distribution depending upon their position 
between v and r. As the slit moves from right to left from the positive 
to the negative values of x, bands will enter the red end and leave the 

violet end, for a positive value of x, and do just the reverse for a negative 
value of x. 

The question now arises as to what will happen if the fine slit is not 
quite parallel to the fine interference fringes, crowded together as they 
are in a vertical band about half an inch in breadth. The oblique but 
fine slit in such a case corresponds to a succession of values of « depending 
upon the obliquity and length of the slit, and the diagram, fig. 85, therefore, 
shows the case for only one point in the length of the slit. It is thus neces- 
sary to introduce the third dimension corresponding to the breadth of 
spectrum, at right angles to the plane of fig. 85, which plane may be sup- 
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posed to correspond to the bottom point of the slit. If the horizontal 
projection of the oblique line of the effective slit is tb, the spectrum corre- 
sponding to the top point of the slit will be v’r’, so that all the bands have 
been displaced toward the violet. Since the internal points of the slit 
correspond to the intermediate spectra between vr and v’r’, the spectrum 
will thus contain curved black bands with the tops toward the violet and 
their bottoms toward the red. Precisely the opposite will be the case for 
a negative value of x, 7.e., on the other side of the center of interference 
fringes.. If the slit moves, the general motion of bands will remain as 
already explained, only there must now be successive changes of form. 

Thus if the slit takes the position z’b’ (same distance apart from top to 
bottom of spectrum) there can be but one black band in the spectrum, 
running from the red at the bottom to the violet at the top and being 
therefore nearly horizontal. At ?’’ b’’ a single band must run from the violet 
at the bottom to the red at the top, z.e., with reversed slope, s6 that clearly 
with the projected slit symmetrical to x=0 the bands if appearing (as they 
do in multiple in a proper position of the bi-prism B, fig. 83, close to the 
spectroscope S’G) must be quite horizontal in the middle and curved 
upwards, or the reverse, at both ends. 

Following fig. 85 for a given obliquity and length of slit, all conditions 
may be easily computed. It is clear, moreover, that the bands can never 
be closed curves, but are limited to arcs cut off by the band of spectrum 
from a series of concentric closed curves. In this respect they differ from 
the elliptic interferences, which they in many respects recall; but the ellip- 
tics are essentially closed curves moving as a whole in the same direction. 


THE MEASUREMENT OF SMALL INCREMENTS OF ANGLE. 


119. Apparatus.—In connection with electrometry (see below, §160 and 
elsewhere), the measurement of small angles or small variations of an angle 
is often necessary and the following method was tested with such an end 
in view. The adjustments are simple in design, but in application they 
often give some difficulty. Two light mirrors, m and n, are attached to 
the rotating body, bb, pivoted in such a way that their faces are as nearly 
as possible parallel, so that the incoming component beam of light L, from 
the interferometer, is reflected at the same angle 7 at each mirror. The 
beam then strikes the fixed mirror N of the interferometer normally and 
retraces its path, meeting the component beam from the mirror M at the 
grating in the usual way. 

To obtain sufficient parallelism in the two mirrors, a beam of sunlight 
usually suffices and it is merely necessary to make the undeviated beam 
L and the reflected beam L’ coincide at a distant screen, the mirror N 
being absent. In other words, the light reflected from the mirror m is 
to cover the shadow of the disk. If the revolving body is substantial, 
m and n may be adjusted around the vertical and horizontal axes, as usual, 
by aid of three screws. In case of a light body it was found convenient 


; ts “wax, applied by melting. 
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The angle i, which is to change by a very small quantity only, must be 
determined by rotating bb on a divided arc, for instance until is paral 
to L, which is sufficient, 90°—7 being thus given. Usually it is possil 
and far preferable to rotate the mirror ” on bb, until the beam retra 
its path toward the grating. In such a case 7 may be read off directly 
From this, a, the normal distance apart of 
the mirrors, may be found from their fixed 
oblique distance, mn. 

Since 6=2a cos 1, the variation of the 
angle 7 in terms of the variation of the 
path difference 6 for different orientations 
m and n is found to be 


—di=d6/2a sin i. 


Hence for the given value of the incre- 
ment di, dé will be larger as 2a sin 7 is 
numerically larger. Hence a and7 should 
have the largest values available. It is 
more convenient to make 7 about 45° and 
to increase the sensitiveness by increas- 
ing a. If7z is measured in degrees, 


‘ Be abe Fic. 86.—Parallel mirror adjustment 
—d5/di=0.035a sin 7 for micrometry of angles. 


120. Experiments.—To put this apparatus to a practical test, a pair of 
light mirrors m, n was mounted and made parallel by sunlight as stated, on 
the index arm bb of a divided circle. The latter was clamped on one arm 
of the interferometer, in front of the stationary mirror M, this being about 
1 meter from the grating. Table 83 gives an example of the results ob- 
tained, the total range of the angle 7 being about 10°, after which the 
reflected images passed beyond the limits of the small mirrors. The index 
with its mirrors was moved in steps of about 0.5, 1, or 2 degrees, in different 
cases, steps which were read off directly on the circle, and therefore neces- 
sarily unequal as compared with the refined measurement on the inter- 
ferometer, the circle being only about 3 inches in diameter. The normal 
distance apart of the mirrors was 4.5 cm. and the angle 7 on the average 
about 50°. The initial value of 7 was found by normal reflection. 

Table 83 shows the successive angles of incidence 7, the successive dis- 
placements AN of the micrometer between each, and finally the observed 
and computed value of displacement per degree of arc. 

The irregularities in table 83 are merely due to the setting of the index 
arm of the divided circle, where an uncertainty of o.1° was inevitable. It 
was not thought worth while to repeat the work without a definite pur- 


IN RELATION TO INTERFEROMETRY. 205 


pose. It appears from the table that if ro~ centimeter is guaranteed 
on the interferometer, the twelve-hundredth part of a degree, i.¢., about 


~3 seconds of arc, is guaranteed; or if the installation is sufficient for the 


use of the interference rings, 1 second of arc per ring would be the sensi- 
tiveness of the above apparatus, where a=4.s cm. and i has the value of 


TABLE 83.—Comparison of the displacement at the micrometer 
and the increment of angle. 


, Observed | Computed 
a teal dé/di d6/di 
54 | 0.2408 0.1204 0.1258 
52 { 
.2438 -I219 .1224 
50 
.2212 .1106 .1189 
48 
47 -II51 -II51 «1161 
a .2529 -1264 .1274 


about 50°. As a may without inconvenience easily be increased ten times, 
there would thus be no difficulty in measuring well within 0.1 second of arc, 
the displacement being o.1 second of arc per ring. 


ELLIPTIC INTERFERENCES WITH CONCAVE MIRRORS. 


121. Apparatus.—In the course of the work, the production of elliptic 
interferences with the opaque mirrors identically concave presented itself 
and it was thought worth while to test the adjustment. Figure 87 is a 


Fic. 87.—Adjustment for elliptic interferences with concave mirrors. 


diagram of the parts of the interferometer, S being the slit illuminated 
by the are lamp (screened), A and C the collimating lens, G the grating 
with its ruled face toward the impinging light. The beam reflected from 
G strikes the concave mirror M and is then reflected to the focus at F. 
The transmitted beam reaches the concave mirror N on the micrometer 


=. 


ral Sriated peu R are in Skene ieee and ver 
(fine wire across slit to facilitate the former), and the mirrors M and A 
adjusted for equivalent distances, the diffracted beam D —s to 
focus F’ will be made up of two superimposed spectra which show th in 
ferences in question. Lenses L and L’ are available for magnify 
phenomena respectively; or an observing telescope with reinforced obje 
tives for short distance vision may be used with advantage. - 

The mirrors used had an area of only about % inch square, each, and 
were cut from the common concave mirrors used in connection with Kelvin’s, 
galvanometer, each mirror being a quadrant. Nevertheless the spectt 
and ellipses obtained were adequately sharp and luminous for practice 
use in the portion of the interference pattern near the center of ellips eS. 
The remote parts of the pattern, 7.e., the fine interference lines, did not 
come out well, for reasons doubtless connected with the quality of the 
mirrors. It is probable that the parts of a silvered concave spectacle — 
would have been preferable throughout. However, it is astonishing t 
mirrors so small and necessarily not of high grade should give the phenome 
non as satisfactorily as was the case. 

Though the adjustment is easily made, two difficulties were encountered - 
which are not incident to the case of plane mirrors and parallel rays. If 
the axis of the micrometer screw at N is not parallel to the axis of the beam, - 
the mirror M will shift laterally and with it the focus at F, destroying the 
coincidence of spectra and the interferences. Again, if the mirrors are 
as usual silvered on the back, there are many slit images from both surfaces 
and they are not very unequally bright when the mirrors are small. One 
soon succeeds, however, in recognizing the bluish image from M and the 
yellowish image from N in correspondence with the position of the face of 
the grating, which are more serviceable for effective coincidence than the 
others. In view of the near foci F F’, the images in the telescope are 
highly magnified and the ellipses are apt to be stretched in their vertical 
dimension. 

If the grating G is replaced by a half-silvered plate of glass and the 
mirrors M and N replaced by as identically concave gratings as possible, 
set at the same fixed angle of incidence, a variation of the present method 
well worth the trouble of special test suggests itself. F would then be the 
focus of spectra and the interferences observed at L. These interferences 
would naturally be on a large scale and this fact suggests many applications. 


ACOUSTIC DISPLACEMENTS. 


122. Mayer and Dvorak’s experiment.—A variety of acoustic experi- 
ments was made for the detection of small forces, in cases where the inter- 
ferometer seemed to be particularly adapted. The forces acting on a 
sounding resonator, discovered by A. M. Mayer in this country and by — 
Dvorak abroad, seemed to fall within the scope of the method. Accord- 


4 


ee | 
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ingly a paper cylinder (resonator), open at one end and closed at the other, 
was suspended horizontally from the bifilar pendulum shown in fig. 98, so 
that any longitudinal displacement due to acoustic pressure could be 
detected and the corresponding forces estimated. The cylinder used in 
the final experiment’ was 6 cm. in diameter; hence with an area of 28.3 
sq. cm. It was about 14 cm. long, so as to be in resonance with a Konig 
tuning fork of 522 vibrations. The mass of the cylinder and appurtenances 


_ Was 3.132 grams and the pendulum suspension 18.5 cm. long. The mirror 


was adjustably attached at the closed end. 

When placed on the interferometer the ellipses were easily obtained, 
though the tremors of the laboratory kept them in continual slight motion, ~ 
so that measurement by the interference rings was out of the question. 


: The resonator was excited by placing the mouth of the box of the tuning 


fork near the mouth of the suspended resonator. During this interval 
the ellipses vanished at once, as a whole, showing that the vibrations of the 
body of the resonator were so intense as to destroy the visibility of the inter- 
ference pattern. They reappeared, however, again at once, as soon as the 
tuning fork ceased to sound, without showing the occurrence of any discern- 
ible vibration. Hence there could not have been any appreciable deflection 
of the resonator or the forces, if any, are below the limit of measurement. 

The experiment was now modified by making the head of the resonator 
thicker and more rigid. For this purpose a disk of cardboard was fixed 
within the resonator by cement. The cylinder was also provided with a 
mica vane damper submerged in oil, and the whole apparatus surrounded 
by a case of tin plate to guard against air-currents. To avoid interferences 
due to the nearness of the operator, the resonator was excited with the 
tuning fork at a distance, the sound being conveyed through a hole in the 
case, after having passed through a 2-inch metal pipe about 10 feet long. 

The results, however, were not different from the above. When the 
tuning fork sounded, the ellipses vanished, owing to the tremor of the 
whole system of mirror and resonator. When the fork was suddenly 
stopped, the ellipses reappeared at once, and in place, showing no gradually 
decreasing oscillation to the point of equilibrium, such as would have 
occurred had there been any appreciable deflection. 

It appears, therefore, that the deflection of the resonator, if any, could 
not have been larger than AN=10~ centimeter, and since in the first 
experiment M=3.132 grams, the deflecting force could not have exceeded 
F=MgAN/l=0.017 dyne, equivalent to a pressure p=o.0006 dyne per 
square centimeter. In the second experiment, since M=8.316 grams, 


F=o0.045 dyne, p=0.0016 dyne/cm? 


would have been recognized. Acoustic pressure difference would there- 
fore have to be less than this value. 

In the later experiments of Dvorak and in the work of Rayleigh, Lebedew, 
M. Wien, and others the neck of the resonator is the seat of the forces 


5 aioe ha saa a Bee Band 2 cm. in igen een 
we 


pe Po hite The work was therefore abandoned as not sufficiently prot 


experiments made were like the preceding and showed the same n 


further research by this method. The method of Davis of detecting ace 
pressure within the organ pipe seemed equally difficult of adaptation. 


123. Telephonic displacements.—The endeavor was then made 
determine the displacement of the telephone plate, by attaching a mi 
at its center and fixing it on the interferometer confronting the microme 
mirror. It was supposed that ellipses might be visible even when the p! ate ‘ 
vibrated, at the elongations of the displacements, but this was not h 
case, even after several attempts in relocating the mirror. The vibrations 


TABLE 84.—Deflection of telephone blade. 2 strong cells. L=20; 
b=1.1; d=0.062; E=2.1XtI0"8; F=7.2X10AN. 


amperes. 


0.0066 
.024 


.103 
.027 
019 
.032 
021 
034 


were always accompanied by rotation of mirror, as a result of which the 
interferences were lost. With direct current of reasonable intensity the — 
ellipses were not appreciably displaced. The tremors of the laboratory 
were too great to admit of the use of interference rings and strong currents 
were apt to rotate the mirror. 

The plate was then replaced by a steel hack-saw blade, 20 cm. long, 
1.1 cm. wide, and 0.062 cm. thick, held by two horizontal arms clutching 
the ends of the blade, immediately in front of the magnet of the telephone 
(see fig. 88). The mirror was cemented to the center of the blade near 
the magnet so that the mirror moved parallel to itself. But even here the 
ellipses vanished when alternating currents were used to put the mirror 
in vibration, showing that rotation accompanies the vibrating plate; — 
otherwise the ellipses should have been glimpsed at the elongations. It is 
probable that the whole supporting adjustment securing the telephone, 
as well as part of the interferometer, is put into vibration. Direct currents, 
however, now gave deflections AN of a reasonable order of value, as may 
be seen from table 84, chosen from many similar results. R ohms is the 
resistance in circuit, and r that of the telephone coils, AN centimeters is — 
the displacement of mirror for the current i in amperes. If AN varies 
as 1, (R+r)AN is constant. This appears to be nearly the case, the dis- 
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crepancies being rather due to incidental disturbances in the adjustment 
and to difficulties in reading the ellipses. It is interesting to compute the 
forces F involved, supposing the saw blade vertically loose at its end (which 
was nearly the case), 

5 F=4Eb(d*/L')AN 


The values of F are given in the table, so that the table may be summarized 
by putting the displacement about AN=o.11 cm. and F=740 dynes per 
ampere of current, when AN is less than 0.002 cm., after which a rapid 
decrease of sensitiveness begins. A number of experiments of the same 
kind gave practically identical results. It is curious that for such small 
_ displacements 7 and AN are not proportional throughout. 
In place of the saw blade a narrow strip of thin tin plate was next used, 
__ the strip being 20 cm. long, 8 cm. broad, and 0.029 cm. thick. The experi- 
ment showed AN =o.o0o1 cm. for 7=0.04 ampere, which is equivalent to 
a sensitiveness of 0.072 cm. per ampere, not a marked advance on the pre- 
ceding case when the distance from the magnet is taken into account. 
This means that less iron is available for attraction in the thin spring, or 
that, if it were the purpose to increase the sensitiveness, an iron armature 
should be mounted on the spring just in front of the magnet. 


Fic. 88.—Telephonic induction balance on interferometer. 


124. Reciprocating and synchronized telephones. Apparatus.—The next 
step in development was the insertion of the second telephone T, carry- 
ing the micrometer N (fig. 88) and furnishing with the mirror M, also 
on a telephone plate, the two component beams of the interferometer. 
The two identical saw blades of the preceding case were used in preference. 
In the diagram L is the entering beam of white light, G the grating, R 
the undeviated, and D the diffracted rays. The telephone T is held in a 
wooden yoke a, eventually brass-faced at cc. To these plates the saw blades 
bb * are screwed down. The telephones are adjustably secured at e. The 


* Barus, American Journal (3), m1, 1897, pp. 107-116. 
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yokes a, a’ are fixed in short vertical ends of gas pipe clamped to the arms 
of the interferometer, admitting of sufficient vertical and horizontal rota- 
tion for rough adjustment. The fine adjustment for horizontal and vertical 
coincidence of the slits is made at a by three leveling screws (horizontal 
and vertical axes), and the yoke is additionally mounted on the plate of 
the micrometer screw. It is this contrivance which is to be specially 
designed and which at present constitutes the difficulty of the method; 
for the telephone T must be rigidly placed and yet be delicately adjustable 
and movable on a micrometer. 

The electrical interferometer or induction balance * so obtained should 
be capable of exhibiting the phenomena illustrated by fig. 89, where the — 
telephone T is within the resistances R and R’, whereas T’ is in immediate _ 
connection with the battery by the key K. Hence, if R=R’=o, both 
telephones are simultaneously affected and the plates vibrate symmetrically 
towards and from each other as at a. The ellipses should therefore remain 
in the field. When R=R’ is increased suffi- 
ciently the time must arrive when both plates 
move in the same direction in parallel as at 8, 
the lag being half a period. The ellipses should 
therefore vanish. For a further increase of 
R=R’ the lag will become equal to a whole 
period and case a is reproduced, etc.; or two 
different circuits coupled together may act Fic. 89.—Diagram of induction 
separately on T and 7’ and the time element alance. 
of the coupling be determined, since the ellipses vanish for lags of an even 
number of half periods and appear for lags of an odd number of half periods. 


owt inh ee" alr are aia, 


125. Reciprocating and synchronized telephones. Measurements.—In 
the first experiments with the apparatus, the blades were screwed down 
on wood surfaces, not brass-faced, and purposely fixed just short of loosely. 
Table 85 contains an example of the results which are of the same nature 
as the preceding. 


TABLE 85.—Two telephones. Deflection AN+AN’ summational. 
2 storage cells. Blades as in table 84. 


R é | ANXt1o8 r 


Some of the observations are not good, as is shown in the values of r, 
which should be constant. Probably the blade was too loose. The sen- 
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* Barus, American Journal (3), m1, 1897, pp. 219-222. Note on the excursion of 
the diaphragm of a telephone. 
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_ Sitiveness is nearly constant and equivalent to about AN=o.14 cm. per 


ampere, not twice the preceding value, because the blades were probably 
further from the magnet. 

On connecting the two telephones differentially so that the deflections 
proceeded in opposite directions, practically no displacements of ellipses 
was obtained. Thus at R=100 ohms, AN=o.0001 cm.; at R=s0, AN= 
0.00015 cm., etc.—a difference which could have been removed by more 
carefully spacing the saw blades in front of the magnets of the telephones. 

The expectation that, on applying alternating currents, the ellipses 
would remain in place in case of differential adjustment, was, however, 
frustrated. They practically vanished, either because the support as a- 
whole was put in vibration whenever the telephone sounded, or because 
the upper harmonics play along the length of the saw blade. In either 
case the practical solution is not yet at hand, even for the case of identical 
counter-motion of the two mirrors 

In the following experiments the yoke holding the saw blade was faced 
with brass and the blades rigidly screwed in place. An example of the 
results is given in table 86. Sensitiveness was increased by approaching 
the blades closer to the magnet of the telephone. This table still shows 

/ 7 
the same uncertainty as tor = Stee which can only be ascribed 
to the small value of the denominator of the equation, as the current 7 is 
roughly proportional to AN. Thus half a drum division, which may easily 
be due to slight changes of adjustment, would have corrected the first 
value of r. The sensitiveness is greater than before, being AN =0.185 cm. 
per ampere, owing to smaller distances between magnets and armatures. 


TABLE 86.—Yokes brass-faced. Rigid blades. =2 volts. 
Mirrors traveling in same direction. 
R 4 AN X10? r 
| 
300 0.0040 0.55 
50 .0080 1.40 he 
220 -0050 85 171 
20 -00QI 1.65 
100 .0067 ee ae 
(o) -O100 1.80 


On commutation, 7.e., when the mirrors moved in opposite directions, 
the displacement AN showed small values similar to the preceding case. 
Alternating currents, however, did not now quite wipe out the ellipses. 
In the differential adjustment they were fairly clear, showing the advantages 
of the new form of apparatus. 

In the final experiments the steel springs were iron-faced (armatures in 
the rear and just in front of the telephone magnet and immediately behind 
the small mirrors). This armature of soft iron, 3 cm. long, 1 cm. wide, 


i ng, 7.2. a1 

The results given in table 87 seem to bear out this surmise. The 
ies the values of r has not been overcome, although the observations 
_ more definite than heretofore. It fails of explanation even if the cu 


are supposed to be not proportional to the displacements. It is rath 

to some actual but irregular difference in the position of the mirrors 

and after the displacement produced by the current. When the mirro: 
travel in opposite directions, AN is not quite zero, which simply m 
that one blade is a little nearer the magnet than the other. 


TABLE 87.—Iron-faced springs. E=2 volts. 


II. Mirrors traveling in op- 
posite directions. Tele- 
phones in series. 


I. Mirrors traveling in same direction. 
Telephones in series. 


R 4X10? | ANX108 r 4X10? | AN X10° 3 
400 eho 0.60 : 3% 0.00 
100 On7; 1.25 77 6.7 +25 
300 4.0 .88 sen 4.0 -05 
50 8.0 1.60 5 8.0 -40 
200 5.0 1.07 ae 5.0 .20 
to) 10.0 2.20 9 10.0 -50 


III. N cut out; M alone vibrating. IV. M cut out; W alone 


vibrating. 
R tX108 | ANX103 r 4X 108 ‘ANXx 108 r 
400 4.0 pas) 4.0 0.15) 
100 10.0 1.30 59 10.0 73 
300 5.0 75 | 129 5.0 25 é, 
50 13-3 I ‘| r3 1.00} 33 
200 6.7 90 6.7 57 | 
oO 20.0 3.10 or 20.0 1.70} _ ) 
| | 


In Series I the sensitiveness is about AN =o.2 cm. per ampere and the 
data are fairly regular. In Series II, however, the case of opposed vibra- 
tions, the displacements begin after the current has reached a relatively 
large value, and the ensuing sensitiveness would be about AN=o0.07 cm. 
per ampere. Correspondingly the telephone M showed a reasonably 
regular march with the sensitiveness of 0.14 cm. per ampere, while for 
the fixed telephone N the displacement does not begin with the current, the 
mean sensitiveness being thereafter about 0.1 cm. per ampere. No doubt 
the way in which the blades are incidentally clamped, whether with or with- 
out a small initial strain, has much to do with this. The sensitiveness for 
the two telephones in series is naturally reduced by the double resistance. 
It appears from this that for small currents (less than 0.003 ampere) the 


ne E differentially connected should show no displacement. 
| fact the case on introducing the alternating current from eee 
uction coil. The ellipses were nearly as clear for two telephones in series 
as in the absence of current, if the mirrors vibrated in opposite directions; 
_ while the ellipses vanished almost completely when the mirrors vibrated in 
the: same direction. Unfortunately the case of telephones in parallel was 
e 78g tried, though it would probably have made no difference. 
___ It was now attempted to equalize the displacements of the two telephones 
with the results for mirrors traveling in opposite directions and the tele- 
> Be ice: in series (2 volts applied) 


K=0 4=0.01 AN =0.0025 cm. 


__ The sensitiveness is increased to 0.25 cm. per ampere, because the weaker 
action of one of the telephones was strengthened. On using alternating 
currents, however, there was not much advantage observed for the new 
_ adjustment, probably because only weak currents could be used in both 
this and the preceding case. 
- Toconclude: It has been possible to devise an induction balance consisting 
_ of two modified telephone plates vibrating synchronously on the interfer- 
__ ometer in such a way that if the vibrations are in opposite directions the ellip- 
ses remain in the field, while they gradually vanish for vibrations more and 
more in the same sense. Some experiments to apply this apparatus in 
_~ various practical directions were begun, but the work was discontinued for 
the present, as it is not in line with the main purpose of the present paper. 


CHANGE OF REFRACTION RESULTING FROM DIELECTRIC 
POLARIZATION. 
126. Introductory.—The experiments made on the value of Kerr’s con- 
stant subsequently to the fundamental researches of the discoverer of the 
phenomenon are very numerous. It will suffice here to refer to the sum- 
mary by Prof. L. Graetz in Winkelmann’s Handbuch, vol. 4, p. 168 e seq. 
If d is the optical retardation due to an electric field f in a column of length e 


d=Bef? (z) 


where B is Kerr’s constant. If uo and pu, be the indices of refraction for 
the two rays due to the presence of the electrical field 
= 6(o— Me) (2) 
or 
Mo He = BP (3) 
If wo—p, can be measured as above, the value of B would depend only on 
_. the measurement of f in volts/cm. 
z The present paper, however, gives merely a superior limit to the amount 
; of double refraction produced by electrostriction in glass. The accuracy 
with which the index of refraction may be measured in case of long columns 
of solids, or of liquids, with plane parallel ends, made it seem probable 
that the increase of index at right angles to the lines of electric force in a 
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glass condenser might be detected. If so, it could at once be measured 
absolutely. But the amount in the solid is so small that in the first experi- 
ments no displacement of the ellipses or motion of the rings was visible 
when a strong electric field was alternately applied and removed. 


127. Apparatus.—Liquids were inclosed in glass tubes about an inch or 
more in diameter with a tubulure normal to the axis in the middle. The ends 
were ground flat and plate glass fitted to the ends. One of these plates was 
cemented on either with glue or resinous cement, as the occasion required; 
the other, when rubber was permissible, was put in place by pressing it 
against a thick rubber cushion, intervening, with three adjustment screws. 
In this way it was possible to put the two faces adequately in parallel by 
observations on the interferometer, 7.e., the direct images of the slit should 
coincide horizontally or vertically, no matter whether the column is present 
or absent in one of the interfering beams. In the later experiments, selected 
troughs of plate glass, to be described below, were used. 

In case of glass, plates about 0.7641 cm. in thickness, 6 cm. long and 
2.5 cm. wide, were placed with their solid faces in contact, as shown in 
fig. 90. A column about 11.4 cm. long was thus built up, with 15 plates 


i 
Fic. 90.—Pile of plates for Kerr effect, Fic. 91.—Pile of plates for 
side view. Kerr effect, front view. 


in contact and compressed by a rectangular screw clamp, bbbb (fig. go), 
of hard rubber. The clutch of the longitudinal rods rr could be shortened 
by hard-rubber nuts at their ends. The rubber end-plates bb were provided 
with a window each, so that the interferometer beam could be passed 
through the column, before and after reflection at the opaque mirror on 
the micrometer. The whole arrangement was firmly held by a hard-rubber 
clutch c, suspended from a wall bracket. Suitable clamps admitted of rais- 
ing and lowering and of two rotations. To supply the electrical field, the 
side faces of the glass plates were partially covered by copper plates pp, pp, 
confronting each other, and provided with terminals q,q. These plates were 
held in place with rubber cement (picein), so that ppapp together form a 


) 
. 
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plate condenser, the glass dielectric being 2.5 cm. thick. The terminals q 
and q (see fig. 9t) communicated with the prime conductors of a Holtz ma- 
chine, and the insulation was sufficient to admit of sparks as long as 1.5 cm., 
even in the summer. The conductors of the Holtz machine were then 
pulled apart, so that a potential difference of 40,000 volts was assured. The 
maximum electrostatic field applied was thus about 16,000 volts/cm. 

On placing the pile of plates between crossed Nicols with their principal 
sections at 45° to the lines of electrical force, no effect due to the presence 
or absence of the field could be discerned. There was usually a little per- 
manent brightness due to stress in the insufficiently annealed glass. 

When the plates were placed on the interferometer a sharp series of 
multiannular small ellipses was easily obtained. This part of the experi- 
ment was in every way satisfactory. The screw of the micrometer, how- 
ever, was but 3.5 cm. long between the end positions of the slide (maximum 
displacement). The glass column would require a displacement of nearly 
twice this for the measurement of the index of refraction (shift of microm- 
eter corresponding to presence and absence of the plate). But this index 
could be obtained with sufficient accuracy for the present purposes from 
a single plate, so that a thick compensator was introduced into the other 
component beam, n, of the interferometer, the compensator consisting of 
a pile of plates about 7 cm. thick. This reduced the effective thickness 
of the column to about 4.4 cm., requiring a play of screw of a little over 
2 cm. to bring the center of ellipses to the fiducial sodium line, in case of 
the simultaneous presence and absence of the condenser and the com- 
pensator. On the other hand, the sensitiveness of displacement is not 
diminished, but corresponds to a column of glass 11.4 cm. long. 


128. Equations.—Let the index of the uncharged transparent insulating 
column in the direction normal to the lines of electric force be wo; let the sec- 
ond index, due to electric stress of the charged plate, be u.. Let b be the 
constant of the simplified Cauchy equation for the wave-length X. In the 
absence of the column let the center of ellipses coincide with the sodium line 
of the spectrum (air position) ; and let AN and AN, be the micrometer dis- 
placements which bring the center of ellipses back to the fiducial line when 
the transparent column is inserted, charged and uncharged, respectively. 
Then 


po— 1 +2b/M=ANo/e (4) 
Me —1+2b/M=AN,/e (5) 
where ¢ is the length of the column. Hence 
Ho— Me = (ANo—AN,)/e (6) 
and 
(0 — Me) /m = (ANo— AN.) /eu (7) 


if uw is the mean index of the column (practically equal to either index). 

As the evanescence of a ring corresponds to a shift AN =A/2, or roughly 
30X10 cm., and as a change of one-fifth of this may certainly be detected, 
the limit of discernible ANo>—AN, may be reckoned as 6X10 cm. 


“ti ey icine the air position is A ite Boek 
0.7641 cm. in thickness showed a displacement of 0.4225 cm.; and 
_ by equation (1) the displacement for 15 similar plates, or a thick 
an. 46 cm., would be AN=6.34 cm. Since no radial motion of ellipses 

discernible, due to presence and absence of electric field, 


at 
- AN o—AN.<6 X10 */6.34=9.5X107 
Hence 
—pe<g.5 X10 7/11.46 
or less than 8.31078. The index of refraction ~ computed by equation - 
(r) was roughly »=1.53; whence : 
4 (uo 1.) n= 5.4X10 “4 
’ Thus the change of index of refraction normal to the lines of force, in case 
of a field over 1 kilovolt per centimeter, is probably less than 10° of its 
_- value and quite beyond the scope of even the present sensitive adjustment | 
; of the interferometer. 
These experiments were made in the summer, and considerable annoy- 
ance was encountered owing to the dampness of the laboratory. It is — 
purposed, however, to repeat them in the dry laboratory in the winter 
months, and a report will then be made. 


130. Data. Liquid.—In case of carbon disulphide, the absolute value 
of B is known from Lemoine’s measurements and equal to B=3.70X107, 
if the field is given in electrostatic units. In case of a volt per centimeter 
B would then be roughly 4.1 X10”. Hence for the above field of f= 16X10 


Ho—Me= 4X10? X 256 X10°=10-°" nearly, 
which should be bate observable. In other words, since 
ANo—AN.=eAp= 10.46 X10 %=10-%, nearly, 


displacement would be 
te fad bee eo ie 
or 200 times the least perceptible value. 

Unfortunately the expectations were doomed to disappointment, in 
view of the large variation of carbon disulphide with temperature. It 
was found impossible to obtain an adequately sharp image of the slit for 
the case of a beam of light passing twice through the column of carbon 
disulphide, in consequence of the convection currents set in motion by the 
heat of the beam. The slit image was invariably washed and unsteady, 
and to obtain the interferences under these conditions was out of the ques- 
tion. As these troughs were ro cm. long and high, but only x cm. broad, 
it is possible that horizontal partitions of mica may in a measure remove 
these difficulties, but the complications introduced in this way are so 
great that further trials were for the present abandoned. 
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‘ CHAPTER XIV. 


THE INTERFEROMETRY OF AIR CARRYING ELECTRICAL CURRENT. 


131. Introduction.—The following experiments, though leading (as was 
to be anticipated) to negative results, are nevertheless sufficiently inter- 
esting in their details to deserve to be reported. The object in view was 
direct test as to whether a rarefied column of air, through which a current 
of electricity is flowing, shows any perceptible change of its index of refrac- 
tion. Such an effect might result from the occurrence of ionization, or 
from rise of temperature, or, finally (in the extreme case), from a possible 
influence of rapidly moving corpuscles on the velocity of light traveling 
in the same direction as the corpuscles. The means of exhaustion at present 
at my disposal were not sufficient to carry the vacuum much below 1 mm. 
of mercury; neither were exceptionally large potential differences employed, 
so that the experiment has not been pushed to a limit at which it might 
possibly show results. I shall hope to return to the work at some other 
time. The present paper attempts therefore to do no more than to describe 
the adaptability of the displacement interferometer for present purposes. 


132. First experiments. Apparatus.—At the outset the interferometer 
was used without other modification than a marked elongation of the arms 
GM and GN, where G is the grating, M (the micrometer) and N the opaque 
mirrors. The component beams of light m and n were now 1 meter in 
length, each, so that a glass tube t, hermetically sealed at its ends with 
plate-glass windows, provided with a tubulure for exhaustion at E (the 
tube being nearly 1 meter in length), could be inserted in either beam. 
The arc light or sunlight enters at the slit S of the collimator C. The 
direct beam for adjusting the interferences is observed with the telescope 
at R, and the interfering diffraction spectra by the same telescope on being 
rotated into the position D. The sodium line from the two coincident 
spectra is an admirable fiducial mark to which the centers of ellipses, as 
they move across the field, are always referred. A fine horizontal wire 
across the slit enables the observer to place the spectra in coincidence both 
horizontally and vertically. 

As in the earlier instrument, the arms m and n were made of gas-pipe, 
through which a current of water continually circulates, when necessary. 
Tremors, of course, could not be wholly eliminated; but the instrument, 
in spite of its lightness, was made firm by the aid of horizontal and vertical 


leveling screws, which imparted slight strains to the gas-pipe arms m and 
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n; i.e., the ends at M and N were pushed away from the wall by horizontal 
screws, until sufficient strain of parts resulted, while at the same time they 
were lifted above the table carrying the tripod (below G), by similar screws 
acting vertically. The latter, moreover, were advantageous in bringing 
(raising or lowering) the center of ellipses into the center of the field, after 
an approximate adjustment had been made. Similarly the foot of the 
revolving arm, which supports the telescope at D, could be used for the 
same purpose with advantage. 

An open collimator at C, 1.e., objective and slit each in opaque screens, 
is specially convenient, inasmuch as it allows the image of the slit S reflected | 
at M to be visibly reproduced on the jaws of the slit. The occurrence of 
parallel light and of a beam of light normal to M are thus both put in 
evidence. If m is cut off, the same applies to the mirror N and beam n, 
though this is liable to be too dark, and the rough and fine adjustments 
are best made at the telescope, using a wide slit first. The collimator C 


Fic. 92.—Diagram showing vacuum tube on interferometer. 


should be long; in other words, the lens of long focal distance, so that the 
beam m, passing through the tube, may remain very short or spot-like in 
its vertical dimensions. Otherwise too much is cut off by the tube and 
reflection from G before the beam enters the telescope. 

With the arc lamp the spectrum may be darkened, so that the sodium 
lines stand out clearly, by raising or lowering the are behind the black 
screen, with a hole about 1 cm. in diameter for the passage of light. A 
small swiveled screen in front of the objective of the telescope, and ap- 
proached from one side, greatly sharpens the interferences and the Fraun- 
hofer lines by cutting off undesirable light and particularly the stationary 
interferences. Possibly the latter would disappear if the plate of the grating 
were made very thick. When water circulation is used, some time must 
elapse before the temperature conditions are adequately stationary. With 
distances m and » as long as the above, the ellipses are rarely perfect and 
frequently appear coarse and distorted. It is nevertheless easy to adjust 
the center of ellipses with an error not larger than 0.00005 cm., at the 
micrometer screw M, 1.e., to about the mean wave-length of light. 
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133. First experiments. Results.—The sealed glass tube, t, of length 
ag 89.49 cm. within, having been inserted, the data for the refraction of 
air, found by alternately exhausting and filling it, were about as given in 
table 88. 

TABLE 88.—Glass tube with plate-glass ends; diameter 4.5 cm.; 


length, 89.49 cm. Barometer, 75.59 cm. at 17.5°; tempera- 
ture about 20°, 


Here AN is the displacement of the micrometer corresponding to the 
pressure difference po>—p, at the constant temperature given, and yu the 
index of refraction of the air contained. 

The induction coil was now attached and a current from 3 to 4 storage 
cells sent through the apparatus. Not the slightest shifting of ellipses or 
interference lines could be detected when the secondary current was alter- 
nately made and broken. The lines were very clear. The experiment 
was then repeated and the air-pump (Geryk) connected directly with the 
tube without accessory apparatus between. A coarsely stratified column 
and some cathode dark space was obtained. But the effect at the inter- 
ferometer was again definitely negative. 

The absence of an effect due to the current was to be expected, since 
the positive and negative currents and the direct and returning beam of 
light both traveled in opposite directions. The same is true for the ioniza- 
tion, which is too slight; yet it was supposed that some evidence of a tem- 
perature effect might be obtained; but there was none. 

Since 

p= C(u—1)0 = CAND /e 


where C is constant and # denotes absolute temperature, therefore at 
constant pressure 
d(AN) _ d 
AN o 


If d(AN)=5X107 cm., AN=25X10% cm., ?=293°, dd =0.59°; so that 
whatever rise of temperature may have occurred must have been much 
less than 0.6° C. 


134. Second experiments. Apparatus.—In this experiment the direct 
and return beams m and n were separated, as shown in fig. 93, into m and m’ 
and n and n’, the beams traveling along contiguous sides of a rhombus. 
M and N are again the two opaque mirrors, the former with micrometer; 
C is the collimator, open as in fig. 92. The grating above the tripod of 


a 


. site, with its ruled face toward N. The normals of the mirrors 2 


nterferometer has been removed and replaced by a: — 7 
bout the same thickness, while the grating is at G diametric 


at p and P, and the telescope is either at R (direct ray) or at D (diffra 
ray). It is here convenient to have two telescopes, one set at R and the 
other at D. ‘ ; ; 
To secure this adjustment, the interferometer of fig. 92 is provided wi 
a cross-arm of gas-pipe under PG, which can be clamped firmly in : 
on the standard of the tripod, below P in fig. 93, or G in fig. 92. The end 
of the arm below G, fig. 93, has a foot with a vertical set screw for imparting 
strain, and is braced with slight strain against rotation around the cross- 
arm. Inthesame way M must be laterally braced with slight strain agains - 
rotation around the arm under N or NP. ) 
The arm of the telescope R, in fig. 92, is in this case turned about P, t 
telescope being simultaneously rotated until it occupies the position Dis in 
fig. 93. It is for this reason that two telescopes are used, as it would be 
much less convenient to provide a special axle moving about the foot of G. 


Fic. 93.—Displacement interferometer with separated pencils and vacuum tubes. 


To adjust the apparatus the arms, m’ and n’, are first made roughly 
equal with a scale. P and G are then placed in the same line by a straight 
edge; the slit is widened so that the beam m passes directly through central 
parts of P and the reflection (spot) from the central parts of the mirror M 
is seen to strike the central part of the grating G. Proceeding thence, the 
beam is reflected into the telescope T approximately in position (both M 
and G being rotated horizontally and vertically for this purpose, finally 
by the adjusting screws). Next the beam reflected from P is made to 
strike the central parts of the mirror N (which it should do at once on 
very slight rotation of P), from which it is reflected to the central parts of 
the grating G, so that the two beams m’ and n’ may be across the same 
vertical line. Finally G is adjusted, until the two direct i images coincide 
accurately (both horizontally and vertically) in the telescope, a fine hair 
having been drawn across the slit, as above. 
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Under these circumstances there will be four direct images in the tele- 
scope at R, due to front and rear reflection at P and G, neither of which 
is optical plate; but there will be but three spectra or three sodium lines 
visible at D, since the ray reflected at the rear face of G is not diffracted. 
To obtain the interferences, a single spectrum line from M must be placed 
fully in coincidence with either of the two lines from N; but to find them is 
nevertheless a matter of considerable difficulty. Since reflection takes 
place not from one and the same face of glass, but from the two independent 
faces P.and G, the ellipses in the field of view are liable to be very eccentric. 
They thus appear as the merest hair lines, easily overlooked, even when 
M has (by trial) been moved into the correct position. In fact if the sodium 
lines be called Na,,, Nan, Nay, I have only been able to get interferences 
from two of these, say Nam, Nap, but not from Na, Na,, after wasting 
much patience in the attempt. There may be some other reason for this 
which has escaped me. Na,» passes through three thicknesses of glass, 
whereas Na, and Na, pass through 1 and 3 thicknesses, respectively, and 
I have not been able to ascertain whether the self-compensating case or 
the other is the one which succeeds. In fact, the four lines m, m’, n,n’ are 
not necessarily coplanar, but will lie on a ruled surface, which is to be made 
as nearly plane as possible. Thus the plates P and G may be clamped to 
a long strip of plate glass, or other devices employed. These succeed 
adequately after some readjustment, but I have not been able to place 
the center quite in the center of the field of view. Experimentally this is 
not necessary, for the eye is quite as sensitive in placing the horizontal 
element of the circle in coincidence with the fiducial sodium lines (which 
it intersects at right angles), the inclination on the two sides being in oppo- 
site directions. Naturally the interference bands should be strong. 

The micrometer screw of M, in this case, bisects the acute angle of the 
rhombus of ¢=30°, and the motion of the mirror over AN here cuts off 
2AN/cos 15°, from the beam of light. Moreover, at the grating the beam 
of light is shifted laterally when M advances, by an amount AN tan 15°, 
so that 2AN sec 15° sin? 15° is restored. Thus the path difference produced 
is generally 2Ay=2AN cos ¢/2. 


135. Second experiments. Results.—The data obtained in case of the 
rhombus are given in table 89. 


TABLE 89.—Glass tube as in table 88. Barometer, 76.0 centimeters. 


| Po p ro8AN | 10°Ay por | 

| 

76.0 0.4 1285 1241 287 
aialiane 286 


| cae ane 1280 


The data are of the same order as the preceding table, remembering 
that the tube is not twice traversed by the beam of light, as is the case 
with the adjustment of table 88. 
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field, just as in the preceding case. 
The endeavor must now be made to exhaust the tube to t che 
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1 CHAPTER XV. 


THE REFRACTION OF HOT GASES. 
THE REFRACTION OF AIR AT HIGH TEMPERATURES. 


136. Introductory.—Inasmuch as the displacement interferometer admits 
of the determination of the index of refraction, no matter how large the 
excursions of the micrometer screw may be, it was thought interesting 
to examine the refraction of air and other gases at temperatures as high 
as may be applied. The gas for this purpose should be inclosed in a long 
hermetically sealed tube of metal (brass or iron) or porcelain, provided 
with glass plates at theends. At very high temperatures this desideratum 
will have to be modified. 

A number of difficulties at once present themselves because the effect 
of temperature on the glass plates, as well as the irregular distribution of 
temperature in the surrounding air, can not be eliminated unless the tube 
admits of exhaustion. In such a case difference readings (No, the position 
of the micrometer for a plenum of air, and N, corresponding to the position 
for a vacuum), at the same temperature, at once eliminate all discrepancies. 
The exhausted condition may alternate with the full condition of the tube 
and the result is enhanced, since the index is not very sensitive to pressure, 
1.€., very perfect exhaustions need not be reached if the degree of exhaustion 
isknown. Nevertheless the need of hermetically sealed windows is impera- 
tive, and this makes the experiment exceedingly difficult for temperatures 
approaching or exceeding red heat. In the present paper it is not the 
endeavor to go as far as this. 

If the exhaustion at high temperature is not admissible, it is then 
necessary to determine the effect of temperature on the plates separately— 
an equally difficult problem, since difference readings can not be made. 
Changes of temperature in the air surrounding the tube become increasingly 
important. The cold-air column must also be kept ina water bath. More- 
over, it is now absolutely essential that the arms of the interferometer be 
of absolutely invariable length for long periods of time. As in the preceding 
paper, they were made of gas-pipe provided with a continually circulating 
current of water from the hydrant. 

The tube is inserted (fig. 94) so that one of the component beams mm’ 
of the interferometer may pass through it axially. It is desirable for this 
purpose to have the collimator of long focus. The beam in such a case 


- remains slender and narrow throughout its extent within the tube, and the 


clear space at the windows is not much over 2 cm. in diameter, when the 


outer diameter of the tube is over 3 cm. It is perhaps best to have the 
223 


quite free from the interferometer. To obtain the low temp 

current of cold water was circulated through the annular space B 
same current, in fact, which traversed the arms of the interferometer be 
used. This water circulation might also be employed to keep the co 
column of air at a constant low temperature. However, when the m« 
of exhaustion is applicable such a safeguard is not needed; for in 
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Fic. 94.—Heating apparatus for interferometry of air. 


The high temperature was obtained from a current of steam taken from 
the steam-heating plant of the building. In later experiments it was found 
advantageous to generate the steam more quietly in a special copper boiler. 
The air was dried over phosphorus pentoxide. 

To obtain a temperature of 200°, the limiting value in the present paper, 
a brazed vapor bath of naphthalene was available. In all these cases _ 
measurements may still be made with a mercury thermometer. At higher 
temperatures the direct determination by means of a thermo-couple will 
have to be resorted to, which introduces an additional difficulty, since the 
junction of the couple will also have to enter the hermetically sealed tube. 


137. Small apparatus.—The interferometer is the same as that used in 
the preceding paper, the available length of arm being about 1 meter, and 
the free radius or vertical depth below the beam nearly 15 cm. It would © 
be easy to increase these dimensions, but the apparatus in such a case 
becomes more sensitive to tremors and a greater distance is not needed. 
In the first experiments a short tube of brass 25.34 cm. long was used, 
adapted for measurements up to 100° C. only. The parts were soldered 
together, as shown in fig. 94, in longitudinal section. A is the cylindrical — 
air-chamber provided with a tubulure E for exhaustion. B is the annular 
cylindrical steam or water chamber, the vapor or liquid entering at S and 


al s. The tube should be jacketed without. The ring-shaped 
1e tube are turned smooth and provided with glass plates g pressed : 
ubber gaskets r by rings of fiber f and bolts bb, the inner ends of 
ich are soldered longitudinally to the outside of the tube. It was at 
difficult to keep the system quite tight, but it becomes so in the course 
J ti: me. 


_ 138. Equations.—If we use the extended equation of Mascart, and so 


being the index of refraction at i° and o° C., respectively, at the pressure 
1 centimeters of mercury, and @ the thermal coefficient 


ae u-i _ p 1468p 
: fo 176 2 at (1) 


_ Since the coefficient 6 is very small (8=0.0000017, relative to centimeters 
of mercury), if the two observations at ¢ and #’ be made at about the same 
_ pressure ~, the binomial 1-+-8p may be neglected so that, p—p’=o 

a p—t 1+at’ N—No 


ag abet 
yt ~~ (1+8(p p )) That eee (2) 


_ where No and N, No’ and N’ are the two positions of the micrometer for 
a plenum and a vacuum at the same temperature, at ¢ and 7’, TeSpoCUy aN 
__ If for brevity the observed ratio 


N- NING ANS, N—-No p' _ 
N’—N, No AN’ =F’ and N’— Ny ae (3) 
R—-1 
Oo Y= Rt (4) 


— If it were admissible to put No=N> ’ for the plenum of air and 6t=?’—t, 
 AN=N—WN,), 6N=N—N’, the equation 


eens Foes Ea (s) 
ANbi—V5N  AN6i/5N—? 5 


a= 


might be used; but this is not the case. It shows, however, the difficulty 
of measurement, as dN is of the order of 0.0012 cm., AN of the order of 
0.007 cm., if d¢ is about 80°C. Hence, since the smallest error of N is about 
9.00008, the value of 6N can not be trustworthy to more than 5 per cent, 
quite apart from the manifold other difficulties of measurement. Hence 
the need of using longer tubes than the present. 

Equation (5) may, however, be remodeled by replacing 


| N-Noby (N—N»)/p=AN/p ——-N’—No! by (N’—No')/p'=AN"/p" (6) 


and putting 6t=i’—t and 6N=AN—AN’, in which case equation (5) is 
generally applicable in the form given. 
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TABLE 90.—Refraction of air. Short tube, length €=25.342 cm. = 
temperature, pressure interval pb; AN’=N'—N)' at high temperature, p 
interval p’. jo refers to 0° centigrade and 76 cm. 


AN X10? 
5.56 
7.00 


x 75. 98 6.90 
16.2 | 75.93 7.01 
18.9 ee of 6.95 


1 ed ee 
ij 
ioe) 
oO 


*Corrected for p’/p; cold measurements not made on same day. 


These observations are obtained from triplets, two at high pressure 5 
(barometer) alternating with one at low pressure (partial vacuum). The 
observations for AN, of the order of 0.007 em., and those for AN’, of the 

order of 0.0055 cm., should each be correct to about 1 per cent; but their 
difference 6N, of the order of 0.0014 cm., will not be reliable to more than 


4 per cent. Since 
da 
d(6N) sir ah whe 


the effect on a is of the order of 5 per cent, when d(6N) denotes the limiting 
precision of 5X10°° cm. 

The values of a obtained from the successive series on different days, 
if we neglect the first crude results after which the details of the apparatus 
were gradually more and more perfected, range froma =0.0034 to a=0.0038, 
t.e., over about ro per cent, an interval twice as large as the estimated 
minimum error. It is difficult to find a reason for this. Undoubtedly the 
arms of the apparatus are continually varying in length, in view of the 
micrometric scale on which the observations of length measurement are 
made and in spite of the flow of cold water at nearly constant temperature. 
The atmospheric temperature also, both in front of and behind the steam 
tube as well as in the other arm of the apparatus (GN in fig. 92, Chap. XIV), 
is continually fluctuating around a mean value. The temperature and 
refraction of the plate-glass caps of the apparatus are changing slightly; 
but it does not seem probable that, in the short interval of time between 
the occurrence of a plenum of air and a vacuum in the refraction tube, 
there should be any discrepancy sufficient to increase the minimum error 
two times. The possibility of discrepancies from adiabatic expansion, 
moreover, can be disregarded in so thin a tube, and in the case of a vacuum 
they vanish naturally. 
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It is true that in the course of the work the ellipses gradually undergo 
change of form or of clearness. Some part of the apparatus or the support- 
ing table is continually undergoing slight change of form. Similarly on 
successive days (different series in table 90) the values of a, though nearly 
identical and consistent on the same day, show marked differences due to 
undetected differences of adjustment, etc. The ellipses, if the steam tube is 
turbulent, are liable to be in incessant vibration, though in the last series 
this difficulty was practically conquered. Finally, the actual error may pos- 
sibly reach twice the minimum error in the case of two single readings. 

The only way of overcoming the elusive causes of error referred to must 
therefore consist in the installation of a long tube and the use of longer 
ranges of temperature. This is attempted in the next section, where a 
tube about 28 inches long shows about AN=38.4 scale parts or about 
0.019 cm. at ordinary temperature, being thus nearly three times as large 
as the above. On the same scale of errors, it should therefore be possible 
to obtain a to a few per cent. Moreover, the rubber gasket, which at 100° 
and low pressures may essentially modify the air contained in the tube by 
vitiating it with sulphur fumes, should be abandoned. It is not impossible 
that such discrepancies may have entered the above data; but they were 
not considered serious, because at high exhaustions the difficulty cures 
itself, as there is an absence of gas; whereas at the large pressures sulphur 
is insufficiently volatile at too° to be a menace. Anticipating the results 
of the next section, it is possible that the difference of values on successive 
days is due to the steam supply. To my surprise it was difficult to heat 
the air in the tube with glass ends, to 100° permanently, in spite of the 
jacketed steam bath, fed with a steady flow from the radiator pipe. Meas- 
urement of temperature on the inside of the tube at this stage of the work 
seemed superfluous and no such tests were made. 


140. Long tubes.—To obtain a larger value of )V=N—No—(N’—N.’), 
longer tubes must be resorted to and the present experiments were there- 
fore made with staunch brass gas-pipe, 28 inches long and 1 inch inside 
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Fic. 95.—End of air tube. 


diameter. To obtain a gas-tight joint for the plates of glass at the ends, the 
brass caps C (fig. 95) of the tube were perforated with axial holes about 
three-fourths inch in diameter and the inside of the ends turned smooth. 


way pte secured a round aise of plate glass ¢ betwi — as) 
nd s’ of fiber. Before adjusting in place the inner gasket was sli 
ig Paced in water and after placing the parts the cap was screwed down t 
the joint appeared air-tight and then left in this position to dry. The dr 
operation was assisted by repeated exhaustion over calcic chloride by 
aid of the air-pump. In proportion as the paper gasket dries, it shrinks, 
and the screws must be tightened. niece: a good joint is obtaine od, 
practically tight at too° and even at 200°. There is no further dange = 
from contamination by gases which arise in the gasket. They seem, how- 
ever, to shrink after exposure to high temperature. Although the joint — 
is rarely quite tight, it is sufficiently so for work of the present character, 
; where the phenomenon is not very sensitive to variations of pressure. 
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Fic. 96.—Heating apparatus for higher temperatures. 


Fig. 96 shows the air-tube TT in place in the cylindrical axial channel 
of the annular vapor bath BB. In case of steam, the vapor entered at 
S and left at S’. The bath was jacketed with felt. A small hole was left 
in the end for the beam of light. The inner tube TT, wedged in place, 
was provided with a bent exhaust-pipe FE, of thin brass or steel tubing, 
screwed into T. To make a tight joint, the end of E is covered with an 
adhesive coating of lead or a solder fusing at high temperature and then 
screwed into T before the latter is put into the chamber. The copper pipe 
may thus be fitted practically tight even without lead. 

The vapor bath is suspended (with the tube inclosed) from an indepen- 
dent wall bracket as usual. There seemed to be no difficulty in causing 
the beam to traverse the tube twice, remembering that the collimator 
objective must be of long focus. For higher temperatures a brazed annular 
bath of sheet iron, similar in form to fig. 96 and containing the liquid to 
be boiled, replaced BB. This molten liquid was heated by burners placed 
below BB and a central pipe (not shown) on top provided for the escape 
and recondensation of the vapor. The bath was jacketed with asbestos 
on the sides and ends with the exception only of the small holes for the 
beam of light, mm, of the interferometer. 
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regular succession. 


, : TABLE 91.—Refraction of air. 
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The glass ends of the tube extend nearly to the ends of the vapor bath. 
So long as the exhaustion method is applicable, there need be no correction 
for hot air at the ends of the chamber and outside of the tube, the distance 
being small. For the irregular temperature, distribution between the ends ° 
of the tube and the mirror and grating, respectively, remains constant on 
the average during the short time between the exhaustion and the reoccur- 
rence of full supply of air in the tube. So also the arms, in view of water 
circulation, are of constant length for short intervals of time. In case of 
long periods, however, a time correction obtained from length measure- 
ments before and after on the interferometer would be needed; i.¢., in the 
absence of exhaustion. The inevitable flickering of the ellipses, due to air 
currents, proves no serious annoyance. 


They are steady enough for 


measurement and the change of aspect is rather a convenience, as it assists 
in bisecting the ellipses with the fiducial sodium line. 


141. Data.—The results obtained at low temperatures, 22.5°, present no 
anomaly. They are given in table g1, as obtained on different occasions, 
a thermometer placed in the inner chamber of the cold steam bath showing 
the temperature. Each observation refers to a triplet, the observation 
for exhausted air lying between two observations for a plenum of air, in 


Long tube, length e=71.75 cm. (air column), 
diameter 2.5 cm., windows 2 cm. 


Barometer t p 


75-37 at 22° | 22.5° | 74.87 | 


76.66 at 22°| 22.5 | 74.87 


10? X 
AN 


19.34 
19.41 
19.80 | 


19.52 


10° x 
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269.5 
270.6 
276.0 
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272.0 


10°X 
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297.0 | 
298.1 
304.1 


299.7 | 
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99.58°| 
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The table also contains the high-temperature results, ¢’ being the boiling- 


point of water for the day and 9’ the effective pressure. 


The data of the table are exceedingly disappointing, as the errors made 
in measuring 6N can not be greater than a few tenths of 1 per cent. More- 
over, a long time was allowed to secure constancy of temperature and to 


reach the maximum value. 


The observations lasted thereafter for about 


an hour, and the bath was well jacketed on all sides, including the ends. 
Nevertheless the temperature of the steam was not even approximately 
reached by the air within the tube and the successively increasing values 
of a from 1.8 to 2.8 show that, even at the end of the experiments, tempera- 
ture on the inside of the air-tube is still markedly rising. 
constant a be taken at 3.6, the initial and final temperatures would be 61° 


In fact, if the 


‘iis stead of 99.6°. Unfortunately, so confident were 
: emperature constancy throughout the steam bath that : 
pe mometer was put inside of the tube. 
The experiments contained in the lower part of table 91 were made. 
great care as to the temperature limits to be reached. Thermometers at 
end of the brass tube registered the heating there, and it is obvious that, — 01 
parts within, the temperature must be higher and probably normal. Hi 
when the temperature of the ends and the boiling-point for the day differed 
by but a few degrees, observations were commenced and the mean values 
taken as the actual temperature. Thus 7’ can not be too large; and since 


ros AN _ 
da/ dt SoS a r) 
a can not be too small. If all temperatures agree within a single degree — 
the error can not much exceed 1 per cent. 

Unfortunately the apparatus began to leak as the experiments proceeded, 
so that only the first result is reasonably trustworthy. The effect of this 
leak was to decrease the refraction of the plenum of air at roo° and hence 
to enormously exaggerate a, very probably owing to the ingress of water- 
vapor present in the air. These results were therefore discarded. 

In the next experiments, table 92, a special copper boiler was installed 
and all steam tubes, etc., were jacketed. Efflux steam was more carefully 
condensed in order to leave the atmosphere without dry, and decrease the 
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TABLE 92.—Tube as in table 91. Barometer, 75.50 at 25°. 


sx¢AN 10° xX) | 10° XxX , 
t p |10°XA pee) t 


2277S 71 | SEO.As ole 7Ove 205-3 Oh .0> 

Seether crear a mo linn {OOO 
96.5 
96.5 
97.0 
97.0 


97:5 
98.0 


burden on the drying tube. The air was taken from some distance from 
the apparatus. An additional advantage was secured in the use of the 
boiler, as the whole apparatus showed much greater freedom from tremors. 
Indeed, the experiment proceeded very smoothly throughout and, though 
it took some time before an adequately constant temperature was reached, 
exceptionally trustworthy results were anticipated. After two hours the 
temperature was still about a degree below normal at the end of the tube, 
the effect of which upon a would be about —1.6 per cent. This is not, 
therefore, the difficulty encountered. In other words, the observations for 
ain table 92 remain astonishingly small and present a degree of irregularity 
which can not easily be made out. 


t the end of the experiments, however, the value of a has not 
La limiting value, as fig. 97, in which w and AN are graphically shov 
sticcessive observations, clearly evidences. To obtain such a result the 
iment will have to be prolonged about half a day, and even greater _ 
eguards taken"at the ends of the tube. : 


Fic. 97.—Displacement and temperature coefficients 
a in successive experiments. 


THE REFRACTION OF THE BUNSEN FLAME. 


142. Method.—The following experiment is interesting as a rough 
application of the method. It aims at measuring the refraction of flaming 
gases and, so far as I am aware, is the first example of results of this kind. 
The attempt to determine the temperature of the flame would not be 
warranted so long as the temperature coefficient of the gases undergoing 
chemical ignition can not be known. The first result shows, however, . 
that the refraction of flame gases is apparently peculiar, inasmuch as the 
flame behaves as if its index of refraction were less than1. Such an outcome 
must be seriously considered, even if it can eventually be explained away. 

The method consisted in first finding the micrometer displacement on 
the interferometer per centimeter of length of the column of air; thereafter, 
the displacement per linear centimeter for the given mixture of air and gas 
is ascertained by direct comparison with air; finally, the displacement of a 
column of the hot flaming gases per centimeter of length is found by com- 
parison with cold air. 

The cold-air tube at 20° C., for the length e=25.3 cm., showed a total 
displacement of AN = 12.1 scale parts or 0.00605 cm., as the equivalent of 
the difference in refraction between a plenum of air and a vacuum. Thus 
oes 0.000239, which is nearly 
Dye) 
equal to u—1 at the given temperature (cold). 


the air displacement per centimeter is 
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The gases of the burner, without being ignited, were now passed into a 
similar tube, 33.4 cm. long, at 21°. This tube was provided with glass 
plates at its ends, but there was room between them and the end of the 
tube for the escape of gas. The displacement at the micrometer due to the 
difference between the gas-content and the air-content of the tube was now 
found to be successively (observations being made in triplets) 0.87 and 
0.92 scale parts, or 0.00045 cm., for the tube-length of 33.4 cm.; 1¢., 


0.00045 
33-4 
displacement for the gas column per centimeter of length would be the 
sum, or AN=0.000239 + 0.0000135=0.0002526 cm. It was interesting 
to note the motion of the ellipses, while the contents of the tube changed 
from gas to air and back again. They are naturally both deformed and 
displaced during the transfer. The method must thus be applicable in 
case of a suitably designed apparatus for the measurement of the diffusion 

of gases into gases. 

Finally the same beam of light of the interferometer was passed through 
the flame directly and at the top of the blue cone, the external mantle of 
flame being about 2.3 cm. in diameter. It was astonishing to find that the 
ellipses, though quivering violently, were still visible and available for 
rough measurement; but this is only the case when the beam of light passes 
normally through the flame. If it passes through or grazes either side 
of the mantle, it is naturally refracted away from one side or the other, 
respectively. The white slit image of the undeviated beam shows the 
nature of the result clearly. One of the two coincident images is drawn to 
one side of the stationary image, the latter corresponding to the beam not 
passing through the flame, and appears as a narrow band of white light, 
fluted with fine interference lines. 

The displacement due to the flame was successively as follows: 


=0.0000135 per linear centimeter of gas column. The total 


Air. Flame. Diff. | 
See RT a | incl I 
45-7 6 
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equivalent to —o.oco80 cm. for the flame diameter 2.3 cm.; or 6V= 

__0,00080 
2.3 

value is due to the expansion of the arms of the apparatus, resulting from 


the radiation of the flame. The value of dN is the mean of two triplets. 
Comparing this with the preceding result, 


=-—0.00035 per linear cm. The gradual advance of the air 


AN _ __0.0002526 
oN 0.00035 
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Now since the flame temperature #’ is given in terms of the room tempera- 
ture ¢ by the equation 
ve 1/a+-tA4N/5N 
AN/6N—1 


. 4 . 
where a is the thermal coefficient of the gas, the result 5N > AN is impossible, 
since V=AN would make t/= « 


Hence the depth of flame (2.3 cm.) should be increased by the region of 
; - 6 
hot air around it, or N= ee where x is the increment of diameter, 


which is again apparently impossible, since the increase would have to be 
at least 2.3-++1.7 cm., or about 75 per cent. To avoid this assumption we 
must suppose, alternatively, that associated flame gases have an abnormally 
small refraction. 


143. Conclusion.—Since the equation for the high temperature ¢’ of the 
flame is of the form just given, 6N can at most be equal to AN or AN/6N >t. 
Since experimentally the reverse of this is apparently the case and since 


gel ee SAN I 
w’—1 AN—6N 1—é8N/AN 


wu’ — 1 must be effectively negative or apparently u’<1. Before endeavoring 
to account for this anomalous result, two other results may be mentioned. 
For a flame about 2 cm. in diameter the micrometer positions for air and 
flame were, respectively, 44.5 and 43.5 scale parts. This makes, per linear 
centimeter, 6N =0.000375 cm. 

In the next experiment with a somewhat larger flame, water at constant 
temperature rapidly circulated through the arms of the interferometer. 
The micrometer positions in scale parts were successively 


Air. Flame. 
ae 
9.7 74 
: : , 0.00113 
The difference is equivalent to 0.00113 cm., or N= pppoe =0.00049 cm. 


per linear centimeter of flame. As AN =0.000253 is the same value as above, 
the anomalously excessive value of dN again appears, in an even more 
pronounced degree. One should note that here there can be no thermal 
expansion of the arms of the apparatus as the result of flame radiation. 
Such an effect, moreover, is excluded when the measurements are made 
in triplets, as was done throughout. 

To account for this result in the simplest manner and in the absence of 
a value for a, one may assume, as has been done, that the flame acts effect- 


last experiment, therefore, 


1130 
y= > —2.3=2.2 cm. 
253 
ext ‘The flame at the excessively high temperature (t= «) would t 
* ) extend effective much more than 1 cm. beyond the mantle, whi, 
to be unreasonable. 

The other alternative is the occurrence of u<1 for the ignited ga ; 
an even more anomalous result. It would mean that light travels more 
rapidly through a region of violent chemical reaction than through a 
vacuum, for which there is no other correlative instance. The question 
will have to be attacked in a different manner at some other opportunity. 
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CHAPTER XVI. 


ELECTROMETRY WITH THE DISPLACEMENT INTERFEROMETER. 
CYLINDRICAL AND DISK ELECTROMETERS. 


144, Introductory.—The possibility of compensating any displacement 
of the mirror N by a corresponding displacement of the micrometer mirror 
M, 2.e., the fact that the ellipses are never lost in a properly adjusted appa- 
ratus, for any amount of motion of the mirror N, however sudden it may 
be, suggests the use of this method for electrometry. Some time ago I 
made experiments of this kind, using the device of the absolute electrometer 
for the purpose. A mirror was attached to the disk and the force of resti- 
tution was obtained from a pendulum suspension for parallel motion. 
Michelson’s interferometer was employed. It appeared that for difference 
of potential of 1 volt the excursion, AN, would correspond to a distance 
apart of the condenser plates, d, in the given apparatus, as follows: 


d=1.0 0.1 0.01, 
10AN =0.3 26 3820, etc. 


so that the apparatus was insensitive for small potentials, even with the 


_ use of the interferometer. 


At first sight it seemed promising to change to the method of the quadrant 
electrometer. Here, however, the mirror can not be mounted on the needle 
unless a particular device of two mirrors is adopted; for even the slightest 
rotation is fatal to the interference measurements contemplated. A cylin- 
dric or lamellar form, such as is usually referred to in constructing the 
theory of the instrument, seemed to be alone available, but the sensitive- 
ness here also, if torsion systems are excluded, is unexpectedly small, 
unless (as in Thomson’s original apparatus) excessive charges are given 
to the needle, a procedure which introduces its own difficulties. Neverthe- 
less I constructed the apparatus in a variety of forms, each of which will be 
described below, in turn, in order to ascertain in how far the sensitiveness 
which may be estimated from theory may be actually realized in practice; 
1.e., to actually confront the instrumental difficulties of the problem, with 
a view to the use of the method in absolute measurements of potential. 


145. Cylindrical electrometer. Movable cylinder without.—Figures 98 
and 99, both sectional elevations, show the first form of electrometer in 
which the movable cylinder (usually highly charged) is external to the 
fixed cylinders h and 7, carrying opposite charges. The latter are supported 
on hard-rubber pillars, u and 1, rising from the adjustable feet q, of which 
r and s are the leveling screws and the set screw. The whole arises from 
a narrow base of brass plate AA. On this base the braced scaffolding of 


very thin brass pipe efg is also mounted, grasped above by the light cross- 
235 


ntal rods pabiee ce, eee at b and carrying 1 
brass : pollens < or reels aa snugly. From aa the threads of very t 
_ ee yy, 0.007 cm. in diameter, depend, their lowest point being att 
to the cylinder kk, making of it a pendulum. To obviate torsional 
; tion the wires yy converge on their front elevation from aa to the toy 
the cylinder, while in their side elevation they are rigorously parallel! 


Fic. 98.—Cylindrical electrometer. Side view. Cylinder outside. 


equally long. They may be lengthened or shortened by turning the close- 
fitting rollers aa, so that the cylinder kk may be placed accurately concen- 
tric to the cylinders 7h. The latter may be mounted with a cylinder of 
wood passed quite through them, which is withdrawn after they are 
fastened. The clamp screws /l and those at the end of a are convenient 
for charging, the wires passing out of the light tin-plate cover CCDD, 
through hard-rubber cylinders at Z. The top DD may be lifted off. When 
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there is no danger of induction, DD may be removed. The ellipses of the 
interferometer, in a room free from draft, are quite adequately stationary 
even without DD, a surprising result. 

The cylinder kk is either of very thin aluminum tubing, or preferably 
of gilt paper. The wires yy pass through small holes at the top ends. To 
secure adequate damping, thin circular rings of mica or of paper, BB, 
surround the ends, and the front one carries the light mirror w, which 


Fic. 99.—Cylindrical electrometer. End view. Cylinder outside. 


reflects one of the component beams of the interferometer, as indicated 
at the glass window p. If liquid damping is desired, in the case of a heavy 
cylinder, wires ending in a vane may be dropped from one of these disks 
with the vane in a box of oil below. This was tried without apparent dis- 
advantage, but a light paper cylinder and air damping is of course preferable, 
being far more sensitive. The mica B should be somewhat adjustable, so 
that the beam p may be given the proper direction, roughly. The methods 
for doing this will be described below. 


PRODUCTIO} P ELLIP’ TIC INT 
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wel te iid seit covered, at least as far as C, was sdicin mou 

“one . arm of the interferometer by the aid of a large clamp of the o 

a ea the clamp having been screwed into the base A at F. As th 

is of gas-pipe, F is an ordinary nipple of suitable length. It is adv 
to further support the tin case with wood uprights from the table to avoid 
the effect of tremors due to the vicinity of an active laboratory; but no 
great difficulty was here encountered. In fact, the ellipses of the interfer- 
ometer were obtained in all cases after a preliminary rough adjustment of — 
the mirrors with surprising ease, and they were quite as stable and available 
for measurement as if the mirrors had been rigidly fixed. Naturally this | 
was quite contrary to our anticipations, but it is shown by the large number 
of experiments made, each of which required a new adjustment. 

The measurement consists merely in a compensation of the displacement 
of the movable mirror on the electrometer, by the micrometric displace- 
ment AN of the mirror belonging to the other component beam. The 
center of the displaced ellipses in the field of the telescope is thus brought” 
back to the fiducial sodium line. The compensation admits of an accuracy 
of about AN = 0.0001 cm. without resorting to the interference rings. Other 
remarks on the optical method are given in the next paragraph. 


146. Cylindrical electrometer. Movable cylinder within——The frame- 
work and the mounting here are in general the same as in the preceding 
case and the movable cylinder kk is the same, but differently suspended. 
The fixed cylinders of the former apparatus, however, have been removed 
and replaced by the cylinders h and 7 of the present figures roo and ror. 
These are mounted on higher hard-rubber supports “v, so that the inter- 
ferometer beam p may have the same level as before. 

The movable cylinder kk is fixed in the middle of the thin steel rod # 
and suspended bifilarly from the threads yy, which are parallel in their 
side elevation, but triangular in their front elevation, as before. It must 
therefore have longer hard-rubber rods cc, though the suspension is in other 
respects the same. The interferometer mirror w was at first mounted in 
the end of the cylinder kk, where it meets the beam ». In a later construc- 
tion it was thought advisable to mount the thin rod ft in the axis of the 
cylinder kk, the ends of the latter being closed. The mirror is then fixed 
to the end of #. This has several advantages. The closed cylinder is very 
light and, together with the cylinders h and 7, partially closed at their ends, 
admits of sufficient air damping; the mirror is accessible for adjustment 
and the axial rod tt is less subject to harmful induction. Other forms of 
instrument (disk pattern, closed field pattern) will be described below. 

The general treatment of the displacement interferometer has been given 
in my earlier papers. The field of the telescope, after the appropriate two 
(of the four) undeviated images of the slit, from front and rear of the grating 
plate, have been put into coincidence horizontally and vertically (the 
images being usually bluish and yellowish), contains but three superposed 
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Fic. 100.—Cylindrical electrometer. Side view. Cylinder inside. 

4 about one-eighth inch apart, and the one yellowish in color may be blotted 
out by a small screen near the mirror. As a result of this the stationary 
{ interferences which are due to the two beams from the same mirror also 
by vanish. The spectrum is now clear and contains only the interfering 


superpositions, giving the ellipses their maximum definition. 
In other respects the mounting on the interferometer is the same as 
before, and very little difficulty was experienced in obtaining the ellipses 
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om the rear ead of tt, ee (one carrying the mirror. 
- The usual method of connecting was used for potential measu 
one pole of the experimental cells being alternately earthed as well aso 
pole of the charging battery. A Mascart key was very useful. When he 


Fic, 101.—Cylindrical electrometer. End view. Cylinder inside. 


needle swings to and fro the ellipses are visible at the extreme elongations 
of the deflection (if not too large) of the vibrating cylinder. They flash 
into the field of the telescope at the two ends of it, but are invisible between. 
The distance apart of the positions of visibility gradually diminishes until 
they coincide and the cylinder is stationary. If the ellipses are clear, slight 
motion does not interfere with the measurements, as the mean position is 
readily determinable in the displacement method. This would not, how- 
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ever, be the case had the evanescence of rings been made the basis of 
measurement, as in Michelson’s interferometer. 

When the needle or quadrants carry isolated charges to be removed by 
leakage, the electrometer is caged, and a caged key, shown in figs. to2 and 
103, is necessary. This is a mercury key, c being the cup attached by a 
hard-rubber cylinder and screw 7 to the base B, d being the clamp screw. 
The metallic connector is a supported on the hard-rubber stem g and 
screw k. The connector a turns in the axle b held by the brass cap e, the 
axle being connected by a thin flexible wire to the clamp screw f. The 
axle b is controlled by the observerzat a distance by a long stick passing 
out of a hole in the cage. The cage is earthed. 
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Fic. 102.—Electrometer key. Side view. Fic. 103.—Electrometer 


key. End view. 


147. Equations. Absolute electrometer.—It is convenient to include, for 
comparison, the equations for the absolute electrometer as used in the older 
paper (J.c.). If the condenser plates are at a distance d apart and A is the 
area of the disk; and further, m is the mass of the disk with appurtenances 
(mirror, etc.), is the pendulum suspension, AN the micrometer displacement 
of the mirror corresponding to V2—Vi or the potential difference in volts 
Al(V2—V31)? 

dm 


If the thickness and density of the disk are ¢ and p 
: AN = 4.51 X10- l(V2—Vi) (dtp 


which is independent of A if the disk is large. The apparatus is thus ex- 
tremely insensitive for small potentials in spite of the interferometer, but 
its readings are absolute. If AN is to remain small in comparison with d, 


AN = 4.51 X10- 


; reet of mica ee SpE 
t=0.2cm. p=3 l=100cm. or AN =3X10~cm. 


per volt is about the limit of sensitiveness. Hence about one-third volte could 
be measured by displacement interferometry, or one-tenth volt per rin; 

The small value of d could be eliminated as usual from two measurements 
where d—d’ is known. - 


148. Equations. Cylindrical electrometer—The equations may be 
found in the usual manner, and as so little of the field is displaced ¢ uring - 
deflection they apply with acceptable accuracy. Virtually a small cylin: 
drical shell of uniform field is supposed to disappear on one side to reappear — 
on the other. Hence, let V3, V2, and V1 be the potentials of the toro 
and a movable cylinder (needle) respectively. Let fis denote the electric 

force between cylinders (2) and (1), fis the force between cylinders — 
(3) and (1), R the common radius of the fixed cylinders, and r that of the — 
movable cylinder. Hence if R—r is small, then i 


fir=(Vi-V2)/(R—-7), fis=(Vi-—V3)/(R—?r) 
If the displacement of the cylinder is dx, the changes of potential energy — 
on the two sides are 
att Vi- ade dWu= ~ Kr Lah 
—r R-r 8 
and hence the force acting in the direction x (if W=Wi3+W wy) is after 
reduction 


dWy= 


X= ; a Vs) (2Vi—(V2+Vs)) 


On the other hand, the restoring force is for small displacements 
X =Mgdx/l 


where M is the mass of the cylinder, / the length of the pendulum suspen- 
sion; whence if dx =AN, in electrostatic units, 


~4 _ VstV2\ _4Mg(R—-7) 
(Va— Va) (v1 2 fa ~U(R+r) 
which is the required equation. Since, if ¢ is the thickness, L the length, 
and p the density of the movable cylinder, 


ae - Vat Vo = 8rLip(R—r) 
a) (% 2 )- l(2+R/r) 
the appurtenances, like mirror, etc., being disregarded, and where 1+R/r 
is slightly larger than 2. A given deflection AN will therefore correspond 
to smaller V;3— V2 as R—r, L, t, are smaller and ] and V are larger. 
If the instrument is used idiostatically (electrostatic units) 


= 8Mg(R—r) 
Slight ees l(R+r) 
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If one pole of the cell V;—V2 is earthed, Vz=o, and the deflections 
on commutation are AN and—AN’, 
4Mg(R—r) AN+AN’ et ae 8rLip(R—r) AN-+AN’ 
VilR+7) 2 30° VilG-+Rir) 
If the cylinder V; is made of paper, the following dimensions seem to be 
reasonably convenient limits, so that, for AN =o.00o0r cm., 

L=5cm. t=o.2cm. p=1 /=100cm. Vi=300 volts 

whence 


Vs= 300? volts. 


V3=3.8 X10- volts, or about 10-4 volts per ring. 


One should thus be able to measure voltages even within 410-1; but on 
trial the actual limits fall much within this. The use of wide apparatus 
has the advantage, only, of diminishing the effect of appurtenances like 
the mirror, etc. In the practical work below, however, these limits could 
not be reached, for reasons which will appear. 

The idiostatic method under the same circumstances, AN =0.0001 cm., 
should just measure V3=0.5 volt, so that alternating currents much within 
t volt will apparently be measurable. This method is naturally much less 
sensitive than the other, but its absolute character and its adaptation 
to alternating currents are of interest. The sensitiveness of the idiostatic 
electrometer as here designed and in the above case of the absolute elec- 
trometer would thus appear to have the same practical limit. In the way 
of absolute measurement nothing has been gained. 


149. Equations. Disk electrometer.—In this case a charged disk with 
a guard ring (the apparatus to be described hereafter, §155, figs. 112 and 
113) at potential Vi is suspended bifilarly, as above, between the two 
concentric parallel disks of the condenser at potentials V;and V2. The ad- 
justment may be regarded as the extreme case of the cylinder electrometer 
with closed ends, and the equations will be, necessarily, nearly the same. 
Let d be the distance apart of the plates of potential V3; and Vi, D the dis- 
tance between the plates of potential V3 and V2, r the radius of the movable 
disk. The total energy W of the variable system is then, after reduction, 
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d D—d 
and the corresponding mechanical force will be 
ar r2(Vi—V? Beh) (44 _ An 
sel seats d D—d d 

which depends essentially on d as well as on D. 

Let the disk be in the middle, or 2d =D, and put X = MgAN/I as above, 
where M is now the mass of the disk and appurtenances, AN the interferom- 
eter displacement, / the length of the bifilar pendulum, and g the accelera- 


tion of gravity. Then 
(Vs V2) (Vi- 


Vi oT)? 
Vt Va) MED yy 


2 


~VWilr 


which (for a sufficiently large disk) is independent of its area. 
__- To estimate the limiting sensitiveness the following apparently reasonable 
values may be inserted: 


Viz =els. t=0.05 cm. p=I D=o.1cm. AN=10~cm. [= 107 cm. 


whence 


V3=1.4X10°% volts - 


“ 


The limiting sensitiveness is thus of the same order as in the cylindrica 
case for the same Vi, as might have been anticipated. It is probable, 
however, that the present conditions may be more nearly realized in prac- 
tice, as the apparatus is essentially simpler. 
If V2=Vi=0, the idiostatic case is identical with the absolute electrom- 
eter of §147. 
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Fic. 104.—Closed field electrometer. 


150. The closed field electrometer (disk and cylinder combined).—If the 
two cases of the preceding paragraphs be combined as in fig. 104, where 
the symbols of potential and distance are the same as before, the energy 
of the system is, in electrostatic units, 


2 i 
=h{ Mi— vee (F418) + - vor (G40 RE) \ 
and hence the forces become 


X= “(5+ +5) (Ve ve) (Vi- EM) May 


If Ve=o, then 
4M gAN 


"= V(R/P+(R+N/(R—N)I 
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after commutation, where L is the length of the cylinder. The sensitive- 
ness of this apparatus depends very largely on d—that is, upon the disk— 
in any practical case; but it should be more nearly absolute. Experiments 


were not made. In fe 104 the distances d, /, I’, d’, are used in the equations. 
Also 5 


Vi=the closed cylinder. 
V3, Ve=the hollow half-cylinders with their open ends confronting each 
other, coaxially with Vj. 
=the horizontal steel wire fixed to V; and passing through perfora- 
tions in the closed ends of V2 and V3. 
m=the mirror (slot suspension). 
y, y’ =the bifilar pendulum supports. 


151. Corrections——The most important consideration to be made here 
is the effect attributable to the want of symmetry in the orientation of the 
disk or movable charge, supposing the latter and the plates are quite 
parallel. Let & be the axial distance of the uncharged disk from the plane 
midway between the condenser plates (guard ring). In such a case, if the 
electric displacement is AN, the quantity A=k+-AN must be added on 
one side and subtracted on the other, so that 

=~+A dase 


2 


Thus the displacing force is, after reduction: 
ae Vi-V2 V3—-—Vi Vir- Va" V3-Vi 
x="(5 —2A ee cua G — 2A ea) 
which, if a= V3— V2 and b=2Vi—(Vo+ 3 may be further reduced to 


“28 (428644) 


if 4A? is neglected in comparison with D, and where X=MgAN/I. If 
A=o, this reduces to the equation above. 

If nothing is neglected and under the assumption of a uniform field, the 
equation is, for a positive charge, V3, corresponding to a displacement 
AN if with V2 =0O, 


2MgAN’ LAA ghee 6 2Vi—Ve Vs 
2 = VeVi Vi) a eas (1+ pet (—y, + mo 
and for a negative charge, — V3, corresponding to a displacement, —AN”, 

2MgAN"’ DEA fe 2A 2 Vials Vs 
aa ae = V3(2 Vit Vs) (D?— 4A?)? nt D?-+4h? ae MI pm aA 


The mean of the equations, AN= 5 (AN’+AN”), after reduction becomes 


MgAN D? (1-+2A/D)? = 
l r V1 : 


corre! 
ace 


nd nae og for both posi shinive and doesise shies of ; 


aa > 


TABLE Se of the factors Fand1/F. M=1.0865¢.; Deatade om.; 
1=23.5 cm.; r=3.065 cm.; Vi=250 volts. 


vi 
= Giniae <a ieee 
Fic. 105.—Graph showing reduction factors for different displacements. 


It is now easy to discuss the conditions of equilibrium, for the forces X 
are given by the equations (second member referring to the pendulum and 
the third member to the electrical ae 


MgAN 
l 


I 


— D Tren © 


Ae 


oa dition under which h the di 
2 the guard ring to the condenser plates, z.¢., t 
ce potential products (Vis), for stable positions fo 


4 dX EAMeDT —4— ; 
a) ae =(ViVa) 5 BG aa 


in electrostatic units) 


es ee 


A/D 


Assuming Vi=250 volts, the forces X for the pendulum and the ote 
field have been given in table 95 and fig. 106. 


 e TABLE 94.—Electric forces. Vs charged, Ve=0, Vi=250 volts. ss 
a M=1.0865 g.; D=104 cm.; 1/=2.3.5 cm.; 7= cee 2 
A —\\ 

V3 D x V3 D x 
20 | 0.10 | 0.335 20) |) 0.10 0.756 
15 286 15 985 
20 246 .20 1.340 
25 215 25 1.930 
30 189 30 3.016 
q 35 | -167 35 5.361 
; ; 40 149 -40 12.063 
“a 45 | .132 45 | 48.252 
2 a 3 100 -10 | 1.676 || 100 .10 3.779 
a” -I5 | 1.428 “15 4.924 
* P20 e023 1 -20 6.700 
f 25 t.073 25 9.650 
re -30 | .943 30 15.080 
35 | 835 35 26.605 
-40 | .745 -40 60.315 
-45 | -659 .45 | 241.260 
140 -10 | 2.346 || 140 -10 5.290 
-I5 | 1.999 05 6.893 
+20) | 1.723 .20 9.380 
: .25 | 1.502 25 13.510 
y -30 | 1.320 +30 21.110 
-35 | 1.169 lay si/aer2e/ 
-40 | 1.042 40 | 84.441 
45 | .923 45 | 337-760 


If, now, we insert the value of V; from the above equation and reduce, 
—6A/D=1 or —A=D/6 
Hence the value of V3 which corresponds to tangency is 
MgD>/_1\(2\?_ 2, MgD® 
Mr ‘eae 27 Wir 
or V3=145 volts, above which charge the disk passes continuously from 


guard ring to plate. 
In fig. 106 the case of tangency is well indicated, the line referring to 


the gravitational forces and the curves to the electrical forces, supposing 
Vi=250 volts. 


Vs= 


Let VAN=z, nen and ee res 

rv a baud’ |(e—2")+(2 tartar ta ) 
It would be more convenient to find & from known potential Viand Vs. 
The idiostatic method needs a corresponding correction, and if a is 

neglected in comparison with ie then 
(x-27 22MgD? 
sy, Ir? ? 
_ As the new factor is practically & or constant, V3 is linear with AN. 2 
as above indicated, the suspension is provided with a horizontal micrometer — 


by which it can be shifted as a whole from k to k’, taking the needle with it, 
k may be eliminated. But the expression is not simple. Let 


V/AN =x, VAN =x' and k’—k=« 


AN=V# 


Then 
k=kx! /(a—x')+ (7 - (2-+x'x-+x")) 
It would be more convenient to find k from known potential V, and V3. 
If V2=V3=0, and the disk Vi is charged, the equation reduces to 
2Mg(D? —4A*)? AN 2DA 


DP Faas) 2 Dap gar 2 


V3 =MgD?(1 — 4A?/D°)?AN/4lr?(A/D) 


The equation may be written in terms of the two forces X (gravitational 
and electric) 


or 


_ MgAN _ a % A/D _ 4aVa"t, 
A= ai. IRS (amy Oe TR 
where 
<< A/D MgD? 
Gaoqay/py ond Vi= AN 


The value of the factor F’ is shown in table 95 and fig. 107. 


TABLE 95.—Values of the factor F’ and 1/F’.. M=1.055 g.; D=0.612 cm.; 
1=23.5 cm.; r=3.065 cm.; Vs= Vo=o. 


Ty) 


i 
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With the aid of table 95 the two forces X may be at once computed, and 
they are given for different values of V: in table 96 and fig. ro8 under the 
supposition that k is equal to zero or A=AN; i.e., that the disk is initially 
symmetric. 


4 
TABLE 96.—Electric forces. Vs=V2=0. Vi charged. M=1.055 g.; D=0.612 cm.; 
1=23.5 cm.; 7 =3.065 cm. 


Vi A/D X/r Vi A/D X/r Vi A/D xX/r? Vi A/D xX/r 


20 | 0.10 | 0.005|/ 40 | 0.10 | 0.021]| 70 | 0.10 |0.064]| 100 | 0.10 | 0.130 


-I5 | .009 ES Os4 25m erkOS 15 215 
«207, 013 20 | .054 20 | .164 20 +335 
251 02k 25 | .084 25 | .259 125 -528 
30 | .035 sOn ee LsO -30 | .426 30 .870 
35 | .064 35 | .254 35 | -779 35 | 1.590 
-40 | .146 40 | .583 -40 | 1.786 40 | 3.645 
-45 | -592 45 | 2.367 -45 | 7-248 -45 | 14.793 


The curves, fig. 108, indicate a tangency of the curves X/r?, above V4, at 
least 100 volts. Below this, therefore, there are necessarily two available 
points of equilibrium of the disk, one unstable at AN=o and the other in 


Fic. 106.—Graphs showing Fic. 107.—Graphs showing Fic. 108.—Graphs showing 
pendulum and electric reduction factors at dif- pendulum and electric 
forces at different poten- ferent displacements. forces at different poten- 
tials and displacements. tials and displacements. 


e Bee trctcfiont 3 in excess of the gravitational forces of 1 
In fact, the condition may be precisely stated, inasmuch : 


‘ aa dX/dA may be easily derived. They are for the pendulum Mg/l = 
- for the electric field 
dX _4VPr 1+12A°D? . 
dA =D” 1—4h?/D? 


Equating them, we derive the voltage of transition, to be characterized oy 


(Vi), as 


- since A=o at the origin. Hence above (Vi)=156 volts the disk would 
move on any slight disturbance without interruption from the guard ring, 
A=o, to either plate of the condenser; but within (V1) the apparatus is 
available for accurate measurement of Vj, if k is equal to zero by trial. 


152. Experiments. Cylindrical electrometer; movable cylinder within.— 
Tests of the apparatus described were begun by using a rather heavy 
cylinder of aluminum, damped with a vane submerged in a cup of oil. The 
constants of the apparatus were as follows: 


M=10.48. l=21 cm. 2R=4.15 cm. 
2r= 3.46 cm. L=6.7 cm. Vi=250 volts 


The cylinder itself weighed but 6.546 grams; but air damping was quite 
inadequate, though the cylinder might easily have been etched to a more 
appropriate degree of thinness in acid. 


TABLE 97.—Cylindrical electrometer; movable cylinder within (aluminum). M=10.4 g.; 
1=21 cm.; r=1.73 cm.; R=2.075 cm.; Vi =250 volts; Ve=o. 


II 


Drum. IAN 


The observations are given in table 97, showing the drum reading on 
the micrometer, the displacement AN on the micrometer and the voltages 
corresponding. The displacement is doubled by commutation. Compared 
with a voltmeter the data were too high, and the idiostatic method was 
inapplicable. In the second series of this table, the comparison with the 
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voltmeter shows that the observations are distributed as if an initial poten- 
tial of 3 or 4 volts were superimposed upon them. These data are merely 
given to point out the difficulties in the use of a metallic cylinder, however 
thin. The apparatus containing such a cylinder is very insensitive, if 
liquid damping is resorted to, otherwise the swing of the needle is almost 
indefinitely long. It is interesting, nevertheless, to follow the ellipses which 
flash out at the extreme elongations of the vibrating cylinder. 

It is therefore necessary to make use of paper cylinders, even if the 
possibility of securing more nearly accurate values of the diameter of 
cylinder is the advantage of the metallic appurtenance. 


Fic. 109.—Suspension of inside cylinder of electrometer. 


The gilt paper cylinder k was mounted as shown in fig. 109, yy being 
the bifilar suspension. The ends of the cylinder are closed by the reéntrant 
partitions e and e’, the object being to avoid the disk effect, by screening 
off the disk by the ends of the cylinder. The steel wire # passes through 
the centers of the disks ce’, a drop of mucilage being sufficient for electrical 
contact and to keep the cylinder in place. The mirror w is attached by a 
bit of cork c to the bent end of the elastic rod. As the mirror must be 
adjustable around the horizontal axis (the apparatus, as a whole, may be 
rotated around the vertical), a second little piece of cork c’ serves, when 
moved from left to right, to open the spring hook and rotate the mirror. 
Fig. 109, A and B, are other devices for this purpose. In the former a 
single piece of cork opens the spring and holds the mirror; in the latter the 
lower part of the hook is circular and the mirror is rotated on sliding the 
cork. Many other devices were tried, but probably a small piece of cork, 
slit vertically, and mounted on a straight rod, is as good as any. The 
difficulty in devising these parts is that both cork and mirror must be 
exceedingly light. No trouble was encountered in using a light plane 
mirror about one-fourth inch in diameter. To sharpen the ellipses the 
yellow image at the movable mirror should be screened off, leaving but 
the blue image and but two superposed spectra. 

The first experiments were made with a cylinder of relatively small 
diameter having the constants, and showing the results as given in Series 


I of table 98. 


98.—Cy] lindrical electrometer; Ces pions (gilt pap in. 
8 1.613 g.;1=21 cm. i R=2.075 om.j;7=1 66.cm.; V1 =250 volt Si = . 


Further experiments with the same instrument (somewhat improved), on 
being compared with the voltmeter, gave the values contained in Series II 
of the table. 

A lighter gilt-paper cylinder, weighing with mirror, etc., M =1.049 grams, 
2R=4.15, 27=3.32, was thereafter inserted, the other constants remaining 
the same as before. The behavior now was satisfactory throughout and 
the increased sensitiveness is shown in table 99, Series I. 


TABLE 99.—Cylindrical electrometer; movable cylinder sea Paper) within. 
M=1.049 g.; J=21 cm.; R=2.075 cm.; r=1.66 


I. Vi=250 volts. V.=o II. Idiostatic method. V3;=V:=o0 

Volt- Volt- 

Drum. | 10°AN 4 aiates Drum. 10eAN Vi | poms” 

9.1 2.27 19.7 is i 977 4 =sa8 ener Ior 
18.8 4.71 40.9 41 | 22.83, | 
28.7 7.17 62.3 61 Rea 
Wie 9.41 81.7 81 “73 
47.5 11.88 103.2 101 


The second part of the table contains the idiostatic results, in which 
the instrument, though less sensitive, is absolute. 

The endeavor was then made to secure greater sensitiveness by increasing 
the diameter of the movable cylinder, and its constants were 


M=1.138 g. 2R=4.15 ar = 3.83 L=5 cm. 
so that the shell-like space between the cylinders was only R—r=o0.16 cm. 
thick. But with a charge of 250 volts the cylinder was pulled aside in 
contact with the stationary cylinders and observations had to be aban- 
doned. With the idiostatic method, the results of table 100 were secured. 


TABLE 100.—Cylindrical electrometer; movable cylinder (gilt paper) within. M= 
1.138 g.; /=21 cm.; R=2.075 cm.; r=1.915 cm. Idiostatic method; V2=V3=o. 


| Drum. | 10%AN KoA 
20.1 10.0 124 | 
14.0 7.0 104 
8.4 4.2 80 
4.9 2.4 62 
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The march of results is fairly linear with the actual voltages, though the 
computed values of V3 are necessarily inaccurate, actually in excess, owing 
to the fact that the small value, R—r=o.16 cm., is not vouched for in 
the case of the paper cylinder. The use of a smaller charging potential 


was tried with gimilar results. 


TABLE 101.—Cylindrical electrometer; movable cylinder (gilt paper) within. 


M=1.1050 g.; /=21cm.; 


R=2.075 cm.; r=1.75 cm. 


I. Vi=250 volts. 


10eAN 


ms COUT N ° 
OM OWWNN 


Lan] 


Tie Léicttatic method. Vs oe 


Vo =0. 

Volt- 

Vs meter. 
I 2 
5 6 
8 9 
15 15 
37 4! 
53 61 
69 81 


5 Volt- 

Drum. 10?AN Vi pe 
0.15 0.08 15 15 
-50 25 28 29 
12 .60 43 41 
2.2 Te2 60 61 
3:71 1.87 77 81 


The next cylinder to be inserted was of smaller diameter, and its con- 
stants and the records of results are given in table 101. In case of the 
charged needle the sensitiveness increases at the higher voltages, due no 
doubt to the growing asymmetry of the needle. Similarly the idiostatic 
method, fig. r10, b, in view of its small deflections, shows fairly regular 


results, though they diminish at high voltages. 


In another adjustment, carefully made with reference to freedom and 
symmetry of cylinder, it was found that a charge of 250 volts could actually 
be carried, without deflecting the cylinder laterally into contact with the 
walls. The observations in Series II of table 102 were carried out in this 
way, and show the maximum sensitiveness obtained with short suspension. 


TABLE 102.—Cylindrical electrometer; movable cylinder (gilt paper) within. 
M=1.189 g.; /=21 cm.; R=2.075 cm.; r=1.90 cm. 


I. Idiostatic method. V3:=V2=o0 


II. Vi=250 volts. 


Drum. IoeeAN V1 volts Drum 1eAN V3 Abies 
8.75 4.37 87.8 88.0 7.0 1.74 6.1 5 
5-35 2.67 68.6 68 8.7 PEG 7.6 7 
5.80 2.90 71.5 70.5 a2 3.31 11.6 11.5 
2.90 1.45 50.5 50 18.1 4.53 16.0 15 
1.70 85 38 38 | 23.4 5.85 20.6 19 


With a final closely fitting cylinder of gilt paper of a diameter probably 
as large as practicable, the data of table 102 and fig. 110, a, were found by 
the idiostatic method. These results for high voltages are quite satisfactory 
and the differences are more liable to be sought for in the voltmeter than 


~e 


e “Tt indicates the sufficiency of the equation 
¥ from corrections for the ends of the cylinder, so that the latt 
. _ not e menacing. 
a a= 
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Fic. 110.—Observations with cylindrical electrometer. Cylinder inside. 


Besides this, the method of the charged needle was tried. In this case, 
250 volts was an excessive charge and the needle could no longer be freed 
from the stationary cylinder. With a charge of 87 volts (storage battery) 
and a single battery for V3, the results were 


108? XAN =0.108 Ve=T.5 


instead of 1.3 volts, the sensitiveness being thus 2Xo.4 drum parts of 
double deflection per volt. 

In addition to these experiments, a long suspension (J=150 cm.), in 
which the sensitiveness would have been increased seven times or equiv- 
alent to 5X10 % cm. per volt or 0.006 volt per vanishing ring, was in- 
stalled. The ellipses were easily found, but were continually in motion, 
owing to the friction of air-currents moving across the wires. To make 
the adjustment available it would have been necessary to build a closed 
case around the bifilar suspension over 1.5 meters in height. It was not 
thought worth while to do this, and further experiments were abandoned. 


153. Cylindrical electrometer; movable cylinder within. Summary.— 
The above experiments were made in the midst of the turmoil of a large 
city and near the engineering laboratories of a university. It is rather 
remarkable, therefore, that the ellipses were so easily found throughout 
and so easily made use of; but it was quite out of question to use the evan- 
escence of rings by which the sensitiveness could have been increased over 
twenty-fold. Though the work was carefully done, it is intended merely 
to exhibit the general character of the method, inasmuch as the storage 
battery which was drawn upon was unavoidably in use elsewhere in the 
laboratory and the potential may have fluctuated. 

The design of the apparatus with a movable inside cylinder is probably 
the least interesting of those used. Thus it is difficult to keep a paper 
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cylinder quite smooth or to give it a rigorous cylindrical shape, and the 
correction for the ends can scarcely be estimated. For high charges any 
asymmetry of the movable cylinder is liable to place it in contact with the 
fixed cylinders. Thus there is a limit of sensitiveness, from a purely in- 
strumental poirit of view, not contemplated in theory. In the above 
experiments with short suspension (21 cm.), 71074 cm. per volt was the 
largest double displacement practically obtained, which would mean about 
0.04 volt per vanishing ring. With the long suspension 0.006 volt per ring 
may-be estimated. It is far short of the theoretical datum of §148. 


154. Experiments. Cylindrical electrometer; movable cylinder without. 
After a few preliminary experiments with the metal cylinder of aluminum, 
the gilt-paper cylinder was tried and was at once successful. The mirror 
was attached to the paper wing needed for damping by the aid of a bent 
piece of thin steel wire, cemented on so as to give a horizontal axis on passing 
through the perforation of the bit of cork holding the mirror. For a vertical 
axis the whole apparatus is rotated (cf. figs. 98 and 99). The results are 
given in table 103 and fig. 111, a. 


TABLE 103.—Cylindrical electrometer; movable cylinder (gilt paper) without. 
M=2.075 g.; R=1.75 cm.; r=1.59 cm.; J=21 cm.; V;=250 volts. 


Ue | II. M=1.0930 g. 
3 Volt- | Volt- 
Drum. IeAN V3 eter | Drum. 1eAN V3 aaetens 
1T2 2.79 18.7 18 | 24.9 6.22 21.9 21 
22.9 5.72 38.2 38 | Aigise\ 11.82 41.6 41 
35-3 8.83 59-1 58 
27.6 6.90 46.1 48 


The differences in this table are more liable to be of the voltmeter than 
of the electrometer. The needle easily carried a potential of Vi=250 
volts. With V3=100 volts, the needle became asymmetric and observa- 
tions could no longer be taken. The sensitiveness is about 0.0003 cm. of 
double displacement per volt for the short suspension, so that 0.1 volt per 
ring is the equivalent datum. The present form is thus easily made as 
sensitive as the preceding form, besides being much simpler in general 
design and installation. 

The experiment was now pushed a step further in the direction of sensi- 
tiveness by using an even lighter paper cylinder with paper wings, the 
needle having the constants given in the second series of table 103 and fig. 
111, b. The sensitiveness is now about 0.0006 cm. of double displacement 
per volt, twice that of the preceding case, as it should be. This apparatus 
did not, however, behave as satisfactorily as the other, there being greater 
tendency of the movable cylinder to cling to the stable parts, whenever 
V; was high. In case of smaller potentials or of the idiostatic method 


dif 2 Re RO No doubt if great 
ean tha meni Lea epnutertoelinadaee 
nal result could be somewhat improved; but the limit found (6 


om. or 20 rings per 5 will not easily be exceeded. 


Fic. 111.—Observations with cylindrical electrometer. Cylinder outside. 


155. Disk electrometer. Apparatus.—The disk electrometer deserves 
special attention because it is simpler in design and practically more sen~ 
sitive than the cylinder types; but at the same time it is more treacher- 
ous, and without special precautions there is danger of short-circuiting 
the highly charged disk, while the sensitiveness is enormously variable in 
response to any unsymmetrical position of the disk. The instrument used 
is shown in figs. 112 and 113, in sectional side and front elevation. V; is 


DN 


Fic. 112.—Disk electrometer. Fic. 113.—Disk electrometer. 
End view. Front view. 


the charged disk on the bifilar suspension of very thin copper wire yy’, 
0.007 cm. in diameter. The disk is made of thin mica, silver-plated, 
carried by the horizontal axial steel rod dd, and surrounded by the guard 
ring of very thin copper Vj’. Parallel to the disk and equidistant (d) 
from it are the plates Vs and V2 of the condenser at a distance D apart, 
so that D is twice d. The plate Vs is earthed and firmly held on the arm 
of the interferometer. The plates V3 and V2 are spaced at three points 
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by hard-rubber gaskets, cc, through the holes of which hard-rubber screws 
are passed, the plates being ultimately secured by nuts a, a’, and a” on the 
outside of the plates. The nuts a terminate in clamp screws. The guard 
ring Vy’ and the suspension wires yy’ are in metallic connection at the tops 
of the suspension, the latter being the same already shown in figs. 98 and 99. 
The small mirror, m, is attached to a small plate of cork n, which is slotted 
parallel to the rod dd, the latter being clutched by the jaws of cork which 
make up the sides of the slot. In this way m may be rotated around a 
horizontal axis, while the apparatus as a whole may be revolved about a 
vertical axis. 

If the grating is capable of being raised or lowered, it is not difficult to 
adjust the apparatus and find the ellipses. The damping of the disk is 
naturally good, though it may be improved by surrounding it with the 
case shown in fig. 98. 


156. Experiments with the disk electrometer.—The experiments were 
begun with but a small distance, D, between the plates of the electrometer. 
In such a case the disk can carry but a slight potential before it is drawn 
across to the condenser plates and short-circuited. In fact, though the 
mica disks may be made very light, the annoyance of short-circuiting is 
correspondingly increased and the great advantage of sensitiveness can not 
for this reason be realized unless the idiostatic method is used. This is 
the case in table 104 and fig. 114, e. 


TABLE 104.—Disk electrometer. M=1.055 g.; D=0.612 cm.; /=23.5 cm.; 
r =3.065 cm. Idiostatic method: V3= V2=o0. 


Volt- 

Drum. 10°AN Vi qe 10°52 
| 

I {11.7 5.84 22a m| 18 82 
\79.7 39.82 58.3 38 207 
2.38 1.19 19.4 18 25 
9-75 4.87 39-3 38 10 
TI 22°47; reso 59.6 yaks vat 
51.5 25-75 90.2 84 23 
82 41.01 113.9 104 27. 


Larger voltages threw out the coincidence of spectra, so that the ellipses 
could not be obtained because of asymmetry. The table shows that whereas 
the magnitude V3 is of fair order of value for small potentials, it rapidly 
becomes excessive, owing to the fact that k+-AN is no longer negligible in 
comparison with D. The AN in such a case is algebraically added to the 
original asymmetry of the disk, if d is greater or less than D/2. The im- 
portance of this superposition increases as the square of the potential and 
is thus serious at high voltages. A second and more careful adjustment of 
the same disk showed (by the use of the idiostatic method) a much more 
favorable succession of values (fig. 114, f), while at the same time there 


nuch nearer a ci eas and more sens fails as the 
voltages are approached. The constants k computed for the first 
are not only large, but differ unexpectedly. In a measure it is pr 
indicated that the larger deflection proceeds from a position of incr 
asymmetry. In agreement with this, data for k in the second series ai 
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Fic. 114.—Observations with disk electrometer. 


satisfactory and but slowly increase. The use of the apparatus for absolute 
measurement of potentials above 20 volts in case of a carefully adjusted 
disk is therefore not inadmissible. 


TABLE 105.—Disk electrometer. Jf =1.055 g.; D=0.612 cm.; 
1=23.5 cm.; r=3.065 cm.; Vi;=r01 volts. 


The disk was now charged with the storage battery to 101 volts and a 
number of small potentials measured at the plates. The results are given 
in table 105 and fig. 114, a, showing that the computed and uncorrected 
values are about three times as large as the true voltages. The sensi- 
tiveness is here surprisingly large, almost 8 drum parts of 2X 1o~ cm. per 
volt, 7.e., 70 rings per volt. The distribution of results is nevertheless 
obviously linear and proportional to the true voltages. To account for 
this result by aid of the equation 
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is not impossible, if the asymmetry is such as to make the terms in A/D 
essentially negative. Yet in the case of a large value of A, the results are 
so lacking in probability that a lack of uniformity or of variation in the 
field is more liable to be in question. 

On spacing the plates further, D=1.04 cm., and carefully adjusting the 
disk it carried a charge equivalent to Vy=250 volts easily, so long as V3 
did not exceed about 20 volts. On increasing the potential above this, 
short-circuiting accidentally occurred which destroyed the apparatus. The 
single datum obtained was AN=0.0273, for which V3=49.8 instead of 
18 volts, the excessive result being due to causes of the kind just discussed. 

A new and lighter disk was thereupon introduced, weighing but 0.607 
gram. As it failed to carry a charge quite as large as V;=250 volts, the 
only available smaller one, Vi=104.5 volts, was given to it. The data 
found are contained in table 106 and reproduced in fig. 114, b. 


TABLE 106.—Disk electrometer. D=1.04 cm.; ]=23.5 cm.; r=3.065 cm. 


Drum.|10?3AN| V3 Volt- Drum. |10°AN 


Volt- 

meter. meter 
cf 2:99) 0-73) 1-8 1.3 |III. Vi = 250/(104.1 21 

I. AS a ae Or || Ia ee | er volts. 40.6 8.3 

nee g|( 9-9 | 2-48) 62) 5.2 | M=1.086g.|| 19.2 4.1 
~ * *15-7 | 3:92] 9-9 | 8-0 Inv raiostaticl( 0.77 21 
II. Vi = 250 method; 3.30 41 
aie. ae zzajarslar | ycyino |} 995 5 
M =1.086 g. BOS! hniDe : ; M =1.086 g. || 24.20 104 


The uncorrected results for V3 are here much nearer the true values, 
1.e., about 1.2 times too large, than was the case in the preceding table, 
so that the correction for asymmetry is probably applicable. The mean 
trend of the locus is through zero. Sensitiveness is naturally much lower 
than above, showing AN=5X10-+ cm. per volt The experiment well 
indicates how markedly dependent the constants of the instrument are on 
the position of the disk. Similar examples will be given below. 

The same disk was now weighted with a rider, making the total mass 
1.086 grams, with the object of charging it to 250 volts. The data for Vs 
are given in the second series of table 106 and in fig. 114, c. The uncor- 
rected results, while maintaining proportionality, are about twice too large. 

A later adjustment gave the values in Series III and fig. 114, b, which 
are again two times too large. Inspite of the effective weight of the disk, 
sensitiveness has risen in both cases to about 10% cm. per volt, which is 
quite out of proportion with W/V, and in contrast with the nearly normal 
values of V3 in the first series. 

The data obtained idiostatically, where the deflections are essentially 
small, are contained in the fourth series of table 103 and show an excellent 
agreement with the true voltages, as is indicated in fig. 114, g. Discrep- 
ancies are as liable to be in the voltmeter as in the electrometer. The 
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values of k given for this table show how nearly a true condition of sym- 
metry was attained, as its mean value from the equation 


vatw MRP an (1-25) 


is but —0.0085 cm. 

The data of table 106, as a whole, illustrate very well the peculiarities 
of the disk method, giving evidence both of its relatively great sensitiveness 
(the double displacements being even 2X 10~ centimeters per volt) on the 
one hand, and the variation of sensitiveness as the result of a more or less 
unsymmetric position of the disk on the other. The ratio of observed and 
actual voltages is fairly constant. The question then arises as to the degree 
to which the latter difference may be corrected. There is, in many cases, 
a peculiar shift of the zero of displacement for the uncharged apparatus 
which is not easily accounted for; though, from another point of view, it 
is truly astonishing that a suspended disk should adjust itself to a given 
position with an accuracy comparable with the wave-length of light. In 
the experiments detailed, such difficulties were eliminated by taking mean 
results, but usually the position in question was actually stable. If the 
shortcomings in question can be overcome, the practical limits of the appa- 
ratus as here constructed should, for short suspensions (23 cm.), be about 
0.015 volt per vanishing ring. 


157. Further experiments with the disk electrometer.—The interesting 
feature of the preceding result is the large range of variability in the sen- 
sitiveness of the apparatus. It was therefore thought worth while to 
throw further light upon the investigation by purposely tipping the appa- 
ratus, in order that the disk might lie on one side or the other of the guard 
ring. The same voltage (4 Leclanche cells, 5.7 volts) was evaluated for 
each position of the disk, which, being light, did not admit of a potential 
much in excess of V;=r1o1 volts. Table 107 is a record of the results in 
which the deflections were also taken for the case V3;= Ve=o, with the 
total significant potential on the disk. 


TABLE 107.—Experiments with eccentric disk. M=0.6075 g.; D=1.04 cm. 


V2=V3=0; V1=101 volts. Vi =I101 volts; Vi=o | 
| | y 
Position of disk. Drum. 10° AN tok || Drum. 10°AN | Ve | Volt- 
| lmeter. 
Tipped forward...) +28.5 14.2 | --8t 13.82] 3.46 “| 50°% 5.7 
Intermediate.....| —25.0 S125. [0S 705) | See R eee ia oer 
Tipped rearward. .| —71.2 —35.6 | —203 7 2 1.82 | a8 5.7 
Slightly forward..| +16.2 | + 8.1 +46 2.5 1.87 | 4.9 | 5.7 
More forward....} -+11.2 + 5.6 +32 11.8 2.95 | 7:7 5.7 


Applying to the first half of the table the approximate equation 


k/AN= MgDs 


eves 
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the results were as shown in the column under k. It is not, however, quite 
as consistent as was anticipated, inasmuch as the same value of k did not 
reappear when the apparatus was tipped back apparently to its original 
position. Moreover, the central position does not clearly correspond to 
k=o. Hence it'seems that k=o is determined by the geometry of a non- 
uniform field. Neither do the values of Vs correspond very closely to the 
values of k. The apparatus is more sensitive when the disk V; is on the 
side of the plate Vs and about equally so when central or when on the side 
of V2=o. In the latter cases V3 as computed comes out for the first time 
distinctly less than the datum given by the voltmeter, the usual Yo EUS 
being in the direction of excessive values. 


TABLE 108.—Experiments with eccentric disk. M=1.086 g.; D=1.04 cm. 


V2=V3=0; Vi=250 volts. V2=0; Vi=250 volts. 

Drum. | 103AN 103k Drum. | 10°AN V3 Volt- 
meter. 

I ....| +29.05 | +14.52 | +13.9 126.9 31.72 59.9 20.5 
49.1 12.27 23.0 8.2 

23.2 5.81 10.9 4.1 

12.6 3.15 5.9 2.0 

II +35.15 +16.7 103.0 25.75 48.5 20.5 
39.4 9.84 18.5 8.2 

18.3 4.58 8.0 4.1 

—2 1.5 107.75 26.94 50.7 20.5 

42.9 10.72 20.2 8.2 


The light disk is difficult to manipulate, as its weight is scarcely sufficient 
to stretch the wires. In the experiments of table 108 and fig. 115, J, the 
disk was therefore weighted with a rider and a similar series of data was 
taken, although Vi=250 volts was carried by the disk only in cases where 
its position was nearly central. Consequently the adjustments made 
contain but a slight departure from that position. 


Pos Yi |) | ve i) 


Fic. 115.—Observations with disk electrometer. 


The disk in the three adjustments was therefore successively placed on 
the two sides of the central position within fractions of a millimeter. The 
addition of a rider did not make it essentially more stable, as slightly 
greater displacements drove it quite across, into contact with one or the 
other of the plates of the condenser. This was even the case on the addi- 
tion of heavier riders. The computed values of V3 are in all cases two or 
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three times the true values, though the proportionality is maintained 
except in the second series. The effect of k on V3 does not appear. 
Finally, the disk was made still heavier by the addition of a second rider 
of 0.709 gram. Nevertheless (as indicated) it was still unstable, except very 
near the symmetrical position. It was possible, however, to secure a change 
of sign in deflection. The results are given in table rog and fig. rrs, IJ. 


TABLE 109.—Experiments with eccentric disk. M=1.791 g.; D=1.04 cm. 


V2=V3=0; Vi=250 volts. V2=0; Vi=250 volts. 
| Tht 
Drum. | 10°3AN 10°% Drum. | 10°AN | Vs balers 
I ....| +110.25| +55-.12 | +122.6 21.85 5.46 ) 16.9 | 4.E 
45.0 11.25 | 34.8 8.2 
Tl. .:.| — 24-5 | —12.25 | — 272 7.6 1.90} 5.9 | 4.5 


III ....| — 47.27) —23.63 | — 52.6 6.8 17E | 5.3 4.1 
14.0 3.51 | 10.9 8.2 
36.4 g.II 28.2 21.0 


In the first of these adjustments k comes out over a millimeter distant 
from the symmetrical position in one case and about 0.5 mm. on the other 
side in another. In the first case, V3 is over four times the true value, the 
highest ratio heretofore obtained, although the sensitiveness (2.8X103 
cm. of double deflection per volt) is not much in excess of the earlier values. 
The second and third series are again near the true value in spite of not 
inconsiderable values of k. Apart from the abnormally large sensitive- 
ness the curves are regular in proportion to the voltage. 


158. Case of the inclosed disk.—With the object of obtaining a more 
uniform field, the disk electrometer was now modified as shown in fig. 116, 
where V3 and V2 are the plates of the 
condenser and V;, is the disk inclosed 
in the short cylindric or drum-shaped 
tube within the guard ring Vy’. The 
disk, as before, is supported by the 
axial fine steel wire it’, passing 
through perforations in V3; and V2 
and suspended by the bifilar system 
yy’. The disk is again well damped 
naturally. V2 is usually earthed. 
The difficulty with this design is the 
impossibility of observing the disk, 
with a view to its symmetric adjust- 
ment. By pushing ##’ longitudinally, 
the disk may be seen in the space Fic. 116.—Modified disk electrometer. 
between plate and tube and some adjustment made; but this is not quite 
adequate. The plates and guard ring are spaced as before by three hard- 


——<——— 
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rubber rings cc, with a hard-rubber screw passed through the perforations. 
On the outside are the brass connectors a and b. Vy and yy’ are in me- 
tallic connection at all times. 

Experiments were begun with the light disk, M= 0.607 gram, which was 
charged to 110 Volts, as it would not carry an appreciably higher voltage. 
Consequently a rider was thereafter added, making M=1.086 grams, and 
the disk charged as far as 250 volts. The results are given in table 110 
and fig. rrs, a. 


TABLE I10.—Experiments with inclosed disk. M=1.086 gi; 
D=1.04 cm.; 1=23.5 cm.; r=3.065 cm. 


These results, though obtained under very different conditions, are prac- 
tically coincident and the discrepancies are as liable to be in one instrument 
(voltmeter) as the other. 

Some time after, an accidental earth developed in the storage battery 
and destroyed this electrometer. The old disk was then again inserted 
and the experiments detailed in table 111 were made. 


TABLE I11.—Experiments with inclosed disk. M=1.060 g.; D=1.04 cm.; 
}=23.5cm.; r=3.065cem. Vi=250 volts. 


Volt- 


Drum. | 1°AN V3 aantee 


6.4 1.59 5.8 4.0% 5) 
I eit As 3.55 13.0 $22.3 
oe aig wees 8.32 30.6 20.5 
60.4 | 15.10 55-4 41.0 


14.6 7 ah 13.4 Si6uaa 
29.5 14.77 27.1 18.5 


Lier 


[is ere 9.4 6.0 


The error of asymmetry in the first series is marked, showing inadequate 
adjustment. The curve, fig. 115, b, moreover, is not straight, as the disk 
did not move quite parallel to itself. An improvement of those imperfec- 
tions was then attempted, as shown in the second series of the table and in 
fig. 115, c, but not successfully. The curve is again not quite straight. 
The experiments as a whole are unsatisfactory, inasmuch as the disk only 
just sustained the potential of 250 volts and became unstable on slight 
readjustment. An appropriately lower potential was not available. Fur- 
ther work was therefore abandoned. It is probable that table 110, where 
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the conditions were more favorable, gives the better account of the behavior 
of the present apparatus. 


To summarize: the enormous variation of the sensitiveness of the disk 
electrometers as depending upon the position of the disk, k, has therefore 
failed of interpretation; 7.e., the correction for V; does not seem to follow 
the above equations. The field is therefore probably far from uniform, 
possibly consisting of a conical tube of force between plate and disk on the 
side toward which the disk leans and of a more nearly cylindric tube on 
the opposite side, where the tube must pass through the circular perforation 
in the guard ring. The result is an empiric instrument in which the deflec- 
tions are proportional to the voltages to be measured, of enormously 
increased sensitiveness, even 210% cm. per volt, but not yet sensitive 
enough to be immediately valuable for practical purposes. The idio- 
static instrument, for voltages above 20 volts (after the disk has been 
adjusted for k=o by comparing the positions of the charged and uncharged 
disk), may in some cases be useful. 


159. Case of the unsymmetric disk.—The cause of the departure from 
linearity in the preceding experiments is to be referred to a slight asym- 
metry in the disk, whereby an effect varying as the square of voltage of 
the disk is superimposed on an effect varying as its first power. To elim- 
inate the non-linear term, it should be sufficient to obtain no deflection in 
the case of earthed plates, when the needle is successively charged and 
uncharged. In fact, the charged non-symmetrical needle between earthed 
plates introduces an interesting method of electrometry as follows. 

Let k be the amount of non-symmetry for a disk whose mean distance 
from the plates D cm. apart would be d=D/2. Hence for any displace- 
ments AN, the distance of the disk from the condenser plates will be 


d=D/2+(k+AN) D—d=D/2—(k+AN) 
Hence the displacement force is (after reduction) 


Ses Vrr kR+AN I _ MgAN 


Zo 2 D/2 D*/4—(kR+AN)2 


As (k-++-AN)? may usually be neglected in comparison with D?/4 the equa- 
tion becomes 
Ve= = MgD* AN _ 
4lr k+AN 


This equation fails when k-+-AN =o, which practically means that k=o. 
When AN is also zero, V;2 is indeterminate and the sign of the deflection 
depends upon chance conditions. If k is large as compared with AN, which 
will usually be the case, V;2 will vary linearly with AN. 


Es CF 
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To use this method, k must therefore be known, and it may be determined 
with the aid of a given voltage preliminarily. The following experiments 
have been made in this way. 


TABLE 112.—Disk electrometer. M=1.055 g.; D ; 
4 g.; D=0.612 cm.; /=23.5 cm.; 
r=3.065 cm.; V2=V3=0; Vi increasing. Mean k=0.04771. a 


TABLE 113.—Disk electrometer. M=1.055 g.; D=0.674 cm.; 1=23.5 cm.; 
r=3.065 cm.; Vza=V3=0; Vi increasing. Mean k=0.04778. 


4 oO 
6% 3 55 % 8 th 


Fic. 117.—Observations with unsymmetric disk electrometer. 


In both these tables and fig. 117, a and }, the asymmetry of the disk 
was about o.s mm., for the plates were over 6 mm. apart. The equation 
employed answers the requirements as closely as the observations could 
be made. At high voltages (100 volts) there is liable to be divergence, 
while at low voltages the displacement AN is too small for accurate work, 


seeing that the underlying equation is quadratic. 
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In tables 114 (fig. 117, c) and 115, tentative experiments are recorded as 


obtained with a light disk, M=o0.6075 gram. In table 114 it was weighted 
by a rider, so as to be available in measuring 250 volts and over. In 
table 115 the disk was used without a rider. The distance apart of the 
plates is over a centimeter. 


TABLE 114.—Disk electrometer. M=1.0865 g.; D=1.04 cm.; /=23.5 cm.; 
r=3.065 cm.; V2=V3=0. 


| 
Cor- 
Drum. | 10°AN | 10% | Pebcs pete 
| 3 
V, decreasing: Mean ee 5.42 5.2 | 250 247 
k =0.005468 cm. 1.13 -56 5-8 | 104 107 
! 


TABLE 115.—Disk electrometer. M=1.0865 g.; D=1.04 cm.; 1=23.5 cm.; 
r =3.065 cm.; V2= V3=0. 


V, increasing: fo) 1.50 25.6 57 ye 
I, Meank =0.030 cm. r f 34.6 104 110 | 
o | 57-| 

II. Mean k =0.049 em.|{ ate te red 


The asymmetry occurring in table 114 is slight and the apparatus is 
therefore insensitive. In the second series of table 115 the disk was pur- 
posely made unsymmetric, without, however, increasing the sensitiveness 
or value of k as much as would have been supposed. For if AN is small as 
compared with k, dV/d(AN) should increase as 1/k. In general, the 
angular orientation of the disk and irregularities at the edge of the guard 
ring and disk may introduce discrepancies of this kind. An apparatus 
like the present, intended for actual measurement, should be provided with 
a micrometer suspension, for shifting the disk as a whole in the direction 
of its axis, and with more elaborate means for sighting with a view to hori- 
zontal and vertical parallelism of the disk with the plates of the condenser 
than was the case with the improvised apparatus here treated. It has been 
stated that it is an inversion of the present displacement which is super- 
imposed on the displacement in case of a permanently charged needle, and 
which thus demands an apparatus tested for absence of non-symmetry, 
if the voltages are to be proportional to the displacements. 


THE QUADRANT ELECTROMETER. 


160. Apparatus.—The method of measuring small angles given in §119 
may be used in measuring very small voltages or small increments of poten- 
tial, by attaching a pair of light mirrors, in parallel, to the needle of a 
quadrant electrometer. In the first experiments this was an improvised 
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instrument constructed by myself, the quadrants being of sheet copper 
fitted and soldered together and supported on cylinders of hard rubber. 
The bottom of the stem of the needle was submerged in sulphuric acid, 


as in Kelvin’s instrument, and the 
suspension was bifilar. The insula- 
tion was throughout excellent. The 
needle was kept charged to about 
200 volts with a Zamboni pile, any 
variation of charge being indicated 
by Elster and Geitel’s electroscope. 

In fig. 118, gq’ shows a pair of 
quadrants in vertical section, E the 
needle on the stem ss’, the lower 
end of which is platinum, bent as 
shown, thus making a clip to hold 
the light mica vane v (if necessary) 
submerged in sulphuric acid of the 


Fic, 118.—Quadrant electrometer adapted for 
parallel-mirror interferometry. 


vessel C charged by the Zamboni pile; RR are the hard-rubber supports 
of the quadrants. At a suitable distance below them the light parallel 
. mirrors m and m (less than 1 cm. in diameter each) are supported by the 


g 


Fic. 119.—Diagram showing dis- place as shown in fig. 119 or in fig. 86 above. In 
placement and deflection in effect the arc light from a collimator reflected 
Bega tort eericrometry. from the front face of the grating (blue image 

due to scattering) is next reflected at 1, thence tom, whence it goes to N 

and returns by the same route, passing, however, from ” through the grating 


light cross-piece of hard rubber rr attached to 
the stem ss’ of the needle. The axial line of 
the needle E is parallel to the line rr between 
the mirrors, and the latter are placed at a hori- 
zontal angle of about 45° to rr. 

To adjust m and n to adequate parallelism, 
each is supported by an attached fine needle, 
fitting snugly in a vertical groove in the ends 
of rr. The needle, as a whole, is to be clamped 
at rr in a suitable support and sunlight is to 
be used.- When the horizontal beam reflected 
from m to n, and thence to a distant white 
screen, falls within the direct shadow of n, the 
needles are fixed in place by resinous cement. 
The mirrors should be equally high. 

The quadrant electrometer with the needle 
in position was now placed with the aid of 
three long foot-screws on a circular platform 
just below the iron arm holding the fixed in- 
terferometer mirror V/, and the reflection took 
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to the observer’s telescope. The case surrounding the electrometer must 
therefore be provided with a front and rear window. With so many reflec- 
tions (altogether ten, including the one at the grating and the effect of 
thc two windows) this beam is considerably weakened, and it is advisable 
to use black glass and not a silver mirror at the micrometer M. It is 
preferable, moreover, to use the glass side of the mirrors at m and n, as the 
silvering is liable to be brighter in the rear and the effect of the thin glass 
plate is of no consequence. This, in fact, was the greatest difficulty en- 
countered, as the mirrors m and n were not at first adequately silvered and 
polished. Even when the direct image of the slit is clear the spectrum is 
apt to be dull and the ellipses are hard to find. 

The adjustments, when so many conditions have to be met, were not 
easy of attainment. The electrical installation should first be completed 
and the needle in place between the quadrants, the electrometer being 
placed so that the beam from the interferometer strikes m (see figs. 118 
and 119). A white screen behind n, catching the light passing beyond the 
edges and showing the shadow of , facilitates this adjustment, the slit 
being opened wide. If possible, sunlight should here beused. Theelectrom- 
eter is now rotated as a whole around the vertical, until the light reflected 
from 1 strikes m, and a similar screen behind the latter in the line mm is 
necessary here. Next the mirror N is adjusted to normality, a white screen 
behind m in the direction Nm being essential, whereupon the light is 
reflected from n again toward the grating. As the pencil must pass through 
the grating (G) again, this is mounted to be capable of being raised or 
lowered and rotated around the vertical and horizontal (adjustment screws) ; 
but these are the usual adjustments on the interferometer. It follows that 
the electrometer must also be capable of being raised and lowered on its 
long foot screws, as already indicated. 

Naturally sunlight, being steadier, is preferable to arc light, seeing that 
the range in which reflection takes place is limited by the area of the small 
one-fourth inch mirrors. Direct sunlight, without concentration, is ade- 
quate. It has been stated that both mirrors must be well silvered. More- 
over, the spectrum should be so placed by raising and lowering the source 
of light and inclining the grating together with N that the higher orders of 
direct spectra are not in the same plane with the spectra superposed for inter- 
ference. When the adjustments described are well made, there is no further 
difficulty in finding the solitary ellipses. As there is compensation owing to 
the two glass plate windows in case of the electrometer, the ellipses are liable 
to be enormous, practically vertical straight lines which are displaced with 
correspondingly great rapidity by the micrometer screw and are therefore 
hard to find. Hence some counter compensation at the micrometer mirror 
is desirable, in order that centers may appear and the displacement may be 
slower. A compensating plate about 1 cm. or less in thickness, with the 
vertical focus of the light from the slit on the stationary mirror, produces 
very clear and sharp ellipses, admirably adapted for measurement. 


a — 
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161. Observations.—The stems of the mirrors m and on rr were about 
4.5cm.apart. Hence, sincei=45°,a=4.5/+/2 and if 4 is the path difference 


dj ee 
Gi = 00875 X 2a sini=0.079 cm. per degree. 


Supposing that x volt gave a deflection of 45° and that 107! cm. are 
measurable at the micrometer, the sensitiveness should be 107!/45Xo0.079 
or about 3 X 10° volts; z.e., about 10 volts per vanishing interference ring. 
It would thus seem probable that with a lighter needle and a more delicate 
suspension the possibility of measuring 10 volts would not be out of the 
question. The following observations show that these surmises are correct 
so far as the method is concerned. . 

The great hardship encountered in the present work was the unavoidable 
agitation of the laboratory, and this unfortunately is insuperable. After 
the ellipses were found they were always in motion, so that the displace- 
ment work was bound to be rough and the use of interference rings out 
of the question. As the rings, however, may easily be obtained and used 
under suitable conditions, and as the purpose of the present paper is merely 
to test the method, the annoyances in question are of less consequence. 

To obtain small potentials, a thin bare German-silver wire about 1 
meter long was stretched and insulated on a board and the ends supplied 
with a constant potential difference of one volt. Two points of the wire, 
I or more centimeters apart, were then used as a source of potential, the 
wires from these points leading to a Mascart key, which suitably earths and 
commutates the charged wires leading to the electrometer. A thermo- 
couple might have been used; but the long wire is preferable because of 
its simplicity. 

In the first experiments made, the suspension was a bifilar about 10 cm. 
long (each strand of several silk fibers) and about 0.5 to 1 mm. apart. No 
doubt the torsional stress of the fiber was here of an order commensurate 
with the bifilar force. The needle, being damped in concentrated sulphuric 
acid, moved very slowly and about 2 minutes were allowed for each 
deflection. It was thus possible to follow the ellipses on commutation, 
from one to the other extreme elongation, by moving the micrometer 
screw proportionally to the displacement of ellipses. As a rule the el- 
lipses were quite clear all the way, showing that the adjustment for paral- 
lelism of mirrors on the needle by the aid of sunlight is adequate. The 
potential of the charge on the needle was of the order of 200 volts. 

Table 116 gives the results for the case when the points tapped on the 
wire were 10 and 18 cm., respectively, apart, the equivalent potential 
differences being 0.10 and 0.18 volt. The deflections on commutation at 
the Mascart key were nearly on opposite sides of the middle position of 
the needle. 

The zero of the needle shows the usual tendency to wander, due 
apparently to air-currents, etc., but also to variations of the Zamboni 
pile, as the electrometer was an improvised instrument, in which the 


Aen ee volt, AN/AV, varies somewhat, though here it 

also a question as to whether in all cases adequate time was. ae 3) 
oe reading the micrometer; for the needle damped by concent 

eelenstic acid was quite aperiodic. There may be some residual e 


nn 116.—Potentials of quadrant electrometer read off by discern nter- 
ferometer. Mirrors at about 45° and 4.5 cm. apart along the needle. ae 


Sale P. D P.D. 
= | applied. Sign.| om. | an lan/av applied. | Sig-| em | AN anyay 
= ; a —_—$— | — Kj | | Be . 
5 0.18 + ee 0.10 es: aed 0.0614 Rees 
it 1231 {| 0:2025 | 0.5700 f 
~~) (0810 ri poh 0.0569 | 0.5690 
eats .0790 a ; 
re oe 0.1018 | 0.5650 . ad 0.0558 | 0.5580 
= ae 0.1046 | 0.5810 a 4 0.0564 | 0.5640 


due to the viscosity of the relatively thick silk-fiber suspension. The 
sensitiveness obtained in the two series of experiments was as nearly 
the same as was to be expected, though there must have been some 
instrumental discrepancy in the first adjustment of the second series. 
We may, therefore, put AN/AV=o0.57 cm. on the micrometer, so that 
AN =107 cm. corresponds to 0.000170 volt, or the sensitiveness is about 
0.000060 per vanishing interference ring. 

The instrument was now improved by inserting a longer bifilar suspen- 
sion, consisting of a single fiber of silk. The damper and other details 
were retained. The results are given in table 117, potentials being tapped 
from points of the long wire, which were respectively 5 and ro cm. apart. 
Owing to the very large deflection, the ellipses were not equally clear 
throughout the whole displacement from elongation to elongation. 


TABLE 117.—The same. Long (20 cm.) suspension. Single fiber of silk. 


| 


a Et ee | AN/AV, 
applied.| Sign. | cm. AN |AN/AV applied. etd one: in ie 
0.10 — | 0.0158 o. % ‘ 

ra ree 0.1538 | 1.538 5 ee —S I) oe 

- 0136 | 0.1595 | 1.595 

+ | -T73T\) 6 1609 | 1.60 | il ect, 7 

ps Ors!) — wey <I 1$30{) ltd Se 

| 


The instrument behaved much better in the present case and the 
sensitiveness has been much increased, particularly in the second series 
of observations. Since AN/AV is of the order of 2.9 cm. per volt, 107# 
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cm. corresponds to 0.000035 volt, i.¢., to about o.coco10 volt per ring, so 
that under favorable circumstances a few millionths of a volt should 
already be discernible. 


162. Water damper.—The endeavor was now made to dispense with the 
damper of concentrated sulphuric acid, the motion of the needle being too 
slow in such a case. Water was next used, which as a damping medium 
admitted of several small oscillations of the needle. The curious fact, 
however, was here encountered that the illuminated mirrors were rarely 
at rest and that it was nearly impossible to determine the amount of dis- 
placement. In some cases the limit of motion of the uncharged needle 
was of the same order as the displacement to be measured. 

To give examples of this behavior table 118 has been inserted, and it 
shows the consecutive values found for a needle the vane of which was 
damped in water. It was not quite aperiodic, but nearly so. The sensitive- 
ness was low because of the low charge on the needle. The irregularity 
of displacement is the result of the superposition of the motion of the needle 
on the deflection to be measured. 

Thus the mean sensitiveness is 0.4300 cm. per volt or 1/12900, about 
0.000076 volt per vanishing interference ring. In spite of many trials the 
drift of the zero could not be removed. The results were about the same 
on the ensuing day. 


TABLE 118.—Needle with a water damper. Potential =170 volts. 
Potential difference 0.1 volt. 


Shortly after charging 33-4 38.4 36.6 53.8 


3 49-1 46.7 39-3 37-5 
10?AN cm. $3.0 40.5 45.3 
IN CKULCAYrlemies ei) Acie: 40.5 48.0 51.5 


The instrument was now made more sensitive by charging the needle 
to a higher voltage. The results are given in table 119. 


TABLE 119.—Needle with water damper. Potential =220 volts. 
Potential difference 0.1 volt. 


LOAN eee ec ee 82.0 85.0 73.0 83.0 


The sensitiveness is thus 0.81 cm. per volt or 0.000040 volt per vanishing 
ring. The sensitiveness has not reached the above case, but the needle 
moves more rapidly. 

A variety of other experiments led to similar results and need not be 
given here. The next step in advance will therefore be an investigation of 
the drift in the charged and uncharged instrument. 


163. Drift forces.—The presence, in other words, of a beam of light 
impinging upon the mirrors seemed to be accompanied by torque tending 
to move the mirrors on the needle into the beam, 1.e., from the dark to the 
bright side of the mirrors. Very little control of this force was possible 
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